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We study experimentally a chain of defect resonators in a phononic crystal slab and observe its collective
resonances at ultrasonic frequencies of a few megahertz. A phononic crystal of cross holes is fabricated
in a thin fused-silica plate by femtosecond-laser writing followed by KOH etching. A chain of 17 coupled
resonators is deﬁned with no deﬁnite spatial periodicity but similar coupling strength between nearestneighbor resonators. The full phononic band gap ensures that only evanescent waves in the crystal can
tunnel between adjacent resonators in the plane. The resulting evanescent-coupling strength decreases
exponentially with distance. Collective resonances are excited by a frequency-driven piezoelectric vibrator attached at one end of the chain and imaged along the chain with a laser Doppler vibrometer. A
discrete spectrum of resonances is observed and explained by a model representing the chain as a phononic
polymer. The theoretical analysis is supported by ﬁnite-element simulations that agree well with experimental results. Chains of evanescently coupled microresonators forming phononic polymers could ﬁnd
applications in ultrasonic sensing, for implementation in topological phononics, and for the design of
optomechanical resonator chains.
DOI: 10.1103/PhysRevApplied.13.014022

I. INTRODUCTION
Over the past two decades, there has been much eﬀort
to achieve control of waves propagating within phononic
or sonic crystals exhibiting elastic or acoustic band gaps
[1]. The propagation of waves is completely forbidden in
band gaps [2]. Even though there are no waves propagating inside a band gap of a perfect crystal, evanescent waves
still exist [3]. Besides explaining complex solutions in the
dispersion relation of homogeneous media and crystals [4],
evanescent waves also provide a coupling mechanism for
the vibrations of periodic chains of masses connected by
a spring [5,6] or of coupled-resonator waveguides [7,8].
Strong conﬁnement and localization of waves can indeed
be achieved at the frequencies in the complete phononic
band gap [9–11]. When the periodicity of the perfect crystal is broken, for instance, by changing the geometry of the
unit cell or the material properties, point and line defects
can form cavities and waveguides, respectively [12,13].
Waveguides composed of linear chains of coupled resonators in a crystal were ﬁrst proposed in the ﬁeld of
photonics [14]. These coupled-resonator waveguides can
be designed with use of photonic crystal defect cavities
*
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or microring resonators [15], and can have applications
to slow light [16], in light storage [17], in sensing [18],
and in light capture [19]. Dielectric coupled-resonator
waveguides also parallel plasmonic waveguides composed of periodically distributed metal nanoparticules [20].
Coupled-resonator waveguides have been extended to the
ﬁeld of phononic crystals. Khelif et al. [21] demonstrated
experimentally the guiding and the bending of acoustic
waves in highly conﬁned waveguides. Hatanaka et al. [22]
developed a phonon waveguide using a one-dimensional
array of suspended membranes and demonstrated that
it could support and guide mechanical vibrations by
nanoelectromechanical systems. Wang et al. [23] investigated experimentally Lamb-wave propagation in coupledresonator elastic waveguides formed by a chain of cavities
in a two-dimensional phononic crystal slab with cross
holes. They also investigated the transmission properties
of coupled-resonator acoustoelastic waveguides formed by
a chain of cavities with water, such as multiply-90◦ -bent
waveguides or wave splitters [24].
Defects in a phononic crystal have long been known to
introduce localized states of vibration [25]. They have been
proposed to ﬁlter the transmission through a crystal sample [26] or to alter the transmission along a waveguide
[27]. In general, the defects used were small and chosen to possess well-deﬁned isolated resonance frequencies.
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An additional condition of periodicity at the level of a
supercell is generally imposed to guarantee that the dispersion can be obtained numerically via the computation of
phononic band structures. In this paper, we instead examine an extended and nonperiodic defect in a phononic
crystal, based on the coupled-resonator concept, that possesses a discrete spectrum of closely spaced resonances.
Coupling between adjacent resonators is not limited to
straight lines or to privileged crystallographic directions.
Instead, evanescent coupling inside a complete band gap
is omnidirectional and decreases exponentially away from
a resonator. Hence, it provides an adequate platform to
implement nearest-neighbor coupling within an aperiodic
chain of ﬁnite length, without the additional propagation
phases that would result from attaching the resonators to
a propagation medium or a surface [28,29]. Interaction
between adjacent resonators is reminiscent of the chemical
bonds of molecular polymers. Thus, the chain of resonators
is loosely termed a “phononic polymer” in this work and
it is understood that it can be deformed rather freely in the
plane.
In the following, we speciﬁcally consider a chain of coupled resonators fabricated in a phononic crystal slab in
fused silica that can be conveniently manufactured at the
microscale. The phononic crystal slab of cross holes possesses a wide complete band gap extending from 1.5 to
4 MHz. The chain is formed by our distributing resonators
along an aperiodic path but respecting an equal-coupling
scheme. Collective modes of vibration of the chain are
imaged with a laser vibrometer. A ﬁne spectrum of resonances involving the motion of all resonators at once
is observed. Finally, a theoretical model is proposed to
explain the frequency response and to predict the discrete
spectrum of resonance frequencies.
II. METHODS
Recently, femtosecond-laser-assisted wet etching has
been demonstrated as a powerful mask-free micromachining method, allowing fabrication of various threedimensional (3D) microstructures in fused silica (a-SiO2 )
and other glass materials with high spatial precision [30].
This method is well suited for the fabrication of phononic
crystal resonators due to the high selectivity of etching
of glass materials in KOH, resulting in high-aspect-ratio
structures with well-deﬁned and smooth vertical sidewalls.
In this work, the process parameters are adjusted to produce a signiﬁcant increase in the etch rate of irradiated
silica (typically 200 in 10M KOH at 80 ◦ C). The increased
etch rate can be explained by laser-induced stress generation, which is responsible for weakened chemical bonds
(and hence bond-angle variations) in the SiO2 matrix [31].
Moreover, with increasing number of laser pulses, stress
builds up and a porous structure is created that can be
penetrated much faster by the etchant.

