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A B S T R A C T

The ability to control Poisson’s ratio of functional materials has been one of the main objectives of researchers
attempting to develop structures efficient from the perspective of protective, biomedical and soundproofing
devices. This task becomes even more challenging at small scales, such as the microscale, where the
possibility to control mechanical properties of functional materials is very significant, like in the case of
flexible electronics. In this work, we propose novel microscopic 2D and 3D functionally-graded mechanical
metamaterials capable of exhibiting a broad range of Poisson’s ratio depending on their composition. More
specifically, we show that upon adjusting the number of structural elements corresponding to one type of the
substructure at the expense of another, it is possible to change the resultant Poisson’s ratio of the entire system
from highly positive to highly negative values as well as to achieve arbitrary intermediate values. Finally, in
addition to static properties, we also analyze the dynamic properties of these structures. Namely, we show how
the variation in the composition of the considered mechanical metamaterials affects the velocity of a wave
propagating through the system. This, in turn, could be essential in the case of applications utilizing localized
wave attenuation or sensors.
1. Introduction

In recent years, functional materials have been the subject of in-
tense studies due to their ability to exhibit versatile mechanical as
well as other types of behavior. Particularly important in this re-
gard is the specific class of functional materials called mechanical
metamaterials [1–22] which stems from their continuously growing
applicability in numerous industries. In general, mechanical meta-
materials are rationally designed structures that can exhibit unusual
mechanical properties such as auxetic behavior (negative Poisson’s
ratio) [23–35], negative stiffness [36–39] as well as negative com-
pressibility [40–43]. As demonstrated over the last thirty years, these
counterintuitive mechanical properties can be utilized in a plethora
of applications ranging from protective [44,45] to biomedical [46–49]
and soundproofing devices [50–53]. Recently, it has been also possible
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to observe a rapid increase in the commercial appeal of mechanical
metamaterials capable of exhibiting such properties in the case of
easily accessible products that are not necessarily devoted to high-
technology industries. A prime example of such an approach are auxetic
mechanical metamaterials used in the design of sports equipment [54].

Despite the numerous advantages of standard mechanical metama-
terials, it is necessary to note that they often share several limitations.
Mechanical metamaterials are typically designed in a way where the
entire structure is composed of one type of geometry corresponding to
a specific mechanical characteristic [30]. As a result, the mechanical
properties of such structures cannot normally be significantly modified
which in some cases reduces the applicability of the system. In order to
overcome this limitation, a number of new approaches were proposed
that allow significant changes in the mechanical properties of the
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system even after it is manufactured [55]. A prime example of such
approach corresponds to the use of active composite metamaterials that
can have their behavior controlled via the magnitude of the external
stimulus for example in the form of the change in the temperature
or the electric and magnetic field [56–59]. Another very interesting
example corresponds to hierarchical mechanical metamaterials [60–
68], i.e. systems composed of substructures that can deform irrespective
from the rest of the structure. As reported in recent years, hierarchical
mechanical metamaterials can exhibit very versatile mechanical be-
havior that can be controlled throughout the deformation process [64,
66]. Nevertheless, despite their undeniable appeal, the manufacturing
process of such active mechanical metamaterials is often challenging
and expensive relative to the standard mechanical metamaterials. In
addition, to fully showcase their tunable properties, the aforementioned
active mechanical metamaterials often require access to equipment that
is not accessible outside research facilities [56]. Hence, it is relatively
difficult to make applications related to these structures to be easily
available to the general public. Nevertheless, it is also possible to
observe a broad range of mechanical behavior in the case of standard
mechanical metamaterials [69]. One of the possible ways of achieving
it corresponds to the use of several different substructures in the design
of the system [70–74].

In the literature, there are relatively few examples of graded me-
chanical metamaterials composed of several substructures [73,75–80].
However, despite this direction of studies being still in its infancy,
there are already several interesting papers related to this concept.
More specifically, in several relatively recent studies [70–72,81], it
has been shown that the resultant mechanical property of a graded
structure (e.g. Poisson’s ratio) can be different from the properties
of its constituent substructures and typically depends on the inter-
play between them. In addition, it has also been demonstrated that
multi-substructure mechanical metamaterials can exhibit shape mor-
phing [82]. Nevertheless, some of the studies related to this concept
correspond to graded metamaterials where the resultant structures are
relatively unstable and can lose their ability to exhibit the desired
mechanical properties if one deforms the structure in an arbitrary
direction (especially in the case of graded composites). This in turn
significantly reduces their applicability. In addition, it should be noted
that most of the reported multi-substructure systems are only two-
dimensional which does not allow to replicate their behavior in 3D.
Finally, it should be emphasized that multi-substructure mechanical
metamaterials known in the literature are typically constructed at the
macroscale. On the other hand, in the case of numerous applications
including amongst others flexible electronics and biomedical devices,
it is essential to use mechanical metamaterials capable of exhibiting a
broad range of mechanical properties at much lower scales including
the micro-scale.

