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Multistep and Elastically Stable
Mechanical Metamaterials
Materials and structures with tunable mechanical properties are essential for numerous
applications. However, constructing such structures poses a great challenge since it is nor-
mally very complicated to change the properties of a material after its fabrication, partic-
ularly in pure force fields. Herein, we propose a multistep and elastically stable 3D
mechanical metamaterial having simultaneously tunable effective Young’s modulus and
auxeticity controlled by the applied compressive strain. Metamaterial samples are fabri-
cated by 3D printing at the centimetric scale, with selective laser sintering, and at the micro-
metric scale, with two-photon lithography. Experimental results indicate an elementary
auxeticity for small compressive strains but superior auxeticity for large strains. Signifi-
cantly, the effective Young’s modulus follows a parallel trend, becoming larger with
increasing compressive strain. A theoretical model explains the variations of the elastic
constants of the proposed metamaterials as a function of geometry parameters and provides
a basic explanation for the appearance of the multistep behavior. Furthermore, simulation
results demonstrate that the proposed metamaterial has the potential for designing metama-
terials exhibiting tunable phononic band gaps. The design of reusable elastically stable
multistep metamaterials, with tunable mechanical performances supporting large compres-
sion, is made possible thanks to their delocalized deformation mode.
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1 Introduction
Over the last decade, metamaterials have been rising exponen-

tially [1–5], and even more so for mechanical metamaterials
[6–27] thanks to new fabrication techniques such as 3D printing
[28–34]. Generally, after the manufacturing process, the mechanical
behavior of a metamaterial is set and is hardly modified [35–37].
Nevertheless, materials and structures with varying static or dynami-
cal mechanical properties are attractive to many engineering fields
[7,35,38–43]. To implement them, numerous methods have been
proposed and many metamaterials and metastructures with tunable
mechanical behaviors have been investigated. For instance, Janbaz
et al. [38] proposed a bi-beam that consists of two beams with
different viscoelasticity to design metamaterials with strain-rate-
dependent mechanical behavior. Liang et al. [44] used magnetic
interactions to change globally the energy and thus the configuration
of a system. Mü et al. [42] investigated a metamaterial with different
auxeticities under varying optical stimuli. Ji et al. [45] used a
bi-material beam showing varying mechanical response as a
function of temperature for soft microrobotic applications. Farzaneh
et al. [46] proposed a sequential metamaterial with alternating Pois-
son’s ratios. Dudek et al. [47] used magnetic inclusions to reconfig-
ure a structure and tune the mechanical performance of the entire
system. Wang et al. [48] demonstrated a metamaterial that exhibits
a change in the sign of the effective tangent Poisson’s ratio during
compression, without significant enhancement in Young’s modulus.
There are three main principles to design metamaterials with

tunable mechanical properties, i.e., the principle of structural insta-
bilities and material postbuckling [49,50], the use of multibody
systems [39,51,52], and the theory of multimaterial systems
[42,47]. In principle, these methods are efficient for obtaining meta-
materials with tunable mechanical behaviors. Nevertheless, some
additional limitations are introduced, for instance, global elastic
instabilities of the whole system, excess challenges for fabrication
technology, demanding requirements for multiphysical fields, etc.
Furthermore, most previous studies have focused on a single adjust-
able mechanical property [48], implying that the adjustability of
other mechanical parameters of the metamaterial has been ignored
or sacrificed. Indeed, materials with several tunable mechanical
parameters in different states can introduce multiple functionalities.
As two fundamental and significant mechanical properties of

materials, Young’s modulus and Poisson’s ratio (in particular, if
the latter value is negative, i.e., for auxeticity) play essential roles
in material investigations and applications [6,36,39,43,53–55].
Mechanical metamaterials with simultaneously tunable Young’s
modulus and auxeticity have rarely been reported but are highly

desirable and offer a significant commercial appeal. For instance,
in the case of applications requiring the tunable load-bearing capac-
ity and volume change at the same time, it is essential to harness the
ability to design materials with both of these mechanical properties
being adjustable. In this regard, we consider in this work a single
constituent material to design a mechanical metamaterial that
shows elastically stable adjustable elastic constants under variable
compressive strain. First, the geometry configuration and samples
of the proposed metamaterial are designed and fabricated at the cen-
timetric and micrometric scales. Then, a theoretical model of the
effective elastic constants is built to reveal the effects of geometrical
parameters and to explain the multistep behavior of the metamater-
ial. The tunable Young’s modulus and auxeticity in different steps
are discussed experimentally. In addition, the potential application
to metamaterials with adjustable phononic band gaps is investigated
numerically. Finally, the delocalized deformation mode and the
reusable properties of the metamaterials are revealed.