The chain of coupled resonators shown in Fig. 1 is
manufactured in a fused-silica plate. The sample size is
26 mm × 20 mm × 500 μm. A square lattice of cross
holes, with lattice constant a = 714 μm, is etched in the
plate by use of a 3D laser system (FEMTOprint model f100
aHEAD Enhanced) equipped with a 5-W femtosecond
laser operating at λ = 1030 nm. The overall fabrication
process is a direct writing method (i.e., without a mask)
and is composed of three main steps. The process ﬂow is
shown in Fig. 1(a). First, a laser-machining process is programmed in three dimensions by use of dedicated software
(ALPHACAM), which results in the generation of a machining code ﬁle. Next, the fused-silica substrate is scanned by
the focused laser beam, according to the program, and the
material is exposed to low-energy femtosecond pulses that
increase locally the etching rate. Only a very thin contour
(2−2.5 μm wide) of each cross hole is exposed through
the whole substrate thickness in sequential order. In the
ﬁnal step, the thin walls of exposed silica (aspect ratio
approximately 80) are double-side etched in a 10M KOH
solution at 80 ◦ C. The total etching time is 3 h (etch rate
approximately 2.2 μm/ min), resulting in release of silica
cross blocks into the etchant. Ultrasonic vibrations are activated periodically during etching to enhance penetration of
KOH through the high-aspect structure and to stabilize the
etching rate. The scanning-electron-microscope image of a
cross hole (measured with Quanta 450W scanning electron
microscope) in Fig. 1(b) allows us to verify the smoothness
of the walls after etching. Fabrication errors are estimated
to be less than ±1 μm.
Figure 1(c) shows a sketch of the experimental setup.
The sample is held over a printed circuit board by use
of screws and nuts. Its bottom surface is in contact with
a piezoelectric ceramic transducer (PZT) that acts as a
source of vibrations. We use a MEGGIT Pz27 (Navy II)
soft relaxor-type PZT, whose fundamental resonance frequency is 5 MHz, to cover the whole frequency range of
interest. Pz27 is a soft PZT material with large coupling
factor, high Curie temperature, and low mechanical quality factor. We avoid resonance eﬀects in the transducer
by working below its fundamental resonance frequency.
The transformed vertical-displacement vibration signal is
transmitted to the sample through a contacting screw.
We design the chain of resonators by omitting the etching of selected holes, as shown in Fig. 1(d). We purposely
choose the sequence of defects to follow a rather arbitrary path in the plane of the surface, with the intent of
showing that the coupling of resonators allows the tunneling of elastic waves without the creation of straight
channels. The resonators are separated by (±2, ±1) or
(±1, ±2) lattice shifts; that is, their absolute separation
distance is ﬁxed by the direction of the chain jumps from
resonator to resonator. To verify the precision of the fabrication, an optical microscope (Leica model DM8000) is
used to check the dimensions of the fabricated structures,
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FIG. 1. Experimental setup for excitation and imaging of the vibrations of a chain of coupled resonators in a phononic crystal
slab. (a) An array of cross holes forming a square lattice is etched in a fused-silica plate by femtosecond-laser-assisted wet etching.
(b) A scanning-electron-microscope image of a single cross hole and an enlarged view at a sidewall, illustrating the fabrication roughness. (c) The experimental setup showing the fused-silica sample attached to a printed circuit board by screws and nuts. The bottom
surface is in contact with a piezoelectric patch (PZT) acting as a source of vibrations. Out-of-plane vibrations are detected at the top
surface with a laser microsystem analyzer. (d) Optical microscope image of the sample showing the chain of 17 coupled resonators
embedded in a 20 × 18 phononic crystal of cross holes and the position of the source of vibrations.

