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In past years, various cloaks have attracted the attention of many scientists but they usually remain con-
fined to a single function. Cloaks combining multiple functions, however, are desirable. In this paper,
we design thermoelastic cloaks with dual functionality by the coordinate transformation technique. The
transformation of the thermoelastic wave equations for cloaking and explicit expressions for the required
material parameters are established. Symmetrization of the elastic tensor is applied using Norris’ gauge
Keywords: matrix to emphasize the feasibility of the designs. Two different operating conditions, transient elastic
Cloak wave propagation and steady heat transfer, are adopted in numerical calculations for the designed cloaks.
Thermoelasticity ) It is shown that, on one hand, from the perspective of observer, whether the cloak is symmetrized or
Coordinate transformation not, its external response is identical and invisibility is reliable. On the other hand, it is destined that the
Metamaterials . . . . . .
symmetrization of the cloak would be accompanied by the increase of internal displacement, which may
need to be paid attention to in the actual design. In addition, the temperature effects of both cloaks are
consistent. The work in this paper may pave a way toward the realization of thermoelastic cloaks, thus

broadening the research scope for metamaterials.
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1. Introduction

Since the concept of metamaterials was proposed, a large num-
ber of devices with abnormal properties have been designed [1].
As a popular application, the invisibility of objects has been widely
discussed in different physical fields. Theories including wavefront
regulation based on the generalized Snell’s law [2] and active
cloaks based on scattering extinction [3,4] have been widely re-
ported. Among them, the transformation cloak has achieved wide
recognition due to its flexibility and adaptability to various con-
ditions. This type of cloak is brought out by expressing coordinate
transformation invariance. Owing to the simultaneous achievement
of invariance in different governing equations, objects may be
made simultaneously invisible to multiphysical incident fields.

Transformation invariance was first found by Greenleaf through
analysis of Maxwell’s equations [5]. Building on this idea, Pendry
et al. [6] and Leonhardt [7] both proposed an electromagnetic
transformation cloak. A protected vacuum space would be cre-
ated in the surrounding electromagnetic field, where internal ob-

* Corresponding author.
E-mail addresses: wangyanfeng@tju.edu.cn (Y.-F. Wang), gyhuang@tju.edu.cn
(G.-Y. Huang).

https://doi.org/10.1016/j.ijheatmasstransfer.2022.123128
0017-9310/© 2022 Elsevier Ltd. All rights reserved.

jects could not be perceived externally and thus would remain
hidden. Using the analogy between transverse-electric electromag-
netic waves and acoustic waves in inviscid fluids, a 2D acous-
tic cloak was further designed by Cummer [8]. After that, Chen
et al. [9] extended the result to the 3D case and a series solu-
tion for acoustic waves was given. Considering the symmetry of
the biharmonic equation, a layered transformation cloak for thin
plates was designed by Farhat et al. [10] with the help of effec-
tive medium theory. For a rigorous physical interpretation, Zareei
et al. [11] discussed the correlation between the transformed flex-
ural wave equation and the anisotropic plate model. Recently, Gol-
goon et al. [12] established a compatibility equation giving a com-
prehensive explanation of bending wave invisibility. On the exper-
imental side, cloaks for electromagnetic waves [13], acoustic waves
[14] and bending waves have been successfully demonstrated [15].
These results suggest a wider application of effective media the-
ory. Based on transformation theory, cloaks have been extensively
developed as well for heat flows [16], diffusion [17], water waves
[18], and matter waves [19].

A difficulty is that transformation theory is not directly ap-
plicable to the Lamé-Navier equations describing elastic waves in
general. The coupling of longitudinal and transverse waves makes
the manipulation even more difficult. Milton et al. [20] provided
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an improvement for the coordinate transformation of the elasto-
dynamic equation. The transformed elastic constitutive relations
are highly consistent with the Willis equations proposed in 1981
[21]. Acknowledging this fact, the designed cloak is known as a
Willis-cloak. Discarding the symmetry of the elastic tensor, the
transformation was further simplified by Brun et al. [22]. Nassar
et al.[23] gave a solution to asymmetric constitutive relation with
degenerate polar lattice. Then, based on microcontinuum theory,
a static cloak has been successfully demonstrated experimentally
with Cosserat materials by Xu et al[24]. Subsequently, Norris et al.
[25] summarized these two types of cloaks and established a com-
mon framework. Interestingly, the above designs can be simpli-
fied if mixed modes can be separated. The proposal of pentamode
metamaterials made this concept possible [26] and also provided a
new pathway for the design of acoustic metasurfaces [27-29].