In this work, we propose a novel 2D and 3D functionally-graded
mechanical metamaterial composed of multiple substructures that can
exhibit a broad range of Poisson’s ratio. Due to the specific selection
of substructures as well as their connectivity, the deformation of the
analyzed system depends primarily on one parameter. This leads to the
high stability of the structure and allows to ensure that its deformation
will not be significantly affected by the choice of the direction in which
it is being deformed. We also show that the considered system can be
constructed at the micro-scale to prove its suitability for applications
where the ability to exhibit specific mechanical properties at small
scales is essential.

2. Analyzed structures

In this work, we propose a novel mechanical metamaterial com-
posed of two different substructures corresponding to very different
values of Poisson’s ratio. Thanks to the implementation of multiple sub-
structures associated with a very different mechanical profile, we aim
to show that depending on the ratio of a number of structural elements
2

corresponding to each of the substructures, it is possible to significantly
adjust the resultant properties of the graded metamaterial. The two
mechanical metamaterials selected in this work as substructures cor-
respond to the rotating squares system [30] and the rotating triangles
system with four triangles forming its rectangular unit-cell [42,83] (in
the literature there are also other types of mechanical metamaterials
based on rotating triangles [31]). The first of these 2D substructures
is known to exhibit auxetic behavior corresponding to Poisson’s ratio
equal to −1 irrespective of the loading direction in its idealized form.
On the other hand, as shown in the literature [42], the later system
based on isosceles triangle motifs always exhibits a positive Poisson’s
ratio along the principal axes. This means that in general, one should
expect that the mechanical metamaterial composed primarily of the
rotating square-based elements should exhibit the negative Poisson’s
ratio while the graded metamaterial consisting mainly of the rotating
triangles will exhibit much larger values of the Poisson’s that may result
in the positive values of this parameter.

As shown in Fig. 1(a), the quasi-2D version of the considered me-
chanical metamaterial is defined in a way where two identical auxetic
substructures are separated by the positive Poisson’s ratio substructure
corresponding to the rotating triangles. In order to quantitatively de-
scribe the amount of each substructure within the system, we introduce
variables 𝑁S,x and 𝑁T,x, where 𝑁S,x stands for the number of square-
ased unit-cells (2 × 2 squares) on one side of the system (measured
long the 𝑥-axis). Similarly, 𝑁T,x corresponds to the number of triangle-
ased unit-cells (2 × 2 triangles) measured along the 𝑥-direction. Thus,
n the case of the example presented in Fig. 1(a), one can write down
he following: 𝑁S,x = 2 and 𝑁T,x = 6. One should note that for all
tructures investigated in this work, a specific number of square-based
nd triangle-based subunits was determined during the preliminary
tudies with the main objective being a significant difference in their
oisson’s ratio. More specifically, for the three structures chosen, the
umber of these subunits was set to be such that the Poisson’s ratio
ould assume highly-positive, close to zero and very negative values
espectively. These specific designs demonstrate the full potential of the
nterplay between the different substructures constituting the system.
amely, through the use of only two types of substructures correspond-

ng to functionally-different mechanical metamaterials, one can tailor
he effective Poisson’s ratio of the considered system by adjusting the
elative number of their structural elements.

In terms of the geometric parameters, for all types of structures
nvestigated in this study, the rotating squares used in the auxetic
ubstructure have the side length of 𝑎 = 40 μm while the isosceles
riangles have dimensions 𝑏 = 30 μm and 𝑐 = 56 μm (see Fig. 1(a)). As
hown in Fig. 1(a), the structural elements are connected to each other
t vertices by means of hinges having a non-zero thickness that varies
epending on the position within the graded metamaterial. It is also
mportant to note that since both types of substructures are ‘unimode’
ystems, i.e. their deformation can be described solely by means of one
arameter corresponding to the angle between structural elements, the
esultant structures analyzed in this study are also ‘unimode’ systems.
hus, the deformation of the entire graded structure like the one shown

n Fig. 1(a) can be described through the change in only one parameter.
n this study, this parameter was selected as the angle between the
djacent rotating square elements and is denoted as 𝜃. Using this

variable, one can derive analytical expressions corresponding to the
linear dimensions of the unit-cell of the entire system. This unit-cell
is highlighted by means of the yellow color in Fig. 1(a). Furthermore,
upon assuming an idealized scenario where respective squares and
triangles are connected to each other at vertices in a pin-jointed manner
(i.e. freely rotating structural elements with no flexure of the material),
the linear dimensions of such unit-cell can be defined as follows:

