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Contact points open wide band gaps in all two-dimensional Bravais lattices
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The propagation of waves in crystals is known to be strongly affected by the choice and the spatial distribution
of inclusions in a matrix. We argue herewith that in-contact, impermeable inclusions lead to extremely wide band
gaps for all 2D Bravais lattices. Contact points entail constrictions that efficiently slow wave propagation and
lead to strongly flattened bands. A numerical demonstration is provided for a generic Helmholtz equation that
is applicable to electromagnetic, acoustic, elastic, or water waves alike. Experiments conducted on square and
hexagonal photonic crystals composed of touching copper tubes reveal that waves of certain radio frequencies
quite remarkably traverse the minute gaps within the metallic framework, thereby confirming the theoretical
predictions, including the presence of deeply subwavelength Bragg band gaps.

DOLI: 10.1103/9q17-t9rh

I. INTRODUCTION

Periodic media act as barriers to waves of certain fre-
quencies. This phenomenon has been verified across a wide
portfolio of wave types—beginning with electron waves in
atomic lattices and extending to light [1], elastic waves [2]
such as sound [3], seismic [4], thermal [5], or water waves
[6], spin waves [7], and beyond. When departing from the
atomic scale, such structures are commonly referred to as
artificial crystals [8]. The frequency intervals, or band gaps,
within which waves cannot propagate owing to the exclusive
presence of evanescent modes, may arise from different mech-
anisms [9]: One such is Bragg reflection, originally discovered
for x-ray radiation [10]; it stems purely from periodicity,
giving rise to Bragg gaps that open at high-symmetry points
of the reciprocal lattice. A second mechanism involves local
resonances internal to the crystal [11]—a phenomenon that
has attracted considerable scholarly attention, as the position
of the frequency gap is not governed solely by periodicity.

A central objective, naturally, is the pursuit of the widest
possible gaps. One might assume that the question of max-
imizing gap width has long been settled—it has, after all,
accompanied the study of artificial crystals since its very
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beginnings. More recently, optimization algorithms and deep-
learning techniques have been devised explicitly for this
purpose [12-15]. Considerable progress has indeed been
made: It is now common knowledge that the extent of a
band gap is determined by several factors, broadly classifiable
according to material and geometric aspects. On the material
side, high parameter contrast is recognized to promote large
gaps [7,16—18]; impermeable inclusions naturally maximize
this contrast. If a material exhibits resonance with respect to
the wave type considered, the degree of coupling between
the lattice constituents becomes decisive for the resulting
gap width [9]. By combining this mechanism with Bragg
scattering—for instance, by coupling masses through liga-
ment walls in phononic crystals—an optimized widening of
the band gap can be achieved [19,20].

From a geometric perspective, lattice symmetry obviously
plays a role in Bragg crystals; in addition, the ratio between
matrix and inclusion—the so-called filling fraction—serves as
a vital tuning parameter, as increasing inclusion size typically
enlarges the gap [21]. In a few articles, it has been noted that
close packing of solid scatterers may promote the formation
of wide band gaps [22-26]. However, this phenomenon has
not yet been subjected to systematic investigation, particu-
larly with regard to the role of the contact regions between
the inclusions. Recently, we have experimentally presented
emergence of wide band gaps in sonic crystals with touching
candles. The findings were accompanied by the appearance of
flat-band characteristics in the band structures [27]; owing to
the intrinsically low group velocities, flat bands have attracted
considerable scholarly interest within the field of artificial
crystals [1,28]. The essence of the findings may be stated
succinctly: the largest band gaps occur when impermeable
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inclusions are in punctual contact—theoretically, infinitesi-
mally so. The underlying effect is evidenced to be fundamen-
tal, and yet, remarkably, it had thus far evaded systematic
recognition. Two plausible reasons explain this situation.
The first originates from numerical methodology: traditional
Fourier-based approaches—notably the plane-wave expan-
sion method—fail to accurately capture small contact regions
due to Gibbs oscillations caused by discontinuities of material
constants [29,30]. Likewise, multiple-scattering techniques
are expected to face challenges when attempting to incor-
porate overlapping conditions [31]. The second relates to
fabrication constraints: Contact points emerge in both two-
and three-dimensional crystals. In the latter case, contact
points may have been employed unintentionally—as they are
likely to arise naturally when inclusions are stacked upon
one another [32]. For 2D systems, however, they are often
excluded a priori; for example, in structures produced by
drilling holes into a solid medium, a finite separation between
inclusions is required to ensure mechanical stability [21].