2 Structural Design
In a previous work [56], inspired by the shape of latitude and lon-

gitude lines around the earth, some of us proposed and investigated
a primitive motif substructure that exhibits nonauxeticity in the x
direction but auxeticity in the y direction when either compression
or stretching is applied along the z direction, as depicted in Fig. 1(a).
This partially auxetic substructure consists of two different elliptical
rings located in perpendicular planes, that is, in the xy plane and the
xz plane.
Herein, we set the geometry dimensions of the substructure in the

x, y, and z directions as 2a, 2a/m, and 2a/n, respectively. The geom-
etry parameters m and n are dimensionless and independent of each
other, which are used to describe the shape of the elliptical ring in
the xy plane and the xz plane. It is clear that m or n equals 1 means
that the ring is circular, otherwise, it is elliptic. In addition, all ellip-
tical rings of the substructure have identical cross sections, specifi-
cally the same width b and thickness t. Another significant geometry
parameter is the distance between the outer surfaces of two adjacent
elliptical rings in the xz plane, tc. Parameter tc has a crucial influence
on the tunable effective elastic constants obtained at different com-
pression steps and will be discussed in detail in the following
sections.
The results in Ref. [56] demonstrate that the auxeticity of the sub-

structure only depends on the geometry parameters m and n, which
means that the lateral deformation characteristics of the considered
metamaterial depend on the shape of these two orthogonal elliptical
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rings. For some geometry parameters, significantly, an important
property of this substructure is that shrinkage in the y direction is
larger than expansion in the x direction if the compressive loading
is applied from the z direction, that is, δy > δx, as shown with a
dotted line in Fig. 1(a). It is worth noting that δx and δy denote
the absolute deformations of the substructure rather than the corre-
sponding effective strains. Based on this inherent property, four
substructures can be arranged alternatively in the x and y directions
to obtain a repeatable unit cell exhibiting auxeticity in all three
orthogonal directions, as illustrated in Fig. 1(b). The corresponding
primitive unit cell is depicted in Fig. 1(c).
As a note, there are three main differences between the original

substructure in Fig. 1(a) and the new unit cell proposed in
Fig. 1(c). First, the anisotropic properties of the two unit cells are dif-
ferent. The original substructure exhibits anisotropy in the three
principal directions, whereas the new unit cell has identical mechan-
ical properties in both x and y directions because of symmetry.
Second, the original substructure is nonauxetic in one principal
direction but auxetic in the other two principal directions. In con-
trast, the new unit cell is fully auxetic in all three principal directions.
Third, elastically stable multistep mechanical behavior is hardly
achieved by the original substructure, as it avoids self-contacts
under large compression. The elastically stable multistep mechani-
cal behavior resulting from self-contact is the distinctive property
of the proposed metamaterial and is discussed in detail in this work.

3 Materials and Methods
3.1 Fabrication. A commercial 3D printer based on the prin-

ciples of two-photon lithography 3D direct laser writing technology
was used to prepare microscale metamaterials, as shown in
Figs. 1(d )–1( f ). The parent material for these samples is the
customized commercial negative tone IP-S resin.

Young’s modulus, Poisson’s ratio, and density for the raw resin
material are E = 4 GPa, ν = 0.3, and ρ = 1190 kg/m3, respectively.
For the Nanoscribe printing, the slicing distance and the hatching
distance are prescribed to 1 μm and 0.5 μm, respectively.
A drop of IP-S resin was deposited on an indium tin oxide

(ITO)-coated soda-lime glass substrate with dimensions 25 mm ×
25 mm × 0.7 mm and photopolymerized with a femtosecond laser
operating at λ = 780 nm and a 25× objective. The sample comprises
3 × 3 × 5 unit cells (see Fig. 1(d )) in the main directions, and each
repeatable unit cell (see Fig. 1(b)) was printed layer by layer from
bottom to top. After printing, the samples were developed for
30 min in a propylene glycol methyl ether acetate solution to
remove the unexposed photoresist and were rinsed for 5 min in iso-
propyl alcohol to clear the developer. Laser power at the level of
90% and a galvanometric scan speed of 100 mm/s were used for
the whole fabrication process.
The centimetric samples (see Fig. 6(a)) were fabricated by a com-

mercial 3D printing company with a selective laser sintering 3D
printing craft. Thermoplastic urethane (TPU) with white color
was used as the raw material. Young’s modulus, Poisson’s ratio,
density, and the elongation of the raw material TPU are 27 MPa,
0.45, 1200 kg/m3, and 500%, respectively.

3.2 Mechanical Tests. To evaluate the static mechanical prop-
erties of the metamaterials, quasi-static uniaxially compressive
experiments were performed. Five samples were prepared at the
microscale and were tested with a homemade setup with a load
capacity of 5 N, a resolution of 10−6 N, and a compression speed
set to 1 μm/s. At the same time, a microscope equipped with a
lens of 20× magnification and a recording rate of 1 frame per
second was used to capture the deformation of the sample in
time. A video for the whole compressive process was exported.
More specifically, the image tracking functions from MATLAB