as shown in Fig. 1(d). The resonators along the chain are
numbered in sequence. The source region is placed inside
the phononic crystal. For frequencies inside the complete
phononic band gap, this ensures that the source region is
isolated from the frame surrounding the phononic crystal structure. Evanescent coupling decreases very fast with
distance, resulting eﬀectively in near-neighbor coupling
along the chain. Since the ﬁrst resonator is the only one
close to the source region, it is the only resonator that is
signiﬁcantly coupled with it.
Measurements of vibrations of the chain are conducted
with a laser Doppler vibrometer (Polytec MSA-500
microsystem analyzer, equipped with analog displacement decoder model DD-300; frequency response of
0.03–24 MHz and sensitivity of 50 nm/V). A periodic
chirp is chosen as the source waveform to cover the frequency range of interest. The electric signal is transformed

to a displacement vibration signal via the PZT. The
vertical-displacement, or out-of-plane-displacement, signal is recorded by the vibrometer at the top surface of the
sample.
All numerical simulations in this work are done by the
ﬁnite-element method in three dimensions. The mechanical material parameters used for isotropic fused silica are
mass density ρ = 2201 kg/m3 , Poisson’s ratio ν = 0.17,
and Young’s modulus E = 72.5 GPa. A 3D ﬁnite-element
model is used for comparison with vibration experiments.
The mesh encompasses the full 20 × 18 phononic crystal of cross holes, the chain of resonators, and the source.
To minimize wave reﬂections at the lateral boundaries
of the mesh, radiation boundary conditions are applied.
To allow a direct comparison with experiments, a timeharmonic and spatially random wave source of vertical
polarization is applied at the source region [32]. With this
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III. RESULTS
The experimental measurement of the FRF is presented
in Fig. 2(a). The line colors represent the FRF measured
at diﬀerent resonators. The FRF shows a series of sharp
resonances within the complete phononic band gap, corresponding to vibration modes of the sample. In the following, we consider particularly the frequency regions around
2.26, 2.53, and 3.55 MHz, where the clearest signals are
observed. On closer inspection, it is observed that each
main response subdivides into a series of closely spaced
sharp resonances, as shown in Fig. 2(c). The number of
subpeaks is on the order of 18 in each case; that is, a
number related to the number of coupled resonators in the
chain. A similar observation was made previously regarding the channeled transmission spectrum of sonic crystal
waveguides [33]. The maximum amplitude of the vertical displacement of each resonance peak varies notably,
indicating that vibration modes are variously matched to
the excitation source. The vertical motion at the source
location is shown in Fig. 2(e) for comparison. It can be
observed that the resonance peaks measured at the location of the source do not match those measured inside the
chain of resonators. This is expected, since at the location
of the source thickness resonances [34] of the fused-silica
plate should be excited and these have a diﬀerent dispersion spectrum compared with the resonators. Even when
the source region vibrates very slightly, the vibrations of
the chain of resonators can still be excited until the very
last resonator.
The experimental results can be compared with the