In this article, we argue that the proposed criterion of con-
tact points possesses universal validity and applies to crystals
in general. Contacts create constrictions that canalize and
efficiently slow wave propagation, leading to flat bands and
hence wide band gaps. Experiments at radio frequencies with
a 2D photonic crystal of copper tubes sustain this conclusion.

II. BAND STRUCTURE CALCULATIONS

As noted, several mechanisms can give rise to wide band
gaps—yet contact points, as we intend to emphasize, must
be regarded as one of the decisive factors. To discern their
influence most clearly, it is advantageous to consider materials
exhibiting a pronounced contrast in parameters. The idealized
case is provided by inclusions that are impermeable to the
considered wave—thereby deliberately excluding resonances,
which, though capable of substantially enlarging band gaps,
could obscure the specific effect under investigation. The as-
sumption of impermeable inclusions considerably simplifies
the mathematical treatment: since wave fields cannot pene-
trate them, there is no need to account for their interior within
the computational domain. The inclusion is thus represented
solely by a boundary condition, and consequently, only a
single material region remains to be treated in the calculations.
We therefore consider the Helmholtz equation in the form

(,()2
AY(r) = ——v ), ey

where o denotes the angular frequency, ¢ the propagation
speed, and ¢ represents the wave field. To determine the band
structure of two-dimensional crystals, we employed the finite
element method (FEM), which requires a variational formula-
tion including a generic test function v/. By introducing Bloch
solutions ¥ (r,t) = Y (r)exp(iowt — ik - r) for both the field
and the test function, we can derive the following expression:
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The functions ¥ and y represent the periodic parts of the
Bloch waves. The first two integrals are defined over the unit
cell domain €2, which consists of a single material. The last
term involves integrals along internal boundaries 92, incor-
porating the normal vectors n. For impermeable inclusions,
only two boundary conditions are admissible—Neumann and
Dirichlet. Along the external boundaries, periodic boundary
conditions are imposed, resulting in the cancellation of the
corresponding boundary integrals.

To demonstrate that contact points constitute a powerful
mechanism for band flattening and for the emergence of
complete frequency gaps regardless of lattice symmetry, we
computed band structures corresponding to all possible lattice
types, for circular inclusions preserving the symmetry of the
five 2D Bravais lattices. The most general case is the oblique
lattice, characterized by the lowest degree of symmetry. It
can be described by two basis vectors, a; and a,. By varying
their magnitudes and the angle between them, symmetry can
be systematically increased. The unit cells of the five lattices
that were used for band structure calculations are depicted
in Fig. 1. The paths in k space were traced along the re-
spective high-symmetry points—whose number increases as
symmetry decreases—following the conventions established
by Setyawan and Curtarolo [33]; they are depicted in Fig. 7.
The resulting calculations, displayed in Figs. 2(a)-2(e), were
performed using software FreeFem ++ [34]. We employed a
triangular mesh of P2 elements with a resolution of 30 points
per lattice constant a; along the boundaries. It was constructed
such that the intersection of two inclusions occurs precisely at
a single mesh point; this is illustrated in Fig. 2(f) for one rep-
resentative contact point. Each band structure was computed
for both Neumann and Dirichlet boundary conditions (BCs).
For the latter, there is a zero-frequency band gap. Unlike for
Neumann BC, bands for the Dirichlet BC do not originate
from zero at the I" point; rather, they emerge at cut off frequen-
cies, thereby excluding low-frequency modes. Such behavior
has previously been observed in platonic phononic [35] or
metallic photonic crystals [36].

Do contact points influence band gaps regardless of the
underlying periodic arrangement? Remarkably, even for lat-
tices of low symmetry, the band structures in Figs. 2(a)-2(c)
exhibit complete gaps for both types of boundary condi-
tions. The fact that the oblique lattice, despite its minimal
symmetry, produces full band gaps underscores that the flat-
tening effect induced by contact points does not rely on
high-symmetry conditions. The rectangular lattice, in par-
ticular, elucidates the underlying mechanism: the path T" to
X extends along the direction in which the impermeable
inclusions remain separated—some space persists between
them. In contrast, the path from I" to Y corresponds to the
direction where circles forming Bragg planes are in con-
tact; consequently, the band gaps widen substantially around
Y compared to X. For the rhombic lattice, analogous ef-
fects emerge, aside from specific band crossings arising
from the intrinsic lattice symmetry, thereby confirming the
general trend. We have thus established that contact points
foster gap formation even in lattices of reduced symme-
try. It is, therefore, reasonable to expect even broader gaps
in square and hexagonal lattices, which both satisfy a; =
a, and include a fourfold and sixfold rotational symmetry,

144319-2



CONTACT POINTS OPEN WIDE BAND GAPS IN ALL ...