Fig. 1 Structure design of multistep mechanical metamaterials. (a) The primitive motif substructure shows auxeticity in the y
and z directions but nonauxeticity in the x direction. It is worth noting that for some specific geometrical parameters, i.e.,m and
n (see the text for their definition), the contraction in the y direction surpasses the expansion in the x direction when compres-
sion is applied in the z direction, that is, δy > δx. (b) The repeatable unit cell with auxeticity in three principal directions is
obtained by alternatively arranging the partially auxetic substructure in the x and y directions. (c) The primitive unit cell is
used for phononic band structure computations. We use the repeatable unit cell for experiments, rather than the primitive
unit cell because the former can diminish boundary effects when the number of unit cells composing the sample is limited.
(d–f ) SEM images of a sample composed of 3 × 3 × 5 unit cells fabricated with two-photon lithography. Here, m= n= 1.97
with other parameters fixed as a= 75 μm, t = 10 μm, b= 16 μm, and tc = 0.5 μm. (d ) is an oblique view of the sample,
whereas (e) and (f ) show zoomed-in details of the sample.
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software were employed to process and extract lateral deformations
of the microscale samples. In terms of macroscopic testing, the five
cycles of the loading and unloading experiments for each sample on
a centimeter scale were implemented in an INSTRON 5569
mechanical tester with a load cell capacity of 50 kN. The compres-
sive speed was fixed at 1 mm/s to maintain the quasi-static defor-
mation and avoid dynamic effects. At the same time, commercial
digital image correlation (DIC) equipment was used to record
lateral deformations along the course. The applied DIC device mea-
sures arbitrary displacements down to nanometer resolution. Here,
strain measurements from 50 microstrain to 2500% and above are
available with 10–50 microstrain or better strain resolution. The
device allows to assess specimen sizes ranging from 1 mm to
100 mm as well as to capture dynamic events at the rate of
5,000,000 frames per second. Images were processed by matching
software VIC-3D, where a contour representing the displacement in
the x direction was output directly, as shown in Fig. 6(g).

3.3 Analytical Model. To obtain the effective mechanical
properties of the metamaterial, a theoretical model was built
based on the force method of continuum mechanics. The following
assumptions were made. First, we used the unit cell shown in
Fig. 1(c) as the representative volume element for the metamaterial,
and periodic boundary conditions were applied in all three principal
directions. Second, the situation that the structure is under small
compressive/stretch deformation in the z direction is taken into con-
sideration merely. Then, all joints in the structure are assumed to be
rigid. Moreover, the axial and shear deformations are neglected so it
can be assumed that all members in the proposed structure are Euler
beams that are deforming by bending only [57].
Herein, we assume that a stretch (or a compressive) predisplace-

ment is applied in the z direction on the representative volume
element. As declared above, it is clear that the mechanical proper-
ties of the structure in the x and y directions are identical. Due to

the symmetry of the structure in the three principal directions, the
loading and corresponding boundary conditions of a 1/8th represen-
tative volume element are considered and analyzed, as shown in
Fig. 2(a). For the considered 1/8 unit cell, it is clear that the
degrees of freedom of plane BEF in the x direction, plane AEH in
the y direction, and plane ABCD in the z direction are fixed.
However, the other three faces parallel to them can move in the cor-
responding directions. Furthermore, we can decompose the 1/8th
representative volume element at each joint and obtain the force
conditions of each beam [58], as illustrated in Fig. 2(b).
For each member of the 1/8th representative volume element, the

effective loading and boundary conditions are identical, as shown in
Fig. 2(c). We assume that forces F1i = F2i = 1 N and moments
Mi = 1 N ·M, for i = m, n, so that we can obtain the following
parameters [57] by the force method of continuum mechanics:

δF1iF1i =
a3

EI

∫π/2
0

1
i
−

sin θ�����������������
i2sin2θ + cos2θ

√
( )2

1�����������������
i2sin2θ + cos2θ

√ dθ

δF1iF2i = −
a3

EI

∫π/2
0
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i
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sin θ�����������������
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0

cos2θ�����������������
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δMiMi =
a

EI

∫π/2
0

1�����������������
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√ dθ

δF2iMi =
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i2sin2θ + cos2θ
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EI
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(1)

Fig. 2 Force analysis of mechanical metamaterials under loading in the z direction and periodic boundary conditions.
(a) Force analysis of a 1/8th representative volume element of the proposed metamaterial, (b) decomposition of the 1/8th rep-
resentative volume element, and (c) force analysis for each single beam.
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where δ jk = δkj is the displacement component in j direction intro-
duced by the unit force in the k direction, and E and I = bt3/24 rep-
resent Young’s modulus of the raw material and the moment of
inertia of the beam, respectively.
For beam AB, we can use the following equations to calculate the

displacements in the FAB1, FAB2, and MAB directions, respectively,

δFAB2FAB1 δFAB2FAB2 δFAB2MAB

δFAB1FAB1 δFAB1FAB2 δFAB1MAB

δMABFAB1 δMABFAB2 δMABMAB

⎡
⎣

⎤
⎦ FAB1

FAB2

MAB

⎡
⎣

⎤
⎦ =

uA
vB
0

⎡
⎣

⎤
⎦ (2)

Similarly, for beam AD,

δFAD2FAD1 δFAD2FAD2 δFAD2MAD

δFAD1FAD1 δFAD1FAD2 δFAD1MAD

δMADFAD1 δMADFAD2 δMADMAD

⎡
⎣

⎤
⎦ FAD1

FAD2

MAD

⎡
⎣

⎤
⎦ =

uD − uA
vD
0

⎡
⎣

⎤
⎦ (3)

For beam BC,

δFBC2FBC1 δFBC2FBC2 δFBC2MBC

δFBC1FBC1 δFBC1FBC2 δFBC1MBC

δMBCFBC1 δMBCFBC2 δMBCMBC

⎡
⎣

⎤
⎦ FBC1

FBC2

MBC

⎡
⎣

⎤
⎦ =

uC
vC − vB

0

⎡
⎣

⎤
⎦ (4)

For beam CD,

δFCD2FCD1 δFCD2FCD2 δFCD2MCD

δFCD1FCD1 δFCD1FCD2 δFCD1MCD

δMCDFCD1 δMCDFCD2 δMCDMCD

⎡
⎣

⎤
⎦ FCD1

FCD2

MCD

⎡
⎣

⎤
⎦ =

uD − uC
vC − vD

0

⎡
⎣

⎤
⎦ (5)