Since different physical fields are often associated in practice,
cloaks with a single function may not provide the expected in-
visibility. For example, electricity and heat flows, and traveling
stresses always coexist in computing devices. Temperature rise and
unevenly distributed stress on the substrate are often the main
reasons of damage. In the field of high-speed PCBs [30] or chips
[31], heat concentration [32,33] and the excitation of elastic waves
[34,35] have attracted much attention. Syvret et al. [36] analyzed
the possible breaking of thermal invisibility caused by coupling ef-
fect, illustrating the shortcomings of existing single function cloaks
in a coupled field.

With such issues of multiphysics coupling, metamaterial coat
[37,38] became one of the solutions favored in recent years. It
is not only ultrathin, but also undetectable in a broad frequency
range together with the objects. Due to the high degree of free-
dom, topology optimization has been applied to the structural de-
sign of multiphysics cloaks. The designed cloaks could manipulate
the heat flux and direct a current [60], or work for both electro-
magnetic waves and sound waves of different wavelengths [39].
Nonetheless, it seems that transformation theory is seldom re-
ported in multiphysical metamaterials. Li et al. [40] proposed a
design for a dual-function cloak via transformation to achieve the
simultaneous regulation of heat flow and electric field. This de-
sign was further extended by Ma et al. [41]. The physical cou-
pling effect, however, was still not considered together with trans-
formation theory yet. A new strategy was then given by Stedman
[42] et al considering the Seebeck effect. Their treatment of cou-
pling terms provided this theory with new possibilities for multi-
physical invisibility. In the case of thermo-mechanical coupling, an
elastostatic cloak under thermal gradients was designed by Alvarez
et al. [43] with the help of optimization. It can ensure the indepen-
dent response of the background and the central hole. However,
cloak protection and invisibility in the temperature field are not
achieved. The design of dual-function thermoelastic cloaks includ-
ing physical coupling effects thus still needs further exploration.

In this paper, we develop transformation theory under the
framework of thermoelasticity. The transformed thermoelastic
equations, based on Biot’s thermoelasticity theory [44], are derived.
Symmetrization of the transformed elastic tensor by application of
a gauge matrix and the correct setting of boundary conditions is
discussed. Both transformed thermoelastic equations are verified
by numerical evaluation of the resulting cloaks. Their invisibility
and isolation capabilities are compared. It is expected that this
work can lay a theoretical foundation for transformation thermoe-
lasticity.

2. Transformation theory
The original space and the transformed space are denoted by IT

and 7, respectively. Particles in corresponding spaces are described
by vectors X; and x;, between which a point-wise mapping F is
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determined. The transformation matrix is defined as F; = dx;/0X].
The uppercase and lowercase subscript correspond to the factors
in two spaces respectively. Furthermore, Norris’ gauge matrix A;;
[25] is introduced:

Uy = AyU; (1)

where U; and U,./ correspond to the displacement vector fields in
spaces IT and 7, respectively. The summation convention on re-
peated subscripts is assumed.

2.1. Transformation thermoelasticity theory

In any subspaces 2 € IT1 the thermoelastic dynamical equa-
tions in the absence of source read:

(CUKLUL.K + ﬁl]AT)J = pU, (2)

(K]LT.L)J =GT + ToBaUik, (3)

where Cjg; is a fourth-order elasticity tensor satisfying the full
symmetry:

Gyt = Gy (4)

p is the isotropic scalar mass density and Cy is the volumetric heat
scalar capacity of the background medium carrying conventional
properties. B and ki, are the second-order thermal expansion
tensor and thermal conductivity tensor, respectively. Anisotropy of
these two tensors is allowed and their symmetry is generally guar-
anteed. AT represents the local variation of temperature. T and U,
represent the first-order time derivative of temperature and dis-
placement (i.e. velocity vector) respectively, and U, represents the
second-order time derivative of displacement (i.e. acceleration vec-
tor).

For simplicity, the boundary 02 is set to satisfy the Neumann
condition for both physical fields:

nI(CIjKLUL,K + ﬁUAT)dS|aQ = Bds EIoN (5)

Cyxr = Gkt = Cyik.,

my (kpT)dS],, = QASlyg, (6)

where B = F(X;,t) and Q = Q(X, t) indicate the external loading
of force and heat flow, respectively. The load here can be arbitrary
or set to Dirichlet conditions of prescribed displacement and tem-
perature, which would actually have no effect on the subsequent
conclusions. The key point here is that the flux conservation rela-
tions on the boundary of selected internal regions must remain af-
ter transformation. Under the framework of thermoelasticity, these
flux relations should be physically interpreted as the continuity of
traction and normal heat flow. We further define the stress ten-
sor by sjj = CykrUp  + By AT and the heat flux vector by q; =« T;.
Therefore these continuities on the boundary of an arbitrary sub-
domain M c 2 are expressed as:

nISUdS|8M,in = nlsUdS|3M<out’ (7)

n]q]ds|3M.in = n]q]ds|8M.out’ (8)

where the subscripts in and out are used to distinguish the inside
and the outside of the boundary, as shown in Fig. 1(a).