PHYSICAL REVIEW B 113, 144319 (2026)

(a) oblique (b) rectangular (©)

rhombic (d) square (e) hexagonal

A r‘Am
\ y.

FIG. 1. The five Bravais lattices of 2D crystals. Primitive unit cells are shown for the case of impermeable, in-contact, circular inclusions.
For lattices (a)-(d), the primitive unit cells were used; for (e), the Wigner-Seitz cell containing a closed inclusion was defined. The
corresponding Brillouin zones are presented in Fig. 7. Per unit cell, there are one contact point for oblique, rectangular, and rhombic lattices,

two contact points for the square lattice, and three contact points for

respectively. Indeed, the results disclose exceptionally wide
gaps for the square lattice—and still more pronounced ones
for the hexagonal configuration; we thus find ourselves within
the regime of ideal conditions for the emergence of extensive
band gaps. Notably, these gaps lie within the deeply subwave-
length regime: for instance, in the square lattice, the maximum
of the first band corresponds to a wavelength ten times the lat-
tice constant a—, a phenomenon atypical for a Bragg gap and

the hexagonal lattice.

of clear relevance for metamaterial applications [37]. Without
the points of contact, and the constriction they define, such
behavior would remain unattainable.

How do Bloch waves behave precisely at contact points?
An indication can be obtained from the Poynting vector S.
From the eigenvectors at the X point of the square lattice and
at the M point of the hexagonal lattice, the corresponding
Poynting vectors were computed for the first three bands,

(a) oblique (ot = 7/3) (b) rectangular (¢) rhombic
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FIG. 2. Band gaps of 2D crystals of in-contact, impermeable inclusions. Band structures (a)—(e) of the five two-dimensional Bravais lattices,
consisting of inclusions with a diameter that equals the lattice constant a; are shown for both Neumann (in blue) and Dirichlet conditions (in
brown), plotted along the paths connecting their respective symmetry points that are depicted in Fig. 7. Where the two lattice constants are
not equal by definition (d), (e), the scaling between the lattice constants was set to a, = 1.2 a; for (a)—(c). The contact points give rise to the
emergence of gigantic complete band gaps in the high-symmetry lattices (d), (e), and to gaps of considerable width in the lower-symmetry
configurations (a)—(c). Panel (f) depicts the finite element mesh resolved with 30 points per lattice constant a; at the boundaries—around a

contact point between two impermeable inclusions.

144319-3



DAVID ROHLIG et al. PHYSICAL REVIEW B 113, 144319 (2026)
band 1 at X band 2 at X band 3 at X

band 2 at M

band 3 at M

-a -

FIG. 3. The spatial distribution of the Poynting vector—derived from the eigenvectors obtained in the calculation shown in Figs. 2(d)
and 2(e). The unit cell was periodically replicated according to the symmetries of the square and hexagonal lattices. The resulting patterns
are displayed for the first three bands at the high-symmetry points X and M corresponding to the measurement directions chosen for the

experiments.

respectively. For TM waves, they were obtained according to
O.H?
aH | |. 3)

z
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Figure 3 illustrates the spatial distribution of the Poynting
vector within the unit cell. The results reveal a clear and
consistent tendency: the energy density concentrates more
strongly at the contact points than within the cavities—
regions where, in the presence of resonances, localization
would otherwise be expected. As waves are compelled to
traverse bottlenecklike constrictions, their celerity is markedly
reduced—that manifests itself as the emergence of flat bands
in the band structure.

III. TRANSITION FROM SEPARATED TO TOUCHING
INCLUSIONS

To elucidate the transition from the well-known case of
nontouching inclusions to the regime of contact points, we
depict the band edges surrounding the first band gap as a
function of the inclusion diameter in Fig. 4—shown here
exemplarily for the square lattice. Upon the emergence of
a contact point, the bands progressively flatten, and a pro-
nounced as well as abrupt opening of the band gap becomes
clearly apparent. In addition, we investigate the dependence
of the band edges on the mesh resolution. It turns out that
30 points per lattice constant, defined along the boundaries,

are sufficient to ensure convergence in almost all cases. An
exception arises for the lower band edge in for exact touching,
where convergence is noticeably slower. As a consequence,
the large band gaps reported here are, at the chosen resolu-
tion, in fact underestimated. In practical terms, however, this
limitation remains well below the fabrication tolerances of
the experimental structures. For a converged lower band, the
width of the first gap, normalized to the average of the edge
frequencies, reaches 1.88 for the square lattice and 1.86 for
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FIG. 4. Evolution of the band-edge frequencies for the square lat-
tice as a function of the inclusion diameter ¢, normalized to the lattice
constant a. The mesh resolution is indicated for values between 30 to
300 nodes per lattice constant along the boundaries.
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the hexagonal lattice. In the hexagonal case, the first band gap
is located between the second and third band.