For beam AE,

δFAE2FAE1 δFAE2FAE2 δFAE2MAE

δFAE1FAE1 δFAE1FAE2 δFAE1MAE

δMAEFAE1 δMAEFAE2 δMAEMAE

⎡
⎣

⎤
⎦ FAE1

FAE2

MAE

⎡
⎣

⎤
⎦ =

uA
wE

0

⎡
⎣

⎤
⎦ (6)

For beam BF,

δFBF1FBF1 δFBF1FBF2 δFBF1MBF

δFBF2FBF1 δFBF2FBF2 δFBF2MBF

δMBFFBF1 δMBFFBF2 δMBFMBF

⎡
⎣

⎤
⎦ FBF1

FBF2

MBF

⎡
⎣

⎤
⎦ =

vF − vB
wF

0

⎡
⎣

⎤
⎦ (7)

where

δFAB2FAB2 = δFAD1FAD1 = δFBC1FBC1 = δFCD2FCD2 = δF1iF1i

δFAB1FAB1 = δFAD2FAD2 = δFBC2FBC2 = δFCD1FCD1 = δF2iF2i

δFAB1FAB2 = δFAD1FAD2 = δFBC1FBC2 = δFCD1FCD2 = δF1iF2i

δFAB1MAB = δFAD2MAD = δFBC2MBC = δFCD1MCD = δF2iMi

δFAB2MAB = δFAD1MAD = δFBC1MBC = δFCD2MCD = δF1iMi

δMABMAB = δMADMAD = δMBCMBC = δMCDMCD = δMiMi

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(8)

for i = m and

δFAE2FAE2 = δFBF1FBF1 = δF1iF1i

δFAE1FAE1 = δFBF2FBF2 = δF2iF2i

δFAE2FAE1 = δFBF1FBF2 = δF1iF2i

δFAE1MAE = δFBF2MBF = δF2iMi

δFAE2MAE = δFBF1MBF = δF1iMi

δMAEMAE = δMBFMBF = δMiMi

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(9)

for i = n.
The physical meaning of the third row of each matrix is that the

rotational angle at each endpoint is 0.
Based on the periodicity and the symmetry of the structure, the

displacement-matching conditions at each endpoint can be acquired
[48]:

uD = uG = uH
vC = vF = vG
wE = wF = wG = wH

uA = uG − uC
vB = vG − vD

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(10)

During the quasi-static loading, the force equilibrium conditions
are always suitable for each endpoint. Based on the force balance at
point A in the x direction, we have

FAB2 + FAE2 − FAD2 = 0 (11)

and the force equilibrium is also satisfied at point B in the y direc-
tion,

FAB1 − FBC1 − FBF1 = 0 (12)

Due to all degrees of freedom of plane CFG in the y direction
being free, the total force along the y direction in this surface
should be 0, that is,

FBF1 + FBC1 + FCD1 = 0 (13)

Similarly, we have the same force conditions for plane DGH in
the x direction:

FAE2 + FAD2 + FCD2 = 0 (14)

Moreover, the relationship between effective stress and effective
strain in the z direction is

2(FAE1 + FBF2) = σz a +
a

m
+ t

( )2
(15)

So, the effective strain of the structure in the x and the z directions
can be calculated as

εx =
uD

a + (a/m) + t

εz =
wE

(a/n) + (t/2)

⎧⎪⎪⎨
⎪⎪⎩ (16)

Finally, the effective elastic constants, i.e., the effective Poisson’s
ratio and normalized Young’s modulus, of the proposed metamater-
ial can be obtained:

νzx = −
εx
εz

Êzn =
σz
Eεz

⎧⎪⎪⎨
⎪⎪⎩ (17)

3.4 Simulations. Numerical calculations were performed
using the commercial software COMSOL MULTIPHYSICS 6.0 with the
Structural Mechanics module. First of all, the computer-aided
design (CAD) model of the unit cell (see Fig. 1(c)) was built in soft-
ware CATIA V5R20, and then themodelwas imported into COMSOL MUL-

TIPHYSICS 6.0. It was assumed that the material that the unit cell is
made of has the same properties as the bulk material used during
the fabrication process. Thus, the isotropic material assigned to the
model was characterized by Young’s modulus of 4 GPa, Poisson’s
ratio equal to 0.3, and density set to be 1190 kg/m3. To explore
the structural nonlinearity of the unit cell under large deformations,
elastoplasticity of the raw material was ignored in this simulation. In
addition, periodic boundary conditions were applied to all three prin-
cipal directions. It is worth noting that all boundary surfaces of the
unit cell remain planar after deformation since only a metamaterial
under longitudinal compression is taken into account in this work.
The same boundary conditions are applied to the theoretical
model, as discussed in the previous subsection. For the static com-
pression simulations, the periodicity is set as

udst
vdst
wdst

⎡
⎣

⎤
⎦ = i j k

[ ] usrc
vsrc
wsrc

⎡
⎣

⎤
⎦ (18)