𝐿𝑥 = 4𝑁S,x𝑎
[

sin
( 𝜃
2

)

+ cos
( 𝜃
2

)]

+ 2𝑁T,x

[

𝑐 cos
( 𝛾
2

)

+ 𝑏 cos
(

𝜃1
2

)]

(1)

= 2𝑎
[

sin
( 𝜃 ) + cos

( 𝜃 )] (2)
𝑦 2 2
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Fig. 1. (a) The graphical representation of the cross-section of an example of the considered system. The highlighted part of the structure corresponds to the unit-cell of the
system. (b) SEM (Scanning Electron Microscopy) images of experimental prototypes of the three examples (structure 1: 𝑁S,x = 1, 𝑁T,x = 10, structure 2: 𝑁S,x = 2, 𝑁T,x = 6, structure
3: 𝑁S,x = 5, 𝑁T,x = 1) of quasi-2D structures analyzed in this work. The overall 𝑥-dimension for the three considered structures is equal to 1.09 mm, 0.95 mm and 1.13 mm
respectively. For all structures, their 𝑦 and 𝑧 dimensions are the same and are equal to 0.47 mm and 0.4 mm.
where, 𝛾 = arccos
((

2𝑐2 − 𝐿2
𝑦

)

∕
(

2𝑐2
)

)

, 𝜃1 = 𝜋 − 𝛾 + 𝛽 and 𝛽 =
arccos

((

2𝑐2 − 𝑏2
)

∕
(

2𝑐2
))

. In addition, it is possible to determine the
maximum range of the 𝜃 angle corresponding to the analyzed geometry
(i.e. the range of angles associated with configurations that can be
assumed by the system without the structural elements overlapping):

𝜃𝑚𝑖𝑛 = 0◦ or 𝜃𝑚𝑖𝑛 = arcsin
[

( 2
𝑎𝑐

)2
𝑠(𝑠 − 𝑐)2(𝑠 − 𝑏) − 1

]

(3)

𝜃𝑚𝑎𝑥 = arcsin
(

( 𝑐
𝑎

)2
− 1

)

or 𝜃𝑚𝑎𝑥 = 90◦ (4)

where, 𝑠 = (2𝑐 + 𝑏)∕2. At this point, it is important to note that the
above analytical model is only applicable if geometric parameters allow
the system to assume the geometry with structural elements connected
as shown in Fig. 1(a). It is also important to mention that all of the
quasi-2D structures considered in this work have a non-zero thickness
equal to 400 μm that is denoted by means of the 𝑙 variable in Fig. 1(b).
In addition, it should be emphasized that, in the latter part of this
work, we also investigate the behavior of three-dimensional structures
inspired by quasi-2D structures presented in Fig. 1(b).

The specific design of the considered system results in the square-
based substructures being always longer in the vertical direction (𝑦-
direction in Fig. 1(a)) than the triangle-based substructure. For the
unconstrained system, this does not influence the deformation of the
entire metamaterial since both types of substructures correspond to
the unimode deformation mechanism. However, for the constrained
system, this may lead to the scenario, where the topmost part of the
middle substructure buckles a bit in comparison to what would be
observed for the system with no constraints. For structures with a
large number of structural units in the vertical direction, this effect is
certainly negligible. Nevertheless, one can attempt to reduce it even for
very small systems. An approach that is the most intuitive to achieve
this goal corresponds to cutting the topmost part of the square-based
substructures to match the vertical dimension of the triangle-based
3

substructure. As a result, all substructures could be compressed con-
currently. The only disadvantage of this approach is that it is likely to
lead to enhanced local stress at hinges in the topmost part of the square
based-substructures. This, in turn, could increase the risk of defects
appearing in the system. Thus, since all samples utilized in this work
were fabricated at the micro-scale, we did not decide to utilize this
method since the potential fabrication of additional prototypes would
be very expensive.