IV. EXPERIMENTAL VALIDATION

To translate numerical results into practice, we provide an
experimental demonstration. Our objective is to investigate
the effect of contact points within a material system that
remains readily accessible. Electromagnetic waves were se-
lected as the platform of investigation—in this context, the
periodically structured medium is referred to as a photonic
crystal. To emulate impermeable inclusions, a highly con-
ductive metal—such as copper—constitutes an ideal choice
in the regime of long-wavelength electromagnetic waves. It
may be modeled as a so-called perfect electric conductor
(PEC). At its boundary, characterized by the normal vector
n, the tangential electric field vanishes—formally expressed
as E x n = 0. Under that assumption, geometric features on
length scales smaller than the skin depth are implicitly ig-
nored; consequently, the mathematically singular nature of the
contact point does not carry practical significance in either
computation or experiment.

In addition to the PEC, air is chosen as the surrounding
medium. Within reasonable accuracy, its relative permittivity
and permeability can both be approximated as unity. Starting
from Maxwell’s equations, the assumption of time-harmonic
fields gives rise to an eigenvalue problem—identical in form
to Eq. (1). The two boundary conditions imposed in this
article to ensure impermeability admit a direct physical cor-
respondence to the two fundamental polarizations of light in a
two-dimensional photonic crystal: TE modes, where the elec-
tric field is perpendicular to the plane of periodicity (¢ = E;)
and TM modes, where it is the magnetic field (v = H,). The
two boundary conditions imposed in the weak formulation
Eq. (2) correspond directly to these modes. For TE modes,
the PEC condition resembles the Dirichlet condition with
Y = E, = 0. For TM modes, applying the PEC condition to
Ampere’s law yields 0 = n - VH,—, a relation that represents
a Neumann boundary condition. More details can be found
elsewhere [38].

To compare theoretical predictions with experimental ob-
servations, we conducted transmission measurements in an
anechoic chamber. Figure 5 (see also Fig. 8 in Appendix B) il-
lustrates the experimental setup, tailored for long-wavelength
electromagnetic radiation in the gigahertz regime. The chosen
square and hexagonal lattice structures consist of copper tubes
whose diameter equals the lattice constant a;, implying that
they are in mutual contact. Each tube has a diameter of 42 mm,
a wall thickness of 1.2 mm, and a height of 20 cm. Tubes are
arranged in a 7 x 7 array embedded in air. This size suffices
to resolve the band gaps; additional rows along the measure-
ment direction merely suppress evanescent contributions and
deepen the transmission minima. To ensure a straight con-
tact line of optimal mechanical contact, they were inserted
into premilled wooden base plates. The experimental setup
includes a vector network analyzer (model: Rohde & Schwarz
ZVL6) and two horn antennas (model: Schwarzbeck BBHA
9120 B), both connected via coaxial cables and mounted
on tripods at the height of the copper structure, each po-
sitioned three lattice constants a; away from the outermost

FIG. 5. Photograph of a two-dimensional photonic crystal con-
sisting of a 7 x 7 array of copper tubes arranged in a square
lattice—positioned within an anechoic chamber for transmission
measurements using horn antennas.

row, and aligned face to face. Using the network analyzer,
we recorded the scattering parameters S corresponding to the
I'=X direction for the square lattice and the I'—M direc-
tion for the hexagonal lattice in reciprocal space. Each data
point represents an average over 50 individual measurements
taken from sensor one to sensor two (S;) and vice versa
(S12); the final transmission curve is their mean. Addition-
ally, a reference measurement S° was conducted without the
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FIG. 6. The band structures of both the square and hexagonal
lattices—computed via FEM for the unit cells depicted in Figs. 1(d)
and 1(e)—are juxtaposed with the corresponding transmission mea-
surements obtained from the copper-tube configuration: (a) along the
I'—X direction for the square (see Fig. 5) and (b) along I'—M for the
hexagonal arrangement (see Fig. 8).
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FIG. 7. The Brillouin zones of the five two-dimensional Bravais lattices are shown according to established definitions [33] and the
parameter values used to compute the band structures in Fig. 2 of the main text. For each lattice, the irreducible Brillouin zone is highlighted.

structure placed between the antennas, serving as the baseline
for normalization.