where “dst” is the destination and “src” is the source. If the plane is
perpendicular to the x direction, i = −1, and j = k = 1. If the plane is
perpendicular to the y or z directions, similar rules apply, i.e., j = −1,
i = k = 1 and k = −1, i = j = 1, respectively. For the computation of
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dispersion relations, Floquet–Bloch periodicity was applied to the
primitive unit cell. The first Brillouin zone of the unit cell is
shown as an insert in Fig. 5(a) [59]. For elliptical rings in the xz
and yz planes, the “contact pair” is defined between their outer
surface and their neighbor in the z direction. The augmented
Lagrangian method and equations were used to describe the contact
properties. The entire structure is meshed by approximately 30,000
free tetrahedral elements. Finally, the prestressed eigenfrequency
module is used to obtain the dispersion relation. More specifically,
the computation process is divided into two steps. In the first step,
the stationary module is employed to apply a prescribed displace-
ment to the metamaterial in the z direction. For instance, in the
case of the unit cell with a 20 μm prescribed displacement, displace-
ments of −10 μm and 10 μm are imposed to the top and bottom
boundary surfaces of the unit cell along the z direction. In the
second step, the eigenfrequency module is used to calculate the dis-
persion relation. It is worth noting that the computation in the second
step depends on the results from the first step, since stresses are intro-
duced in each curved beam. Hence, the prescribed deformations and
the dispersion relations of the considered metamaterial must be com-
puted step by step.

4 Results and Discussion
4.1 Effective Mechanical Properties of the Proposed Meta

materials. To explore the influence of the shape of each elliptical
ring, described by parameters m and n, on effective elastic con-
stants, a theoretical model was built based on the theory of beams
[57,58] (see Sec. 3). Effective elastic constants of the metamaterial
under small deformations obtained by different methods are com-
pared in Fig. 3(a). As a note, the effective elastic constants under
small deformation in experimental and numerical results are calcu-
lated from the slope of the curves for compressive strain ranging
from 0 to 0.05. This method is different from the method used in
the following subsection to compute the elastic constants at differ-
ent steps since in the latter case the metamaterial is significantly
deformed. The results shown in Fig. 3(a) validate the theoretical
model built in this work, as the results obtained by these three
methods match well. The variations predicted by the theoretical
model of the effective Poisson’s ratio and the normalized effective
modulus of the metamaterial withm and n varying in the range from
0.7 to 3 are shown in Figs. 3(b) and 3(c). In general, both m and n
significantly impact the effective constants.
The following points are highlighted. First, only the shape of the

elliptical ring in the xy plane, controlled by parameter m, determines

the auxeticity of the entire structure, i.e., the sign of the effective Pois-
son’s ratio. As demonstrated by Fig. 3(b), ifm is smaller than 1.1, the
metamaterial is nonauxetic, and if m > 1.1, it is auxetic. Hence, the
shape of the elliptical ring in the xz plane, controlled by the parameter
n, does not influence the sign of the effective Poisson’s ratio. This
deformation property is the reason for the metamaterial undergoes
an elastically stable continuous phase transition of the Poisson’s
ratio, as we reported in another work [48]. Second, when parameters
m and n are in the range [0.7, 3], their influences on the normalized
effective modulus are opposite. An increasing value for m and n
means a decrease in the aspect ratio of the curved beam in each ellip-
tical ring. In other words, the curved beam tends toward a straight
beam with increasing m and n. The curved beam in the xy plane
with a smaller aspect ratio (largerm) enhances the constraint of defor-
mation of the whole structure and increases the modulus of the
system. Conversely, the smaller aspect ratio of the curved beam in
the xz plane (larger n) has a negative influence on the force transmis-
sion in the z direction and thus decreases the modulus of the system.
These are fundamental reasons why parameters m and n have oppo-
site effects on the normalized effective modulus.
More importantly, the theoretical predictions imply that both

auxeticity and effective Young’s modulus of the metamaterial
will be enhanced with the lessening of parameter n, if the value
of parameter m is close to 2, as demonstrated in dotted lines and
arrows in Fig. 3. In other words, it is possible to magnify the
aspect ratio (corresponding to the reducing of parameter n) of the
elliptical rings in the xz and yz planes to cement the elastic proper-
ties of the metamaterial when the shape of elliptical rings in the xy
plane remains constant. This point can provide fundamental insights
into the multistep behavior of the metamaterial which will be dis-
cussed in detail in the following subsections.

4.2 Multistep Behavior and Tunable Elastic Constants. This
subsection focuses on the experimental and numerical investigation
of the multistep behavior and tunable mechanical properties of the
designed metamaterial under large compressive deformation. The
samples studied in this subsection are fabricated by the two-photon
lithography 3D printing (see Sec. 3) technology with IP-S resin
(with Young’s modulus 4 GPa, Poisson’s ratio 0.3 and density
1190 kg/m3), as illustrated in Figs. 1(d )–1( f ). The geometrical
parameters of the samples have been set as m = n = 1.97,
a = 75 μm, t = 10 μm, b = 16 μm, and tc = 0.5 μm, respectively.
Experimental and numerical results are presented in Fig. 4. In

both experimental and numerical results, the reaction force
divided by the cross section of the samples and the deformation