3. Materials and methods

3.1. Fabrication

In order to produce experimental micro-scale prototypes investi-
gated in this work, the commercial 3D printer (Photonic Professional
GT+, Nanoscribe GmbH) operating based on the two-photon lithogra-
phy method was used. The negative tone IP-S photoresin (Nanoscribe
GmbH) was used to manufacture the samples that enabled us to print
structural elements with connections not smaller than 2 μm. A drop
of IP-S resin was deposited on an ITO-coated soda-lime glass sub-
strate (dimensions: 25 × 25 × 0.7 mm3) and then photopolymerized
through a 25X-objective with a femtosecond laser operating at 𝜆 =
780 nm. The standard printing parameters are slicing and hatching
distances equal to 1 μm and 0.5 μm respectively, a laser power of
90%, and a galvanometric scanning speed of 100 mm/s. During the
printing process, respective unit-cells were polymerized individually
while ensuring that there is a small overlap between them. After the
printing process, the sample was developed for the duration of 25 min
in the PGMEA solution (Propylene Glycol Methyl Ether acetate). This
procedure was conducted to remove the unexposed photoresist. Finally,
the sample was rinsed for 3 min in isopropyl alcohol (IPA) in order
to clean it from the aforementioned developer solution. At this point,
it is important to note that changing values of the above parameters
such as the laser power may significantly affect the quality of the
printed samples. This is particularly important in terms of the hinges
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connecting the adjacent structural elements where the change in one
of these parameters may significantly affect their thickness. Hence, the
performance of the structure could be modified relative to computer
simulations where the desired thickness of hinges would be used.

3.2. Experiment

In this work, to test the mechanical properties of micro-scale proto-
types corresponding to the considered graded laminate-like mechanical
metamaterials, the samples were compressed along the 𝑦-direction (see
Fig. 2) at a constant speed of 1 μm s−1. To this aim, an external indenter
in the form of a polished screw was used that had a circular cross-
section with a diameter of 3 mm. It is important to note that this
dimension is significantly larger than the longest dimension of the
quasi-2D structures (1.09 mm, 0.95 mm, and 1.13 mm along the 𝑥-axis
for structure 1, structure 2, and structure 3 respectively). Hence, all
elements constituting the top part of a given system were compressed
simultaneously during the deformation. In addition to quasi-2D sam-
ples, as mentioned previously, a 3D version of these structures was
also investigated. In this case, 3D samples were subjected to the same
compressive conditions as was the case for the quasi-2D prototypes.
Namely, through the use of a large indenter (3 mm in diameter) that
covers the entire surface of a sample, 3D structures were compressed
along the 𝑦-axis at a constant rate of 1 μm s−1. At this point, it is
important to emphasize that throughout the compression process of
both quasi-2D and 3D prototypes, the bottom part of all of the analyzed
samples was constrained from any movement through adhesion since
the samples were not removed from the substrate after the printing
process.

To analyze the Poisson’s ratio of the finite quasi-2D structures
presented in Fig. 1(b), only a specific part of the sample was taken
into consideration, i.e. the highlighted unit-cell in Fig. 1(a). For these
structures, the Poisson’s ratio was calculated on the basis of the average
outline of the considered cell throughout its deformation process. More
specifically, the positions of the outermost vertices constituting the
initial undeformed unit-cell were tracked throughout the deformation
process to determine the average vertical and horizontal bounds of the
rectangular region associated with the unit-cell. The variation in the
shape of this rectangular region was later used to determine the strains
as well as the corresponding Poisson’s ratio. A detailed explanation of
the selection of the specific points within the unit-cell used for this
analysis is provided in the Supplementary Information. It should be
also emphasized that the selection of the specific unit-cell presented
in Fig. 1(b) was not coincidental. This stems from the fact that this
specific unit-cell was relatively far away from the constrained bottom
of the system so its behavior was not significantly affected by it. At
the same time, one could have not selected the topmost unit-cell to
conduct the quantitative analysis since such unit-cell was expected to
exhibit significant edge effects and would have been in direct contact
with the indenter. Of course, this approach does not resolve the issue of
free edges of the considered unit-cell on the left and right-hand sides of
the investigated region. To avoid it, it would be normally necessary to
consider the structure composed of several unit-cells in each row of the
structure. However, given the size and complexity of the analyzed unit-
cell, this would be extremely expensive and very difficult to achieve
during the manufacturing process at the micro-scale. Because of this,
in order to provide information about the mechanical properties of the
system unaffected by the edge effects, in the later part of this work, we
also provide results corresponding to unit-cells with periodic boundary
conditions.