A subdomain m € 7 can be obtained by application of the map-
ping m = F(M). In general, the spatial topology of m is only deter-
mined by the mapping F : M — m. In this paper, its outer bound-
ary is set to be attached to the outside of dM as shown in Fig. 1(b).
Such a configuration ensures that the background field is not af-
fected by the coordinate transform.
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Fig. 1. Spatial configuration (a) before and (b) after coordinate transformation.

First, the continuity on the boundary dm needs to be guaran-
teed. Using the chain rule and Nanson’s formula on Egs. (7) and
(8), the flux relationship under the coordinate transformation
should be set as:

nJ'Fy (CI]KLUL,KFkK + lgleT)d5|3mvm =
n’SUdS|‘()Mout’ (9)

nglileJ(K]LT:lFu)dsbm.in = n]q]ds|8M.0ut’ (]0)

where J £ det(F) is the Jacobian determinant of matrix F. Consid-
ering the transformed parameters:

i =J " FiFikCike, (11)
By =J""FiBy. (12)
Ky =] FyFu, (13)
o' =I"p, (14)
C, =J'Cy, (15)
and transformed variables:

U/ =U, (16)
T =T, (17)
the flux relationship Eqgs. (9) and(10) can be expressed as:

nl{(ci/]kluivk + ﬂi/]AT/)dS‘arrLin = nlSUdS|8M,out’ (]8)

n}(K],"Tw;)dS|8m,in = n]q]ds|8M,out’ (19)

while the governing equation in m under the transformed coordi-
nate can be also obtained:
( EII(L lf,k + IBi/jAT/) Pi= ,0/0]/7 (20)

(KJ/"T.;).]' =T+ ToByUy (21)

The transformed boundary conditions Eqs. (18) and (19) can be
noted to have the same form as Eqs. (7) and (8), while the trans-
formed governing equations (20) and (21) have the same form as
Egs. (2) and (3), too. This form invariance of both continuity and
governing equations makes it possible to interpret physically each
term in the transformed equations. In particular, the transformed
thermoelastic constitutive relation reads:

ai} = Ci’]kLUL’Yk + ,B&AT’. (22)
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If matrix F is not symmetric, then the asymmetry of the elastic
tensor and of the thermal stress tensor results from the absence of
minor symmetries:

Cow # Cines Ciw # Gy By # By (23)
To give an explicit physical interpretation, we define:
1
CiﬁL =5 (Ci/]kL + Ci;Lk)* (24)
/E 1 / /
Dyq = 3 (Ci]kL - Ci]Lk)' (25)
1/0U;, oUu/
Vi = 2<ax; ~3x ) (26)
ByAT' = G AT' + Dij o AT . (27)
Furthermore Eq. (22) can be written:
o = Cliy (1 + 0 AT') + Difyy (@ + i AT). (28)

w,’fL is the antisymmetric rotation tensor. The two thermal related
tensors cx{i and ot,/fL) are the strain tensor and the rotation tensor
per unit temperature, respectively. The former is obviously consis-
tent with the linear thermal expansion tensor, the anisotropy of
which is thus allowed, while the latter is a case covered in [45]. In

the case that the stress o is asymmetric, the couple stress should

i
be introduced:
mj; = B (e + o5 AT') + Al (wf, + o AT'), (29)
where Bl’.]EkL = D;{EU,.. The constitutive relation given by Eqs. (28) and

(29) is known as micropolar theory [46]. One can program
these material parameters by artificially designing chiral non-
centrosymmetric unit cells [47].

Egs. (20) and (21) have similarities with Eqs. (68) and (69)
given in Ref. [ [36]]. This does not imply the commonality of coor-
dinate transformation theory and incremental theory, however, as
both theories have obvious different physical meanings. Transfor-
mation theory is built upon the mapping between different spaces
IT and 7 from which one obtains the material parameter distri-
bution that is required to achieve a desired function. Incremen-
tal theory builds a transformation between two different reference
configurations of the same physical body, with the aim of solving
problems in a unified form.