numerical results shown in Figs. 2(b) and 2(d). In the three
frequency regions around 2.26, 2.53, and 3.55 MHz, series

(e)

Displacement (pm)
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setting, all possible modes of vibration are excited as the
frequency is swept though the band-gap range. The frequency response function (FRF) can be recorded at any
position along the sample surface. Dispersion relations
and phononic band structures are obtained by our solving
an eigenvalue problem with periodic boundary conditions
applied at the external boundaries of the unit cell or supercell. The phononic crystal slab has a complete band gap
extending from 1.5 to 4 MHz. Material loss can be estimated with the Qf factor (product of quality factor and
operating frequency in hertz). Qf ≈ 5 × 1012 for fused
silica [3]. With the largest frequency considered being
4 MHz, we then have in principle Q > 1.25 × 106 for
the material loss limit. Given our experimental resolution,
such ﬁne line width cannot be resolved in practice. As
a result, material damping is not added to the numerical
simulations. However, radiation damping, resulting from
the ﬁnite number of phononic crystal rows around the
resonator chain is taken into account through the use of
radiation boundary conditions.

Displacement (pm)

TING-TING WANG et al.
3

3
5
7
9
12
14
17

2
1
0
1.5
3

2

2.5

3

3.5

1

0
2.24

2

3

0
2.24

2.5

3

2

2.26

1

0
2.24

4.5

3
5
7
9
12
14
17

2

0
1.5
2

4

3.5

0

2.28 2.51

2.52

2.53

0.07

2.26

4

4.5

0.8

0
2.28 2.51

0

3.55 3.56 3.57

2

2.52

0
2.53

3

3.55 3.56 3.57

3

0
2.26 2.28 2.51

2.52

2.53

0

3.55 3.56 3.57

Frequency (MHz)

FIG. 2. (a) Experimental and (b) numerical absolute vertical
displacements at the position of the resonators. Each line color
is for a particular resonator as labeled in Fig. 1(b). The complete band gap extends over the white region. (c),(d) Enlarged
views around selected frequencies. (e) Absolute experimental
vertical displacements at the location of the source of vibrations
are shown for comparison.

of sharp resonances are obtained with a frequency spacing in fair agreement with the experimental results. The
experimental frequency resolution is limited to 1.56 kHz
due to a limitation on the number of sample points, while
numerical computations are presented with a resolution
of 0.2 kHz to ensure that each peak is resolved. Generally, the numerical and experimental results agree fairly
well, except for frequencies around 3 MHz, where a non
zero FRF is observed only in the numerical simulation. We
attribute this small discrepancy to the actual experimental
environment, which diﬀers from the numerical excitation
source: the experimental excitation is not truly spatially
random as is assumed in the numerical simulation. Furthermore, it may be that the excited vibrations have too small
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an amplitude to be observed over the experimental noise
ﬂoor.
Figure 3 displays the displacement maps observed at
selected frequencies in both experiments and simulations.
Animations of the vertical-displacement distribution at frequencies of 2.2625, 2.5234, and 3.5578 MHz are further
shown in Videos 1, 2, and 3. It is veriﬁed that all resonators
oscillate collectively at the same frequency. In all cases,
vibrations are concentrated mainly at the four corners of
At 2.2625 MHz
(pm)
1.5

VIDEO 1. Animation of the experimental verticaldisplacement distribution at a frequency of 2.2625 MHz.