Fig. 3 Effective Young’s modulus and auxeticity of the proposedmetamaterials: (a) Effective elastic constants of the metama-
terial under small deformations obtained by different methods are compared, (b) the trend in the effective Poisson’s ratio is
shown as a function of the change in m and n, and (c) the variation of the normalized effective modulus versus the geometric
parameters. Other parameters set as a= 75 μm, t = 10 μm, b= 16 μm, and tc = 0.5 μm.
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between top and bottom boundary surfaces divided by the size of
the samples in the z direction were used respectively to compute
the effective stress (σz) and effective strain (εz). The lateral defor-
mation in the central region of the sample is divided by the original
size of this region to calculate the effective lateral strain (εx). The
experimental effective elastic constants, i.e., lateral strain εx and
compression stress σz versus compressive strain εz, are shown in
Figs. 4(a)–4(d ). Herein, we resolve the whole compression
process into two main steps, called step 1 and step 2. As can be
seen in Fig. 4, the lateral strain εx and the compressive stress σz
exhibit completely different trends in either step. To ascribe effec-
tive elastic constants to the metamaterial at each step, the slope of
the lateral strain versus vertical strain and the counterpart of the
compressive stress versus compressive strain at each step were
used to figure out the corresponding effective Poisson’s ratio and
Young’s modulus. With this definition, the effective elastic con-
stants for each step are reported in Figs. 4(b) and 4(d ). It is clear
that both the effective Poisson’s ratio νzx and Young’s modulus
Ez of the metamaterial are enhanced when the compression
process jumps from step 1 to step 2. νzx = −0.12 and
Ez = 1.2 MPa for the first step and νzx = −0.3 and Ez = 2.6 MPa
for the second step. Significantly, the numerical results obtained
with finite element method (FEM) confirm the variations of the
elastic constants, as Fig. 4(h) shows.

To reveal the nature of variations of the elastic constants in either
step, experimental and numerical compressive deformations are
reported in Figs. 4(e)–4( f ), respectively. It is worth noting that
the outer surface of the curved beams which are in the xz and yz
planes contact the counterparts of their neighbors in the z direction
if the compression strain reaches a critical value, equal to 30% in
experiments and to 26% in simulations. This self-contact is
the key element that enhances the elastic constants and marks the
separation between steps due to the resulting modification of the
effective geometrical parameter of the unit cell. As a matter of
fact, after contact the effective aspect ratios of the curved beams
in the xz and yz planes increase, as highlighted by the green
curves in Fig. 4( f). This increase in the aspect ratio of curved
beams enhances the force transmission in the z direction. The
aspect ratio of the curved beam in the xy plane, however, remains
unchanged at the critical strain (the strain at the onset of contact)
for step 1 and step 2. Hence, the contact alters the shape of the
curved beams in the vertical direction but does not modify the con-
figuration of the curved beam in the horizontal direction, as demon-
strated in Fig. 4( f). More specifically, the effective value of n
decreases, whereas m remains unchanged, so that the geometric
parameters of the unit cell jump directly from one point to
another along the arrow direction with the red dotted line in Figs.
3(b) and 3(c). As a result, both auxeticity and Young’s modulus

Fig. 4 Multistep behavior and tunable elastic constants during the compression along the z direction: (a) normalized strain εx
versus normalized strain εz, (b) effective Poisson’s ratio for step 1 and step 2, (c) normalized stress σz versus normalized strain
εz, (d ) effective Young’s modulus for both steps, (e) experimental compression deformation (the scale bar length is 100 μm), (f )
Numerical compressive deformation process of the conventional unit cell under periodic boundary conditions (PBC) applied in
all three main directions. The contour plot shows the magnitude of the displacement, and (g) normalized strain εx and normal-
ized stress σz versus εz obtained by the FEM.
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are enhanced, in good agreement with the prediction of the theoret-
ical model in Figs. 3(b) and 3(c), as discussed in the last paragraph
in the previous subsection. It is worth noting that the theoretical pre-
diction of the elastic constants assumes small deformations. They
can hardly, in principle, quantify the variation of the elastic con-
stants of the metamaterial after contact. Nevertheless, they still
provide a qualitative trend. Another essential point is that the
whole system remains elastically stable during the entire compres-
sion process, i.e., during both step 1 and step 2, without any insta-
bility of the structure or postbuckling of the raw material [48].
There are some differences between experimental and numerical

results. For instance, in both experimental εx(εz) and σz(εz) curves,
short plateaus can be observed. In contrast, they do not appear in the
simulation results, since the elastoplasticity of the raw material is
ignored in the computational model. Simulation results merely
show the geometric nonlinearity of the structure, but experimental
results further include the geometric and material nonlinearity of
the structure and the raw material. This is one of the reasons why
Young’s modulus for step 2 in experiments is smaller than in simu-
lation. Additionally, the experimental samples are composed of a
limited number of unit cells, so boundary effects cannot be abso-
lutely eliminated. More importantly, friction between the top and
bottom surfaces of the samples and the mechanical testing
machine limits the lateral contraction of these surfaces. In this
case, the samples are deformed like a reentrant structure during
the compression process, that is the area of the cross section of
the central surface is smaller than the counterparts of the top and
bottom surfaces, as shown with the white dashed line in Fig. 4(e).
This reentrant deformation further enhances the auxeticity of the
metamaterial in the experimental tests. Conversely, the simulation
model assumes periodic boundary conditions in all three principal
directions so that no reentrant deformation of the unit cell can be
observed during the entire compression process, as shown in
Fig. 4( f ). This is the main reason why the experimental auxeticity
for step 2 surpasses the numerical auxeticity. Anyway, the predic-
tions of the theoretical model and the experimental and simulation
results all imply the same trends for the multistep mechanical
behaviors of the considered metamaterials.