By adjusting the mapping F, different material parameter dis-
tributions can be obtained [48]. The subdomain m would be de-
signed as a wave-steering device with different functions, such as
a rotator, a lens or an invisibility cloak. The invisibility cloak may
be considered a special case as one or more holes need to be in-
troduced in the domain represented in Fig. 1(b). Such changes in
topology lead to singularities, inevitably.

When thermoelastic coupling is negligible, the above configu-
rations will degenerate into a decoupled Cosserat-type transforma-
tion elastic cloak and a decoupled transformation heat cloak:

(GuULk) ;= P'Uj. in m, (30)

(kiT7) ;= GT". in m, (31)

with boundary conditions:

n;Cly, U} dS| amin = n,CyUpkdS| - (32)
!, 0T

n]'Kle,ldS|3m,in = n]KjLT*LdS|3M.0ut' (33)
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2.2. Symmetrized transformation thermoelasticity theory

The asymmetric constitutive relations defined by Eqs. (28) and
(29) may be achieved by materials containing chiral structures,
though its artificial design in this case is always limited by non-
centrosymmetry [47]. However, there are many reports on the ar-
tificially designed arbitrary symmetric elastic constitutive relations
[49-55] and thermal expansion tensors [56-58]. Thus, one may
hope to seek an approach to make material tensors defining the
devices symmetrical, at the same time retaining the performance
of the design to a permissible level.

Technically, the remaining two capital subscripts in space IT in
Eq. (20) need to be transformed into space m to ensure the sym-
metry of subscript pairs (i, j) and (k,[). In this section, the gauge
transformation defined by Eq. (1) is introduced, similar to Mil-
ton et al [20] and Norris et al [25], to test the mechanism of this
method under the framework of transformation thermoelastic. We
select A;; = F; in order to symmetrize the elastic and thermal ex-
pansion tensors, which leads to new governing equations. To dis-
tinguish notations from the previous section, UI.N is used here to
represent the displacement after gauge transformation (the domain
here is named differently m’):

[ b (AuUy) , +1 iy AT =
’ N

J'o(AyU)).  inm, (34)

[]7151 (KUFJJT.J')]i =J'aT +JJEIﬁU(AJ'JUJ/'/).i’
in m’, )

with boundary conditions:

ng—lF,»,(CUKLFkK(AlLUl”),k +'8”AT)dS‘ in

om’.1n
misydS] ., oue (36)
nyJ- 1FII(KUFJJ )dS’)m/ in = MaidSlyy outs (37)
and implicit continuity conditions:
IUN|8m/ in U1|3M out: (38)

After these processes, the physical meaning of the terms in
Eq. (34) is still unclear. The mass density is effectively not
only anisotropic but also asymmetric. The coupling terms in
Egs. (34) and (35) do not match as well. Gauge freedom can be
invoked again: gauge matrix A; can be multiplied with the free
index I on both sides of Eq. (34). Mathematically, it means only
considering a linear combination of the system of equations, which
is equivalent to the initial system of equation if A is non singular.
For the same reason, boundary condition Eq. (36) is preserved.
The distribution of displacement would not be changed due to the
uniqueness of the solution of the wave equation:

Aj []qﬁlCI]KLFkK(AlLU[N) v +J"FiBy AT] =
’ N

J'Ayo(AyU)), inm'. (39)

Because the gauge matrix only rearranges the distribution of the
displacement U; inside subdomain m, the external environment is
not influenced, and the same solution as in Eq. (20) can be ob-
tained. Still, it is difficult to explain the physical meaning of the
equation clearly. Using the identity:

(PQi) ; = (Py) Qi + P Q) » (40)
Eq. (39) can be transformed into a new governing equation:
(Cx/]/klu// s//lUl// IZJ{AT)J' —
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PO+ DIUL, + ERUY + y['AT, in (41)
with:

Ciia =) FaAjFexcAuCie (42)
Sia=I" "FiA A kCyxe. (43)
Dl =J'AjjiFixAuCike, (44)
Ej=]" YA AILkCye. (45)
i =J"AuAgp, (46)

i =] "FiAyBy. (47)
Y/ =I"ABy. (48)

Due to the limitation of Eq. (38), the degradation condition needs
to be introduced on the boundary:

Aitl g in = Tl g in- (49)

where [;; is the identity matrix. Therefore a more general continu-
ity condition can be obtained:

Uy’ = Uilymout- (50)
with the stress equilibrium boundary condition:

(Gl + iU + BAT) S|, i =

|3m’ mn -

nysy; (51)

d5| am,out”