0
At 2.5234 MHz
(pm)

the resonators. A clear modal shape repeats for every resonator, in correspondence with the initial vibration mode
of the resonator. The collective vibrations are for the whole
chain of resonators, without apparent spatial attenuation
along the chain, and are limited only by the experimental
size of the array.

1.5

IV. MODEL OF THE PHONONIC POLYMER
A. Discrete sequence of eigenfrequencies

0

The chain of coupled resonators forming a phononic
polymer can be analyzed with various discrete models.
Hamiltonian models have been proposed, especially in the
context of topological phononics [35–37]. Following the

At 3.5578 MHz
(pm)
1.5

0

(b) (a)

(a)

(b)

FIG. 3. Vertical-displacement maps at frequencies of 2.2625,
2.5234, and 3.5578 MHz in the experiment (a) and the numerical
simulation (b), respectively. The color scale is for the amplitude
of the vertical displacement from 0 (blue) to maximum (red).
Numerical values are globally scaled to experimental values.

VIDEO 2. Animation of the experimental verticaldisplacement distribution at a frequency of 2.5234 MHz.
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If the resonators are distributed evenly along the chain, it
can be assumed that the dynamical matrix is banded [i.e.,
D(m, n) = γ|m−n| ], reﬂecting the idea of a translationally
invariant chain. The coeﬃcients γ|m−n| account for nearestneighbor coupling. This particular assumption is made for
coupled-resonator waveguides formed of an inﬁnite chain
of coupled resonators [40]. The dispersion relation for
Bloch waves of the inﬁnite periodic chain is then obtained
as [39]
∞

ω2 = 2
γm cos km.
(3)
m=0

VIDEO 3. Animation of the experimental verticaldisplacement distribution at a frequency of 3.5578 MHz.

Su-Schrieﬀer-Heeger model of polyacetylene [38], a coupling Hamiltonian can be constructed for eigenstates combining the degrees of freedom describing each resonator.
Solving for the Schrödinger equation with the coupling
Hamiltonian gives the sequence of eigenfrequencies. Such
a technique parallels the dynamical matrix approach used
to describe the dispersion of phonons in atomic lattices.
Here we consider a classical version of such quantum techniques [39] where the state of the phononic polymer is
described by one macroscopic degree of freedom per resonator, Un . All resonators are identical except for a spatial
shift in the crystal and have the same isolated resonance
frequency ω0 . By “isolated resonator” we mean a resonator
embedded in the inﬁnite crystal and placed very far from
any other resonator.
The dynamical equation for coupled resonators is
−Üm =

N


D(m, n)Un ,

(1)

We stress that this formula applies to the phononic polymer
only in the limit N → ∞.
If we further assume that only nearest-neighbor coupling
occurs, then the dynamical matrix simpliﬁes to
⎛ 2
⎞
ω0 γ
0 ··· 0
⎜
.. ⎟
⎜ γ ... ... ...
. ⎟
⎜
⎟
⎜
.
.
.
..
..
.. 0 ⎟
D=⎜0
(4)
⎟.
⎜
⎟
⎜ ..
⎟
..
..
..
⎝ .
.
.
. γ⎠
0 ... 0
γ ω02
For this particular case, the eigenfrequencies can be
obtained analytically and are
ωN2 ,m = ω02 + 2γ cos

ω2 Um =

N


D(m, n)Un .