In the case of 3D structures, the Poisson’s ratio was calculated based
on the outline of the entire structure rather than the specific unit-cell.
This stems from the fact that the considered 3D structures have a much
more complex shape than their quasi-2D counterparts which makes it
very difficult to track the deformation of a specific part of the system.
4

More specifically, since the analyzed samples were fabricated at the
micro-scale, cameras must operate at a very small working distance and
can capture a focused image of only those elements that are located
approximately at the same distance away from its lens. In the case
of the 3D structures, it is impossible to focus on the entire structure
since parts of the sample are located at very different distances from
the lens. Thus, the best approach to estimate Poisson’s ratio is to focus
the camera image on the outmost edges of the entire system while
neglecting the behavior of the internal structure. As a result, the edges
of 3D samples at the micro-scale can be easily distinguished from the
background. It should be also noted that to record the deformation pro-
cess, a magnification factor of 10× (3D prototypes) and 20× (quasi-2D
structures) was used.

3.3. FEM simulations

In this work, to verify experimental results and conduct other
types of simulations, the Finite Element Method (FEM) was used.
First of all, the behavior of the quasi-2D models matching exactly
experimental prototypes (see Fig. 1(b)) was simulated through the
use of the commercial software COMSOL Multiphysics. To this aim,
the boundary conditions were defined in a way so that the resul-
tant behavior of the model would be as similar to the experiment as
possible. More specifically, the bottommost parts of the considered
models were fixed in space while the other elements of the system
remained unconstrained. Then, to induce the deformation process, a
rigid, undeformable plate was used to compress the structure. Contact
elements were applied to the surface edge nodes of the system as
well as to internal surfaces, where necessary, in order to replicate as
accurately as possible the experimental compression test. Furthermore,
in the conducted simulations, the use of geometric nonlinearities was
assumed. It was also assumed that the material corresponding to the
investigated samples was isotropic and its linear mechanical properties,
in the form of Young’s modulus and Poisson’s ratio, were defined as 4
GPa and 0.4 respectively [9,66], i.e. mechanical properties matching
the polymerized resin used to produce the experimental prototypes. It
should be also mentioned that the element type used in the conducted
simulations was CPS4R (a four-node plane element) under plane stress
conditions. In addition, the average element size was 3 μm with the
total number of elements per unit-cell being equal to 34875, 60396,
and 71676 respectively for the three considered types of structures.
The solver used in the conducted simulations utilized the Quasi-Newton
Method. It should be also noted that in the case of the analysis of the
dynamic properties of the system, approximately the same average size
of elements was used. Most importantly, the size of elements at the edge
of the unit-cell had a size of around 0.3 μm.

In addition to FEM simulations related to finite systems, the behav-
ior of individual unit-cells was also investigated through FEM computer
simulations to compare it with the analytical model derived in this
work and gain a better understanding of how cells within much larger
systems than those considered in this study could behave. To this aim,
the same material properties as those defined for the finite models were
implemented. However, in this case, instead of constraining the bottom
part of the system, periodic boundary conditions were implemented
following the method described in [84] (see Supplementary Informa-
tion). Furthermore, to obtain realistic results, geometric nonlinearity
was used in our simulations. Finally, it is worth mentioning that for all
of the FEM simulations conducted in this study, the convergence test
was conducted to determine the appropriate mesh size.

3.4. Parameters

In addition to the already defined parameters, it is important to
mention that the thicknesses of hinges defined in Fig. 1(a) corresponded
to initial values shown in Table 1. For all structures considered in this
work, the initial value of the angle 𝜃 was set to be equal to 45◦.
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Fig. 2. Behavior of finite quasi-2D structures subjected to the compression along the 𝑦-axis. (a) Mechanical deformation of Structure 1 corresponding to the 𝑁S,x=1 and 𝑁T,x=10
parameters. (b) Behavior of Structure 2 associated with 𝑁S,x=2 and 𝑁T,x=6 parameters. (c) Compression of Structure 3 corresponding to 𝑁S,x=5 and 𝑁T,x=1. (d) Engineering
Poisson’s ratio corresponding to the compression of the considered finite structures (see Fig. 1(b)) in the 𝑥𝑦 plane along the 𝑦 axis. (e) Engineering Poisson’s ratio corresponding to
individual unit-cells with periodic boundary conditions determined through the use of the analytical model and FEM simulations. In this case, the dashed and solid lines correspond
to the FEM simulations and the analytical model respectively.
Table 1
The thickness of hinges expressed in μ corresponding to the three considered types of
structures denoted by means of S1, S2 and S3 abbreviations.