Since the gauge matrix is only a local transformation of the de-
pendent variable, the normal vector n} in Eq. (51) would not
be changed. The adjustment from Eqs. (39) to (41) does accom-
pany the change of flux/stress relationship, but the displacement
field U/ is not affected. One can choose an arbitrary subdomain @
within m’, on whose boundary d® the flux condition derived from
Eq. (39) reads:

- FII(CUKLFRK(AILUI) +/3UAT)dS‘

dbin
nJ'F, (c F(ArU/")  + AT)dS , 52
J7"Fa( CruFec (AwU;) | + By 20 out (52)
while the one derived from Eq. (41) reads:
MGVl + S + BYAT)S| 1 =
n{(CiuUl + SHUl -+ BGAT)AS|, o (53)

Egs. (52) and (53) are the specific expressions of Cauchy for-
mula with different definitions of stress given by Eqs. (39) and
(41), respectively. It is obvious that they are inconsistent in phys-
ical meaning. After multiplying both ends of Eq. (52) by Aj, it
would be noticed that the two actually have the same constraint
on U,.”. In addition, considering the degradation condition Eq. (49),
Eq. (36) is equivalent to Eq. (50) on dm’. Therefore, the conclusion
can be drawn that the above process would not make any differ-
ences to the performance of our target.

Then, we represent the temperature in heat-conduction
Egs. (21) under transformed coordinates:

T =T, (54)
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with the parameters:

Ky =" FyFikr, (55)
v=J"C, (56)

The symmetrized transformation thermoelastic governing equa-
tions and boundary conditions are given by:

/! " u " " 1"
(Cijkzul,k"‘siﬂul + B AT ),i

o0 + DUl + EUl + v AT",  inm,

1
(KHTY) ;= QT + BTl + ¥ ToUy,
(Gl + iUy’ + {]{AT”)dS|3m,,in = mS;dS|, out
ng(K};T,;/)dsbmain = mqidS|yy out- (57)

Interestingly, although the displacement field is changed by both
gauge matrix and coordinate transformation matrix, the tempera-
ture field is only affected by the latter. Therefore, a same tempera-
ture distribution with the asymmetric transformation thermoelas-
ticity theory would be obtained under the symmetrized one.

It is worth noting that complete invariance is not exhibited af-
ter symmetrization. But form invariance is still retained in the con-
tinuity of the normal heat flow, and so is the continuity of trac-
tions under the degradation condition on dm’ in Eq. (49). This
means that the power flow through boundary dm’ is always con-
served before and after the transformation. It is to be expected that
differences are almost indistinguishable outside m’, despite the de-
struction of the form invariance of the internal governing equa-
tions.

Similar to the previous discussion, when the thermoelastic cou-
pling effect is negligible, the above equations will degenerate into
a decoupled Willis-type transformation elastic cloak and a decou-
pled transformation heat cloak:

in m’,

(Chali+ S{UY) ;= PAUY + DUy + ERUy . int (58)
(kiT7), =" inm, (59)

with boundary conditions:
(Gl + SipUy')ds| i =

nl(CUKLUL.K)dS|3MYOUtv (60)
(7Y S 3 i = WS 4y ot (61)

3. Simulation results

In this section, both transformation thermoelasticity theories
described in Sect. Il.A and Sect. II.B are explored within the con-
text of an invisibility cloak. For convenience, they are designated as
asymmetric and symmetrized dual-function thermoelastic cloaks,
respectively. Their performance is evaluated through numerical
simulation by comparing with the cases of a uniform medium
and of an unprotected hole. The partial differential equation (PDE)
package of COMSOL multiphysics is used for numerical calculations
in this paper. Due to the continuity condition of Eq. (49) that is
introduced by the symmetrization process, the linear affine map-
ping that is generally considered in the literature is not applicable.
Instead, a nonlinear mapping F is adopted. It reads in cylindrical
coordinates:
0'=0, 7Z=z

r=—=r"+ ]r+r1,

=N @ reM, (62)
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with the monotonicity condition:
ry > 2ry, (63)

where r; and r, are the inner radius and outer radius of the cloak.
F satisfies 1/ (ry) =1y, 1’ (0) = ry, and dr’/dr(r;) = 1. Matrix F reads
in Cartesian coordinates:

dr'fydr 0 0
F=R(0) 0 r'/r  0|R(-6") (64)
0 0 1
where
, \/(r2—2r1)2+4r1(r’—r1)—(r2—2r1)
r(r) = 5 . (65)

2

Consequently, the region 1’ < ry is removed from space 2 so that
anything placed there would be invisible. One should mention that
for a perfect cloak, 7(X = 0) may not represent a single point in
m. However, it will inevitably lead to infinite material parameters,
so we replace it with a micropore near the point X =0 which
would be called as inner-diameter defect in this paper.