(2)

n=1

As a result, there are exactly N eigenstates of vibration
of the phononic polymer. The symmetry of the dynamical
matrix implies that the eigenfrequencies (ωi , i = 1 . . . N )
are real. This is the most-general form we can obtain
without making further simplifying assumptions.

m = 1 . . . N.

(5)

This result is derived in Appendix A, where it is shown that
a sequence of orthogonal polynomials is formed, whose
zeros are the eigenfrequencies. As a consequence, the
eigenfrequencies of polymer chains with increasing number of resonators are interleaved. It is further obtained that
they distribute on the continuous dispersion relation for the
inﬁnite polymer:

n=1

with a symmetric dynamical matrix D(m, n) such that
D(m, m) = ω02 . The symmetry of the dynamical matrix is
a consequence of reciprocity. For time-harmonic vibrations at a frequency ω, the dynamical equation leads to
eigenfrequencies that are eigenvalues of the dynamical
matrix:

πm
,
N +1

ω2 = ω02 + 2γ cos k,

(6)

where  is the period of the chain and with wave number being sampled according to k = π m/N + 1, m =
1 . . . N . This condition is equivalent to the phase-matching
condition introduced to describe the channeled spectrum
of the transmission of phononic crystal waveguides [33].
As a generalization, we infer that if the dispersion relation ω2 (k) is known, then the resonance frequencies will
be given by ω2 (π m/N + 1), m = 1 . . . N . This distribution
explains the sequence of subpeaks in Fig. 2 around each
initial defect resonance.
B. Comparison with a coupled-resonator waveguide
Direct comparison of the discrete phononic polymer
model with a coupled-resonator waveguide is not strictly
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FIG. 4. Dispersion of an equivalent coupled-resonator elastic
waveguide. Supercell (a), band structure (b), and enlarged band
structures (c) around 2.26, 2.52, and 3.55 MHz, corresponding to
points A, B, and C, respectively. Blue (red) corresponds to zero
(maximum) amplitude for the out-of-plane-displacement ﬁeld.
The gray areas indicate the passing frequency ranges.

possible since the former is aperiodic, while the latter is
periodic. Anyway, to enable comparison to some extent,
we consider a simpliﬁed periodic version of the phononic
polymer, as depicted by the supercell in Fig. 4(a). Compared with the actual chain of coupled resonators considered in experiments, the coupled-resonator waveguide
in Fig. 4(a) implements a sequence of lattice translations
(2, −1) then (2, +1) so that the spatial period along the
x axis is 4a (four crosses along the x axis in the supercell). The coupled-resonator waveguide thus deﬁned can
be obtained by a continuous deformation of the chain of
resonators.
Figure 4(b) shows the phononic band structure for
the coupled-resonator waveguide whose supercell is presented in Fig. 4(a). The color bar indicates the polarization
amount of the vertical component of displacement. Compared with the phononic band structure of the perfect
crystal, additional bands appear inside the complete band
gap. Figure 4(c) shows enlarged views of the band structure around 2.26, 2.52, and 3.555 MHz, corresponding to
labels A, B, and C in Fig. 4(b). As a note, the 4a period
causes spurious folding at the X and M points of the ﬁrst
Brillouin zone, since two periods of the chain are actually included in the supercell. As a result, there are there
bands in spectral ranges A and B, and presumably more
in spectral range C. These bands have diﬀerent polarization contents and thus couple diﬀerently with the source
of vibrations. In particular, the mostly vertically polarized
band in spectral range B has the cosine shape of Eq. (6), in
correspondence with the single coupling coeﬃcient of the
dynamical matrix in Eq. (4). The other bands do not have
this simple cosine shape, and more coupling coeﬃcients
should be included to describe them. Signiﬁcantly, all
bands extend almost symmetrically toward the X point and
the M point, indicating that the coupling coeﬃcients are
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here mostly independent of the direction of the coupling,
as we implicitly assume in the discrete model.
Eigenmodes at the high-symmetry points of the Brillouin zone on three selected bands of spectral ranges A,
B, and C are illustrated in Fig. 5. It can be seen that the
eigenmodes in spectral range B are identical for all highsymmetry points. We further verify that they are identical
with the defect mode of the isolated resonator. More signiﬁcantly, the modal shapes are clearly identical with those
of Fig. 3, supporting the conclusion that the collective
vibrations of the chain result from evanescent coupling
of the individual resonators. In spectral range A, the situation is slightly more intricate, as two degenerate isolated defect modes coexist. They form two separate bands
when unfolded, with a dispersion involving more than one
Fourier harmonic; that is, corresponding to the general