𝑑1 𝑑2 𝑑3 𝑑4 𝑑5 𝑑6 𝑑7 𝑑8 𝑑9
S1 4.2 4.2 6.0 6.0 4.0 3.2 3.8 8.0 12.0
S2 4.4 4.4 7.4 6.5 5.7 4.8 4.7 11.4 15.8
S3 3.6 3.6 7.5 7.0 5.5 6.8 6.6 11.0 12.0

4. Results

In order to assess the possibility of changing the Poisson’s ratio of
the considered graded mechanical metamaterial, three different quasi-
2D structures presented in Fig. 1(b) are analyzed. The main difference
between them is the number of structural elements corresponding
to substructures characterized by the negative and positive Poisson’s
ratio respectively. Thus, it is expected that upon changing the ratio
of structural units associated with these two substructures, it may be
possible to adjust the resultant Poisson’s ratio of the entire structure.

4.1. Quasi-2D mechanical metamaterials

As shown in Fig. 2(a), in the case of the first of the analyzed
structures, i.e. Structure 1, the top part of the system which is un-
constrained expands significantly with respect to its initial dimension
5

upon being compressed. This in turn is an indication of the positive
Poisson’s ratio. However, as mentioned in the Experiment subsection,
for the results not to be strongly influenced by the edge effects at the
top of the compressed system, the second topmost unit-cell is taken
into consideration to assess the mechanical properties of the structure
(see highlighted unit-cell in Fig. 1(a)). As can be seen based on the
provided pictures and images extracted from FEM simulations, the
horizontal dimension of this specific unit-cell still expands significantly
with respect to its initial length. This, in addition to the shrinkage
of the unit-cell along the 𝑦-axis, results in the positive Poisson’s ratio
behavior. Furthermore, it should be noted that the specific way how
Poisson’s ratio was calculated for finite systems analyzed in this work
is provided in the Supplementary Information.

According to Fig. 2(b), the behavior of the system is significantly
changed in comparison to what was observed for Structure 1. More
specifically, it appears that the change in the horizontal dimension of
the structure is very small. This is indicative of the resultant Poisson’s
ratio being in the vicinity of zero.

As presented in Fig. 2(c), the last of the analyzed finite systems,
i.e. Structure 3, exhibits a drastically different mechanical response
than structures 1 and 2. More specifically, upon having a closer look at
the generated results, it is possible to note that the horizontal dimension
(measured along the 𝑥-axis) of the analyzed part of the system was
significantly decreased as a result of the compression along the 𝑦-
axis. This in turn is indicative of the highly negative Poisson’s ratio
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exhibited by the structure. Nevertheless, to gain a better understanding
of the effect that the change in a number of structural elements of
individual substructures has on the overall behavior of the resultant
graded system, it is necessary to analyze quantitative results.

According to Fig. 2(d), it is clearly visible that depending on the
number of structural elements corresponding to the two types of sub-
structures constituting the system, it is possible to very significantly
change the resultant Poisson’s ratio of the entire system. In fact, it is
even possible to change it from highly positive to highly negative values
which is certainly very appealing from the perspective of the future
design of complex multi-substructure graded mechanical metamateri-
als. Furthermore, it should be emphasized that all observations made
during the above qualitative analysis are confirmed by the quantitative
results. In addition, both experimental results and results extracted
from FEM simulations appear to be in very good agreement which
confirms their validity. Upon having a closer look at the generated re-
sults, it is possible to gain a better understanding of how the individual
structures behave during the compression process. In the case of results
associated with Structure 1, it is possible to observe that Poisson’s ratio
assumes positive values throughout the entire deformation process.
More specifically, this quantity initially assumes values around 0.75.
However, upon exceeding the strain of magnitude 0.02, Poisson’s ratio
seems to maintain the value from the interval between 0.3 and 0.5.
Furthermore, in the case of Structure 2, it is possible to note that the
Poisson’s ratio initially assumes a small positive value in order to later
exhibit the Poisson’s ratio around −0.1 upon reaching larger strains.
This is a great indication that in general, one can design the considered
graded mechanical metamaterial in a way where the resultant Poisson’s
ratio will remain in the vicinity of zero which can be important in the
case of applications utilizing mechanical materials that are supposed
to retain their lateral dimension upon being deformed. In the case
of the last of the analyzed systems, i.e. Structure 3, one can note
that the value of the Poisson’s ratio is maintained in the vicinity of
−0.5 throughout the entire deformation process. This, in turn, is a
very interesting result from the point of view of devices that utilize
materials that are not supposed to lose their auxeticity throughout the
deformation (e.g. protective equipment).