Copper is taken as the background medium characterized by
lamé constants A =95 GPa and i =40 GPa, mass density p =
8960 kg/m?3, isotropic thermal conductivity x = 397W/(m - K), vol-
umetric heat capacity Gy = 3.5]/ (m3 . K) and isotropic thermal ex-
pansion coefficient 8 = 6MPa/K.

3.1. Transient elastic wave

High-frequency compressional waves excited by thermal-
electro-mechanical coupling are a major problem on microelec-
tronic substrates. Energy transfers between different components
in the form of temperature (heat) and mechanical (elastic wave)
fluctuations, and finally concentrates at the holes. Thermoelastic
energy concentration is one of the main reasons for the reduction
of the service life of components and equipments, especially under
heavy computational loads. Protective cloaks possibly could reduce
this phenomenon.

The numerical model in this section is set as follows. A L = 20l
long x-polarization line excitation source, located to the left of the
cloak a distance d = 10ly from its center, oscillates at frequency
fo = 150kHz with an amplitude of Ay = 100 um. The wavelength
of the incident longitudinal wave is [y = \/A +2u/p/fo = 29.4mm.
The inner and outer radius of the cloak is set to r{ =ly and r, =
31y, respectively. To ensure convergence, the maximum mesh ele-
ment size is set to one twentieth of the wavelength Iy. Transient
analysis is performed, since the governing equation for tempera-
ture in (3) is a diffusion equation without time-harmonic charac-
teristics. The background boundary is set as both traction-free and
thermally insulating. The exact boundary condition has no inci-
dence on the results as long as the background medium is chosen
wide enough to avoid reflections. The inner boundary of the cloak
is set as traction-free and thermally insulating as well.

The displacement along the x-direction shown in Fig. 2 is
the primary physical variable under investigation. For reference,
Fig. 2(a) shows the unimpeded propagation of thermoelastic waves.
Due to the introduction of a hole, as shown in Fig. 2(b), forward
propagation of the wave is partially blocked and scattering to the
upper and lower sides occurs. Scattering is well removed after cov-
ering the hole with the asymmetric dual-function thermoelastic
cloak, as shown in Fig. 2(c). The hole is effectively isolated from
the background medium by the cloak and has thus little influence
on the displacement field. Things are a little different when the
symmetrized dual-function thermoelastic cloak covers the hole, as
shown in Fig. 2(d). Consistently with the analysis of Sect. IL.B, the
displacement field outside the cloak region appears visually the
same as in Fig. 2(c). However, the displacements inside the cloak
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Fig. 2. Distribution of displacement u, under the excitation of elastic waves in different systems: (a) a homogeneous isotropic medium; (b) the same medium with a traction-
free hole; (c) the traction-free hole covered with the asymmetric dual-function thermoelastic cloak; (d) the traction-free hole covered with the symmetrized dual-function

thermoelastic cloak.

is significantly rearranged by the gauge matrix. Since Eq. (1) does
not define a norm preserving mapping, the amplitude obviously
changes. This peculiarity does not affect invisibility but creates
some concentration of energy around the hole.

The contrast is more prominent considering the displacement
along the y direction, as shown in Fig. 3. Compared with the dis-
placement concentration at the edge of the finite line source,the
displacement caused by scattering at the hole in Fig. 3(b) is dom-
inant. The asymmetric dual-function thermoelastic cloak shown in
Fig. 3(c) ensures that the external environment is almost unaf-
fected by the hole. The symmetrized cloak shown in Fig. 3(d) also
hides the hole in the far field, but some energy concentration oc-
curs in its interior. The difference between both cloaks may be
explained from the perspective of the constitutive relations. The
asymmetric cloak adopts a constitutive relationship similar to that
of chiral materials, see Eqs. (28) and (29). The rotational stiff-
ness is thus the main factor in wave manipulation. In contrast,
the symmetrized cloak mainly depends on the unique Willis cou-
pling terms and on the anisotropic mass of Willis materials. As a
consequence, waves are redirected by means of the coupling of vi-
brations along different directions. The difference in the regulation
mechanisms may also provide a physical interpretation to the dif-
ferences in Fig. 2(c)(d). In addition, consistent invisibility of exter-
nal fields in Figs. 2(c)(d) and Figs. 3(c)(d) is also observed for both
regulation mechanisms. This results from the fact that Willis ma-
terials share similar characteristics with chiral materials [59], even
if coupling is considered. However, for the practical application
of symmetrized cloaks based on Willis materials, more attention
should be paid to the dramatic increase in internal displacement
fields.