(a)

At 2.2623 MHz

At 2.2423 MHz

At 2.2623 MHz
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0

(b)

At 2.5180 MHz

At 2.5258 MHz

At 2.5180 MHz
max

0
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At 3.5521 MHz

At 3.5546 MHz

At 3.5512 MHz
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0

M point

Γ point
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FIG. 5. Eigenmodes of the supercell shown at the M point,
point, and X point of the ﬁrst Brillouin zone at the passing bands
corresponding to A, B, and C in Fig. 4. Blue (red) corresponds to
zero (maximum) amplitude for the displacement ﬁeld.
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Frequency (MHz)
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Г
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FIG. 6. Characteristics of the band appearing around 3 MHz.
(a) Eigenmodes are shown at the M point, the
point, and
the X point of the ﬁrst Brillouin zone. (b) Numerical verticaldisplacement map at 2.9947 MHz for the chain of resonators.
(c) Band structure of the equivalent coupled-resonator elastic
waveguide.

form (3) rather to the simpler form (6). In spectral range
C, the bands do not have a pure out-of-plane-vibration
character, and the discrete model of the phononic polymer
should be enriched with up to three degrees of freedom per
resonator, which we leave as a perspective.
As remarked in Sec. II, the band appearing around
3 MHz in the numerical simulation is not observed in the
experiment. For completeness, however, we discuss brieﬂy
its characteristics. The eigenmodes at the M point, the
point, and the X point of the ﬁrst Brillouin zone are
shown in Fig. 6(a). These eigenmodes are identical for
all three high-symmetry points. Figure 6(b) further displays the numerical displacement distribution in the chain
of resonators at 3 MHz. The band in Fig. 6(c) has a
cosine shape similar to the out-of-plane band in range
B, indicating the dominance of nearest-neighbor coupling.
Overall, the vibration characteristics at 3 MHz should be
mostly similar to those at 2.5 MHz. Finally, we compare
in Appendix B the acoustic transmission rate between the
phononic polymer and conventional phononic waveguides
with a variable number of bends.
V. CONCLUSION
In this paper, coupled elastic vibrations of a chain of
coupled resonators in a square-lattice phononic crystal

slab are studied. Coupling of resonators is evanescent
within the wide complete band gap obtained with cross
holes, resulting in nearest-neighbor coupling. We design
the chain of resonators by omitting the etching of selected
holes. Measurements show that collective vibrations of
the evanescently coupled resonators are eﬃciently excited.
We image the modal vibrations over the surface and
observe that the resonators oscillate collectively at the
same frequency. Signiﬁcantly, collective oscillations survive although the chain is aperiodic and does not form a
classical phononic crystal waveguide. The number of resonances is as a rule equal to the number of resonators in the
chain, in a ﬁrst approximation. The evanescent-coupling
mechanism we consider is indeed reminiscent of coupledresonator waveguides. The main diﬀerence is that we do
not require periodicity in the plane. This relaxed assumption allows us to design chains of resonators with a rather
arbitrary shape.
This work provides a background for the consideration
of phononic polymers, where resonators with equal free
resonance frequency are arranged in an arbitrary chain
and coupled evanescently. Active or even smart manipulation of localized resonators is thus expected. Such
phononic polymers could be used for sensor-fusion purposes, with each resonator functionalized to the same or
diﬀerent analytes. It is expected that the collective vibrations should be highly sensitive to a local change in one
of the resonators. Phononic polymers could also be used
in optomechanics, using light forces such as radiation
pressure to excite and detect collective resonances without any mechanical contact. Furthermore, by tuning the
coupling coeﬃcients between resonators, it should be possible to implement topological phononics models inspired,
for instance, by the Su-Schrieﬀer-Heeger model of the
polyacetylene molecule.
The fabrication process we use relies on the locally
selective etching of fused silica. Other microfabrication
techniques could obviously be alternatively selected in
view of diﬀerent material platforms or to adjust the frequency range of the ultrasonic resonances.
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The eigenvalues of the latter matrix are roots of the characteristic polynomial PN (X = λ) = det(CN − λIN ). It is
easy to check that the set of polynomials PN thus deﬁned
satisfy the recurrence relation
PN +2 + XPN +1 + PN = 0,