4.3 Potential Application to Tunable Phononic Band Gap
Structures. As discussed in the previous subsections, the proposed
metamaterial shows different elastic constants depending on the
compression strain, as if there were two different materials. Here,
we want to highlight a potential application to tunable phononic
band gap structures. It may not be immediately apparent, but a
varying Poisson’s ratio causes a modulation of the volume and
hence of the relative density of porous structures and materials
since the overall mass is conserved. This effect is especially
strong under large compressive or stretching strain. Furthermore,
Young’s modulus also varies a lot with the applied strain, as we dis-
cussed above. As a result, both the relative density and the modulus,
but also all effective elastic constants of the metamaterial vary with
the applied strain. As a matter of fact, the dispersion of acoustic and
elastic waves is highly dependent on the density and the modulus of
materials [60–62].
Herein, based on the principle of local resonance [41], physically

concentrated masses are added at the nodes connecting elliptical
rings in the z direction, as shown in Fig. 5(a). The essential property
of the physically concentrated masses is that they change the
dynamic mechanical properties of the metamaterial without chang-
ing its static mechanical properties. This type of mass can be fabri-
cated with the same raw material as the structure, implying that
limited challenges are added to the manufacturing process. If a pre-
displacement of 30 μm is applied in the z direction, the structure
deforms from step 1 (in Fig. 5(b)) to step 2 (in Fig. 5(c)). At the tran-
sition between the steps, the outer surfaces of the curved beams in
the z direction contact with their neighbors as discussed previously.
The phononic band structure for elastic waves propagating along

the z direction is shown in Fig. 5(d ). As apparent in Fig. 5(d ), α, the

first band gap of the structure appears in the range between 255 kHz
and 285 kHz. It does not shift significantly with the predisplacement
within step 1, as exemplified by panels Fig. 5(d ), β and γ. The first
band gap however shifts to the range between 885 kHz and 955 kHz
when a predisplacement of 30 μm is applied to the structure along
the z direction, i.e., by more than a factor three, as shown in
Fig. 5(e). To prove that the band gap shift from Figs. 5(d )–5(e) is
introduced by the multistep behavior of the metamaterial rather
than by the prestress of each curved beam, the evolution of the pho-
nonic band structure under different predisplacements is compared
in Fig. 5(d ). Obviously, within step 1, the frequency range of the
first band gap does not change significantly with the predisplace-
ment. The observed changes are attributed mainly to the prestress
of each curved beam. In step 2, however, the variation of the first
band gap is introduced by the contact between curved beams. As
a note, it exceeds the mere change of effective velocity at low fre-
quency implied by the static measurement of Young’s modulus
reported in Fig. 4.
The results demonstrated in this subsection suggest potential

applications of the studied metamaterials in dynamics. First,
elastic wave dispersion relies on both the added physical concen-
trated masses and the mechanical properties of the original structure
(the structure studied in the last subsection), implying a high degree
of design flexibility. Second, after fabrication variable dispersion
properties are obtained only via external compression excitation.
This feature decreases the requirements on the operating environ-
ment needed to obtain adjustable dispersion behaviors. Finally,
during the compression process, the metamaterial does not
occupy any additional space thanks to its auxeticity. Hence, this
type of metamaterial could be used in micro/nanosystems or space-
limited devices.

4.4 Delocalization of Deformations and Reusability of the
Metamaterial. Structures and materials hardly keep constant
mechanical properties and thus remain reusable after undergoing
cycles of large deformations. This is usually due to two essential
elements, elastoplasticity and the failure mode of the materials.
Localized deformations of structures and materials lead to down-
right failure. Examples are the collapse of lightweight porous struc-
tures (or the postbulking or the instability of their elements), the
shear banding in metallic materials, and the propagation of cracks
in ceramics. The aforementioned localized deformations limit appli-
cations to small strain scenarios. From the mechanical point of
view, the occurrence of the initial peak or of the first negative stiff-
ness event in a strain–stress curve implies unstable deformation.
Specifically, for periodically porous structures, the localized defor-
mation of the random layer is an indication of a systemic level insta-
bility or failure [63].
To obtain reusable 3D mechanical metamaterials, we fabricated

the designed metamaterial with TPU using the selective laser sinter-
ing 3D printing technology at the centimeter scale, as shown in
Fig. 6(a). For TPU, Young’s modulus is 27 MPa, Poisson’s ratio
is 0.45, density is 1200 kg/m3, and the elongation of the raw mate-
rial is 500%. A cycle of five compressive tests with 60% compres-
sion strain was employed to evaluate the reusable mechanical
response of the metamaterial. After the compressive tests, the loss
of the metamaterial is limited, as Fig. 6(b) shows. The responses
and deformations are reported in Figs. 6(c)–6(h). To describe the
effective properties precisely, the slope of the curves is averaged
between 0–40% and 40–60% compression strain to compute the
effective properties for each step, as reported in Figs. 6(d ) and
6( f ). Although the curves show slight nonlinearity, the initial
peak or the first negative stiffness event is never observed. The
effective Poisson’s ratio changes from −0.08 to −0.13 between
step 1 and step 2, whereas Young’s modulus concurrently changes
from 0.20 MPa to 1.62 MPa.
The metamaterial exhibits stable auxeticity and positive stiffness