Fig. 4 shows the thermal field accompanying high frequency
waves, which also implies the transfer of thermal energy on the
substrate. The temperature field is mainly dominated by time-

dependent terms in Eq. (3), the volumetric heat capacity in
Eqs. (15) and (56), and the thermal expansion tensors in Eqs. (12),
(47) and (48). Fig. 4(b) shows the change in the temperature field
resulting from the introduction of a hole in the uniform medium.
The temperature distribution is obviously affected. Thermal con-
centration would lead energy to accumulate at the hole over time,
which is potentially harmful to the inserts contained in it. Differ-
ent from the displacement fields, both cloaks (see Fig. 4(c,d)) mask
the presence of the hole and guide the heat flow smoothly around
it with the same signature. This observation is consistent with the
statement that the introduction of the gauge matrix does not af-
fect the temperature field. Furthermore, under the same design
strategy, the asymmetric dual-function cloak using chiral materi-
als and the symmetrized cloak using Willis materials always share
the same thermal coupling characteristics. The symmetry process
is thus not affected by coupling. It can be qualitatively concluded
that the features read from these figures are consistent with the
discussion in Sect. IL

For quantitative analysis, the disturbance caused by the intro-
duction of the hole and of the cloak must be obtained. Under ther-
mal coupling, the scattered-field formulation may be no longer
be applicable. Radiation characteristics are here described by the
time-averaged power flow defined by

1 to+T
e(rto) = 7 /t —n(r) - [o(r,t) - it(r, £) + k() - VT (r, £)]dt.
(66)

This formula combines both elastic and thermal radiation. Fig. 5
shows power flow from the region r < 6ly (abbreviated as ¥)
as a function of direction, for different configurations. Negative
e(rp, tp) < 0 indicates that power flows into ¥ at point ro, whereas
positive e(rg, to) > 0 indicates power radiates from ¥ at point rg.
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Fig. 3. Distribution of displacement u, under the excitation of elastic waves in different systems: (a) a homogeneous isotropic medium; (b) the same medium with a traction-
free hole; (c) the traction-free hole covered with the asymmetric dual-function thermoelastic cloak; (d) the traction-free hole covered with the symmetrized dual-function
thermoelastic cloak.
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Fig. 5. Power flow at distance r = 6ly as a function of direction. Considered are the
homogeneous isotropic medium (black solid curve), the traction-free hole (black
dashed curve), the traction-free hole covered with an asymmetric dual-function
thermoelastic cloak (blue dashed curve), the traction-free hole covered with a sym-
metrized dual-function thermoelastic cloak (red solid curve). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web ver-
sion of this article.)

Since the thermoelastic wave is incident from the left, region ¥
always receives power in angles in the range [90°,270°] and radi-
ates power in other directions. The homogeneous isotropic media

(a) (b)

I

|
|

Fig. 6. Distribution of displacement u, under heat flow for different systems:

H

(a) a homogeneous isotropic medium; (b) the same medium with a traction-free hole; (c)
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is considered as a reference. After introduction of the hole, scatter-
ing from its edge causes a significant change in the power flow
characteristics, resulting in a low correlation of 93.15%. Changes
are most prominent around 0° and in the range [90°, 270°]. When
the hole is covered with an asymmetric cloak or a symmetrized
cloak, the power flow distribution almost coincides with the refer-
ence one. The correlation is restored to 99.95% and 99.94%, respec-
tively. Minor deviations, mainly caused by internal diameter de-
fects, can be noticed; though they may be unavoidable they remain
inconsequential. In addition, the high coincidence for both cloaks
(with a correlation of 99.99%) also shows the practical equivalence
of the two transformation thermoelastic theories with regards to
radiation.

3.2. Steady heat transfer

The performance of both cloaks is now tested under the ap-
plication of a temperature gradient applied between the left and
right sides of the computation domain. Several existing analyses
about cloaking are mostly limited to the temperature field under
this operating condition. It is still expected to be extended in the
framework of thermoelasticity. The accompanying displacements of
the cloaks would be discussed in this section. The numerical model
is set as follows. A square with length L is set as the substrate. Its
center coincides with the center of the cloak. The inside and out-
side radiuses of the cloak are identical to Section 3.1. A tempera-
ture difference AT = 60K is applied between the left and the right
sides of the substrate. Both upper and lower boundaries, and holes

+ Ul max

= gl max

the traction-free hole covered with the asymmetric dual-function thermoelastic cloak; (d) the traction-free hole covered with the symmetrized dual-function thermoelastic

cloak.
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cloak.

are set as traction-free and thermally insulating boundaries. Steady
state analysis is adopted here.