Even though the experimental and computational results presented
in Fig. 1(d) are very promising, it is essential to check how the consid-
ered systems would behave if one was to form a very large structure
composed of unit-cells proposed in this work instead of using relatively
small finite structures. To this aim, the behavior of the analytical
model corresponding to the highly idealized pin-jointed hinges was
compared to the FEM simulations corresponding to the single unit-cell
with realistic hinges (see Fig. 1(a)) and periodic boundary conditions
being imposed. As shown in Fig. 2(e), similarly to the results generated
for finite structures, it is possible to observe a very large variation in
the resultant Poisson’s ratio depending on the type of the structure.
However, it is also possible to note that in this case, Poisson’s ratios
associated with Structure 1 and Structure 2 assume more positive
values than was formerly the case. Similarly, Poisson’s ratio corre-
sponding to Structure 3 assumes more negative values throughout the
deformation process than was observed for the formerly analyzed finite
system. Finally, it is worth noting that both analytical results associated
with idealized structures and FEM simulations lead to almost identical
results. This in turn is an indication that relatively small changes in the
thicknesses of hinges used in this work are not expected to influence
the results. In addition, one can note that all of the results presented
in the main text correspond to compression of the analyzed samples.
This stems from the fact that it is extremely difficult to stretch micro-
scale structures. However, one can conduct such an analysis in the case
of the FEM simulations. As shown in Fig. S3 in the Supplementary
Information, the trends corresponding to the Poisson’s ratio exhibited
by the considered systems under tension are extremely similar to those
6

obtained for compressive loading. This originates from the fact that v
these metamaterials are unimode structures, i.e. their deformation can
be described through the change in only one parameter.

Finally, it should be mentioned that the extent of the mechanical
deformation for all of the structures considered in this work is expressed
in terms of engineering strain. This stems from the fact that this
quantity provides clear information about the change in the linear
dimensions of the system. However, since the considered metamaterial
is a unimode system, one can also describe its deformation process by a
variation in the value of 𝜃. In fact, as shown in Eqs. (1) and (2), linear
dimensions of the structure can be fully described by this parameter
assuming that other geometric parameters associated with the shape of
structural units are already defined. The reason why we did not decide
to present Poisson’s ratios of the considered structures as a function
of angle 𝜃, is the fact that this parameter might change in a nonlinear
manner in comparison to the variation in the linear dimensions of the
unit-cell. This, in turn, could complicate the analysis.

4.2. 3D structures

The concept reported in this work is not limited to 2D or quasi-2D
systems and in general can be extended to 3D structures capable of
exhibiting the desired mechanical properties in multiple directions. In
order to show it, in this work, we designed two new structures that are
based on quasi-2D systems.

The considered 3D structures are called Structure A and Structure
B and are presented in Fig. 3(a). These mechanical metamaterials are
based on quasi-2D structures named Structure 1 and Structure 3 re-
spectively that were already proven to result in very different Poisson’s
ratios. Upon taking Structure A as an example, it should be emphasized
that in order to construct it, three identical elements in the form of the
quasi-2D Structure 1 were used that were then spatially arranged to
form a configuration resembling an equilateral triangle (in terms of its
cross-section) in the 𝑥𝑧 plane. As shown in Fig. 3(a), the corners of such
hree blocks were also connected together by means of additional layers
f material to ensure that they move together during the deformation
rocess of the entire system. Similarly, Structure B was designed based
n three block-like elements corresponding to Structure 3.

As shown in Fig. 3(c–d), as Structure A is being compressed, its
orizontal dimension increases which results in the positive Poisson’s
atio. Conversely, in the case of Structure B, the system exhibits auxetic
ehavior throughout the deformation process. Both of these results
hould be expected based on the properties of quasi-2D samples re-
erred to as Structure 1 and Structure 3. However, one can note that
or 3D structures, the magnitude of the Poisson’s ratio is significantly
maller than was formerly the case. This stems from the fact that the
orizontal dimension of the cross-section of the system incorporates
dditional non-deformable elements that were used to connect the
djacent structural blocks together. At this point, it is also worth noting
hat even though this is not the subject of investigation in this work,
he regions of maximum stress accumulation within the structures can
e ascertained based on the already conducted FEM simulations of
he behavior of 2D structures. More specifically, the maximum stress
an be observed at the hinges connecting mutually-rotating structural
lements. On the other hand, the localized stresses within the central
egions of the square-shaped or triangle-shaped structural elements
re negligible. One should also note that in the case of the presented
esults, the horizontal and vertical dimensions, used in the calcula-
ion of Poisson’s ratio, correspond to the horizontal dimension of the
opmost part of the cross-section shown in Fig. 3(c) and the overall
ertical dimension respectively. The specific selection of the horizontal
imension in the quantitative analysis stems from the complex shape
f the considered micro-scale structure which is very difficult to follow
uring the deformation process. More specifically, as explained in more
etail in the Experiment section, due to a difference in the distance
f particular parts of the system from the lens of the camera, it is