under large compression deformation, i.e., the corresponding com-
pression strain reaches 60%. These results can be explained based
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on the delocalization of deformations inside the metamaterial that
occurs thanks to its multistep behavior. Different mechanism-
based multistep behaviors can lead to localized [64] or delocalized
[63] response of metamaterials. As a matter of fact, the multistep
behavior presented in this work averts the occurrence of localized
deformations of the metamaterial thanks to the self-contact of the
outer surfaces of the elliptical rings eliminating instabilities of
curved beams, which is a property that matte geometries lack
[48]. Significantly, the variations of the effective Poisson’s ratio
and modulus with TPU show less nonlinearity than their counter-
parts with the photopolymer of the previous subsection. This high-
lights the importance of the choice of raw material. Another
important point is that the critical strain separating step 1 and
step 2 depends on the length of the connector between each
curved beam in the z direction, i.e., on the parameter tc. If the
value of parameter tc is large enough, the outer surface of the ellip-
tical rings along the z direction will never contact their neighbors
during the entire compression process. Under this circumstance,
the multistep behavior will be eliminated. On the contrary,
contact can be accelerated by diminishing parameter tc, which
means reducing the critical strain between step 1 and step
2. Adjustment of this parameter leads to the design flexibility of
the multistep behaviors.
Reusability of auxetic metamaterials is very important, particu-

larly when they work as functional materials. It here highly relies

on the hyperelastic behavior of the raw material TPU. As Figs.
6(c) and 6(d ) show, the auxeticity of the metamaterial remains
identical during the five cycles. In contrast, Young’s modulus
in step 1 of the first cycle is slightly larger than for the subsequent
cycles, as shown in Figs. 6(e) and 6( f ). We think that some
initial stress, generated during the fabricating process, is elimi-
nated by the first compression cycle so that the next four cycles
show a nearly identical effective Young’s modulus. The analo-
gous scenario is not observed for auxeticity since the effective
Poisson’s ratio of the metamaterial is independent of the proper-
ties of the raw material. Figures 6(g) and 6(h) demonstrate the
deformation of metamaterials from different viewing angles and
under a different number of cycles. Figure 6(g) shows the defor-
mation in the front view during the first cycle while Fig. 6(h)
shows the deformation of the side view during the fifth cycle.
The nephogram in Fig. 6(g) indicates the displacement along
the x direction. The morphing of the left region and the right
region of the sample imply the lateral contraction deformation
during compression loading, that is, auxeticity of the considered
metamaterial. The reusability of the metamaterial under large
compression makes it potentially attractive for applications in
some functional fields. For example, the proposed metamaterial
can be used many times in engineering fields with time-varying
requirements for load-bearing capacity but also lateral and longi-
tudinal space.

Fig. 5 Potential application to the design of structures with a tunable phononic band gap: (a) a physical concentrated mass is
added at the connecting node of the curved beams. The geometry parameters are set as a= 79.5 μm, t = 1 μm, b = 16 μm,
tc = 0.5 μm, and m= n = 1.87, (b) the structure undergoes a predisplacement of 20 μm in step 1, (c) the structure undergoes
a predisplacement of 30 μm in step 2, (d ) the phononic band structure for elastic waves propagating in the z direction is
shown for step 1 (α, β, and γ correspond to the structure subjected to a predisplacement of 0 μm, 10 μm, and 20 μm, respec-
tively), (e) the phononic band structure for elastic waves propagating in the z direction is shown for a predisplacement
30 μm, i.e., for step 2, and ( f ) the frequency range of the first band gap is plotted as a function of the predisplacement.

Journal of Applied Mechanics NOVEMBER 2024, Vol. 91 / 111002-9

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/91/11/111002/7365269/jam
_91_11_111002.pdf?casa_token=ncZJ3jw

4N
YkAAAAA:fksxT7LJJ8H

L2rfQ
qU

atl3rYO
em

XpgIU
gI36Ljkw

EC
qdya_iYr1kxdm

kN
m

-X2SxC
3r_oBH

c by Im
perial C

ollege London user on 28 August 2024



5 Conclusions
In conclusion, we have introduced a 3D mechanical metamaterial

with multistep mechanical properties under variable applied strain
in this article. The metamaterial has a weaker auxeticity and
modulus in step 1 but stronger counterparts in step 2. This
concept has been demonstrated using a single constituent material
structure. Both the instabilities of the elements and the postbuckling
of the materials are prevented, which means the whole system
remains elastically stable states during the compression process.
In addition, the transformation between the two steps solely
depends on the applied compressive strain. The multistep behaviors
of the proposed metamaterial could be used to design periodic struc-
tures with tunable phononic band gaps. Finally, the contact-based
multistep behavior avoids the occurrence of instabilities in the
curved beams during the delocalization deformation of the metama-
terial that occurs under large compression strains. Reusability of the
metamaterial is enabled by the hyperelastic raw material TPU. This
study may spur the development of metamaterial with tunable static
mechanical properties and multifunctional applications. In the
future, the following two aspects may be taken into account when
designing metamaterials with tunable mechanical properties. On
the one hand, designing metamaterials with identical expected
tunable behavior in all three principal directions could address the
anisotropy of the current work. On the other hand, constructing
metamaterials with special adjustable mechanical properties both

under compression and tension mechanical environment is attrac-
tive and valuable.
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