The displacements uy and uy caused by the temperature differ-
ence are shown in Fig. 6 and Fig. 7. As shown in Fig. 6(a), displace-
ments are enhanced at the free boundaries of the homogeneous
substrate. After introduction of the hole, as shown in Fig. 6(b),
displacements around the hole increase slightly. The asymmet-
ric cloak shown in Fig. 6(c) counters this increase while leaving
the substrate apparently unaffected by the hole. In the case of
the symmetrized cloak (Fig. 6(d)), invisibility is still guaranteed.
However, the Willis material used in the cloak under steady state
shows obvious flexibility, which results in significant displacement
variations inside the cloak. Although it has no effect on the back-
ground medium, this concentration may lead to compression of in-
serts placed the hole. Similar features are observed are Fig. 7. The
concentration introduced by the symmetrization process is con-
trary to expectations and may need further improvements. In sum-
mary, on the one hand, both dual-function cloaks under heat flow
provide invisibility; on the other hand, the symmetrization process
may destroy the elastic isolation of the hole from the background
media.

The temperature field shown in Fig. 8 is governed only by the
steady-state heat conduction equation:

(KUTJ)J =0. (67)

The direction of heat flow in both cloaks is determined by the
transformed thermal conductivity (Eq. 13) with the governing

equation:

(kfiT5) ;=0 (68)
which is the same as the traditional heat cloak|[16]. Obviously, the
temperature field is decoupled in the steady state. Therefore, rele-
vant conclusions are consistent with the previous literature on the
heat cloak.

4. Discussion and conclusion

In this paper, transformation theory has been extended to the
framework of thermoelasticity. The governing equations for trans-
formation thermoelasticy are derived. Two transformation theories,
involving either asymmetric or symmetrized elastic tensors, are
given. The retention and absence of form invariance in the gov-
erning equations and flux conditions are analyzed. A degradation
condition is induced in the symmetrization process, which can be
met by a properly designed nonlinear mapping. Numerical sim-
ulations are conducted on two operation conditions within the
context of a dual-function transformation thermoelastic invisibility
cloak.

Under transient elastic wave excitation, cloaks designed by both
theories ensure invisibility and isolation of the hole from the out-
side field. The uniformity of the two transformation thermoelastic-
ity theories has been verified. Very similar temperature fields are
observed for both theories under the same mapping F. Mathemati-
cal and physical interpretations are given for the differences in the
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Fig. 8. Distribution of the temperature variation AT under heat flow for different systems: (a) a homogeneous isotropic medium; (b) the same medium with a traction-
free hole; (c) the traction-free hole covered with the asymmetric dual-function thermoelastic cloak; (d) the traction-free hole covered with the symmetrized dual-function

thermoelastic cloak.

displacement fields resulting from the symmetrization process. A
time-averaged power flow is proposed to verify quantitatively the
performance of the cloaks. The uniformity of the two transforma-
tion thermoelasticity theories has been verified.

Under steady heat transfer, it is still found that invisibility is
maintained for both displacement and temperature fields. How-
ever, the Willis material used in the symmetrized cloak shows ob-
viously large displacements around the hole. This softness may re-
sult in compression of inserts in the hole.

Our work attempts to advance transformation theory to multi-
physical processes. The regulation of heat flow and elastic waves is
further extended from the perspective of thermoelasticity. It is ex-
pected that the relevant conclusions can provide a basis for the de-
sign of protective equipment. It is still worth noting that the asym-
metric thermal expansion tensor and the newly introduced physi-
cal quantities resulting from symmetrization still need further ex-
ploration. In addition, the dramatic increase and the singularity of
material parameters at the inner radius of the cloak also requires
a remedy. From the perspective of transformation thermoelastic-
ity, the symmetrized cloak appears to be valuable, owing to the
fact that the terms S” U/ and D” U”l are in similar positions with
,8”AT” and y]”AT” m the ﬁrst formula of Eq. (57). If their con-
trlbutlons could be minimized or even made to cancel each other
through optimization, it would be convenient. More detailed de-
sign of practical cloaks may be achieved with the help of effective
medium theory and experimental verification, which remains to be
carried out in the future.
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