N ≥ 0,

(A2)

with the ﬁrst two polynomials being P0 = 1 and P1 = −X .
The next polynomials are P2 = X 2 − 1, P3 = −X 3 + 2X ,
P4 = X 4 − 3X 2 + 1, and so on.
The existence of the recurrence relation (A2) implies
that the set of the real polynomials PN is orthogonal. As a consequence, their roots are all real and are
interleaved. The recurrence relation resembles the one
for Tchebychev polynomials, TN +2 − 2XTN +1 + TN = 0.
Tchebychev polynomials are characterized by the relation TN (cos θ) = cos N θ for 0 ≤ θ ≤ π , but are not the
only set of orthogonal polynomials determined by this
recurrence relation. In particular, their derivatives UN =
(1/N )TN also are. Those polynomials satisfy UN (cos θ ) =
sin N θ/ sin θ and are U1 = 1, U2 = 2X , U3 = 4X 2 −
1, U4 = 8X 3 − 4X , and so on. It is easily checked
that PN (X ) = UN +1 (−2X ). The zeros of UN +1 are
given by the condition sin[(N + 1)θ ]/ sin θ = 0, or θm =
mπ /N + 1, m = 1 . . . N . As a result, the zeros of PN are
λm = −2 cos θm = −2 cos(mπ /N + 1), m = 1 . . . N , and
are all in the interval [−2, 2].
APPENDIX B: WAVEGUIDE TRANSMISSION
The sample we prepare is designed to observe the
collective vibrations of the chain of resonators, but not
speciﬁcally to demonstrate waveguiding. To obtain high
transmission, it would be necessary to take care of the coupling of the source with the entrance of the waveguide, but
also to reduce the reﬂection coeﬃcient at the exit of the
chain considered as a waveguide.
To compare the acoustic transmission rate between the
phononic polymer and conventional phononic waveguides,
we design three additional and more-traditional coupledresonator waveguides with a diﬀerent number of bends.

3 bends
aperiodic chain

Frequency (MHz)

We consider of ﬁnite chain of N discrete resonators
described by Eq. (4). The dynamical matrix has the form
DN = ω0 IN + γ CN , where IN is the identity matrix of size
N and
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FIG. 7. (a) Transmission spectra for three circuits with a diﬀerent number of bends and for the aperiodic chain. The circuits are
shown in (b).

Figure 7 shows the simulated transmission spectra. We
calculate the transmission rate by
Uds
T(fa) =

Sr

,

(B1)

U0 ds
Sl

where U is the total displacement at the exit of the
waveguide and U0 is the total displacement at the entrance
of the waveguide. The main observation that we make is
that the transmission spectra are similar for all waveguides
and for the phononic polymer, although the details of
the spectra (separation between resonances) depend on
the total length of each chain. Compared with conventional coupled-resonator phononic waveguides, a distinctive advantage of the phononic polymer is that guided
waves can propagate along a rather arbitrary path and not
only along principal directions of the crystal.
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