The results for the square and hexagonal lattice config-
urations of copper tubes are presented in Fig. 6. Overall,
the experimental data for TM modes exhibit pronounced
frequency-dependent variations in transmission, in excellent
agreement with the theoretically predicted band structures.
While the flat bands are clearly emphasized by transmission
maxima, the giant Bragg gaps—opening at the high-symmetry
points—manifest themselves as distinct spectral dips in the
two transmission curves. Along the I'—M direction for the
hexagonal lattice, two band pairs become discernible within
the chosen frequency range. Notably, even for the narrow gaps
between bands one and two, as well as between bands three
and four, the measurements display a clear correspondence,
evidenced by a marked decrease in transmission. As explained
in Ref. [39], this single curve suffices to establish the com-
pleteness of the gap. Due to the existence of contact points,
we testify a highly optimized system for achieving significant
and broadband wave attenuation.

V. SUMMARY

Through a combination of numerical analysis and ex-
perimental validation, we have demonstrated the existence
of a fundamental geometric criterion for achieving maximal
band-gap sizes in crystals. Contact points prove exceptionally

potent in this regard: they form constrictions that concen-
trate states within narrow frequency bands with low group
velocities, thereby giving rise to exceptionally large complete
gaps. This effect is most pronounced for inclusions that are
impermeable to waves. Crucially, this phenomenon is not
restrictetd to particular lattice symmetries; it extends across
all Bravais lattices—including those of low symmetry, such
as the oblique class. When the degree of symmetry increases,
however, these effects become especially pronounced, giv-
ing rise to deeply subwavelength gaps for the square and
hexagonal lattice—notably, not of the locally resonant, but
of the Bragg type. Experimental results corroborate that
these enormous gaps are not mere numerical artifacts but
can, in fact, be realized with relative ease in practice. It
would be interesting to extend the present analysis to vec-
tor waves—beyond the scalar Helmholtz equation considered
herewith—and to investigate configurations involving touch-
ing impermeable inclusions by introducing periodicity in the
third dimension. We anticipate that these findings will inform
and reorient future research on artificial crystals—ranging
from engineering thermal conductivity by acoustic phonons
to designing systems for seismic or acoustic noise protec-
tion, as well as for applications based on slow light. Beyond
their immediate implications, our findings invite a renewed
reflection on the mechanisms of band structure formation,
which is expected to also enhance the overall effectiveness of
metamaterials.
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FIG. 8. Photograph of a two-dimensional photonic crystal com-
posed of a 7 x 7 array of copper tubes arranged in a hexagonal
configuration (top). Measurements were performed along the '—M
direction in k space within an anechoic chamber, employing horn
antennas for transmission analysis. For the reference measurement,
the structure was removed (bottom).
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APPENDIX A: BRILLOUIN ZONES FOR 2D CRYSTALS

In the main text, we have demonstrated that contact points
between touching impermeable inclusions flatten bands and
open gaps across all possible lattice symmetries. Band struc-
tures were presented for the five two-dimensional Bravais
lattices; the corresponding Brillouin zones, including their
symmetry points, are shown in Fig. 7, defined consistently
with the geometry parameters used in the calculations.

APPENDIX B: EXPERIMENTAL SETUP

The transmission experiments were conducted in an ane-
choic chamber. Two distinct measurements were performed:
one with the copper structure in place, and one in the ab-
sence of the structure. Figure 8 illustrates both the setup for
the reference measurement S° and the measurement of the
hexagonal arrangement of copper tubes along the direction
corresponding to the I'—M path in k space.

The noise observed in the data presented in Fig. 4 of the
main text can be traced to two primary sources. First, the
intrinsic noise limit of the vector network analyzer, which
becomes particularly evident within the band-gap range; and
second, minor discrepancies between the two horn antennas,
most pronounced in regions of high transmission (within
the bands) and under conditions of elevated measurement
resolution.

The frequency-dependent characteristics of the antennas—
including S;;, impedance, voltage standing wave ratio
(VSWR), and actual antenna gain—never align perfectly,
even for nominally identical models. Consequently, the seem-
ingly noisy S»; measurement accurately reflects the genuine,
frequency-specific transmission behavior at high resolution.
To mitigate these effects, data smoothing was applied using
a Savitzky-Golay filter with fourth-order polynomials and a
window size of 80 coefficients.
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