ery difficult to capture a focused image of specific unit-cells. Hence,
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Fig. 3. The behavior of finite 3D structures subjected to the compression along the 𝑦-axis. (a) SEM images of the two types of 3D structures analyzed in this work. (b) A conceptual
diagram showing how the considered 3D structures could become a part of a larger hexagonal lattice. (c) Pictures taken by means of the optical camera showing the change in
the cross-section of the analyzed structures in the 𝑥𝑦 plane upon being compressed along the 𝑦-axis. (d) The graph showing the engineering Poisson’s ratio corresponding to the
analyzed 3D structures. In this case, the horizontal dimension used in the calculations of Poisson’s ratio corresponds to the topmost part of the finite system.
one must rely on the outline of the entire structure. In this case,
the behavior of the horizontal dimension of the topmost part of the
entire structure gives the best representation of the deformation of an
unconstrained system.

4.3. Wave propagation

In addition to mechanical properties, one can also analyze the
effect that the variation in the composition of considered mechanical
metamaterials has on the wave propagation through these structures.
The phonon dispersion relation was calculated using COMSOL Multi-
physics software for the three types of unit-cells presented in Fig. 2.
To generate the results, in the case of all of the analyzed examples,
Floquet periodic boundary conditions were implemented in the 𝑥- and
𝑦-directions assuming two-dimensional unit-cells.

The main objective of this part of the work is to determine the
group velocities associated with longitudinal and transverse waves
propagating in two principal directions, i.e. along the 𝑥 and 𝑦 axes.
This will give an idea of how the speed of the wave propagation
change upon considering systems composed of a different number of
auxetic and positive Poisson’s ratio structural elements. This, in turn,
can prove to be interesting for example in the case of sensors capable
of detecting the configuration assumed by the system in the case when
it is not easy to determine it via direct optical observation. Such a
possibility is of particular significance for micro-scale structures where
this procedure could prove to be challenging. In addition, it should be
mentioned that for each of the structures, the results were generated
for the 20 first eigenmodes. However, according to the generated data,
no band gaps were observed. Instead, as shown in Fig. 4, one can
7

note a significant hybridization originating from the complexity of the
resultant structures and their general design based on 2 effectively
different metamaterials. Finally, one can note that the observed results
correspond to the Megahertz range which stems from the fact that the
analyzed structures were constructed at the micro-scale. However, in
general, together with the size of the structure itself, the frequency
range can be also adjusted to match the desired wavelength. At this
point, one should also note that in our analysis, we are only focusing on
the behavior of the 2D structures. This is due to the fact that primitive
cells associated with the 3D structures portrayed in Fig. 3 have to be
defined in 3D and are very complex. Thus, the corresponding numerical
simulations would be very time-consuming and difficult. At the same
time, we do not expect the conclusions related to wave propagation in
3D structures to be significantly different from those associated with
2D systems. In addition, it should be noted that the presented results
are valid for specific structures investigated in this work. However,
should someone fabricate similar samples at a different scale or through
the use of a different material, the band structure associated with the
system would be expected to be rescaled. Thus, to obtain more general
results, one can normalize the presented frequencies with respect to the
lattice constant and the P wave velocity. These results are provided in
the Supplementary Information in Fig. S2 and correspond to the same
systems shown in Fig. 4.

In order to determine group velocities, only the first two branches
were taken into consideration for each of the graphs presented in
Fig. 4. These branches are graphically highlighted by means of the blue
and red colors that correspond to transverse and longitudinal waves
respectively that propagate in a given direction. In addition, since the
group velocity is in general defined as 𝜐𝑔 = 𝑑𝜔

𝑑𝑘 (𝜔 - angular frequency,
𝑘 - wave vector), only the initially linear fragments of these branches
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Fig. 4. Phonon dispersion derived for unit-cells corresponding to the considered structures. (a) Unit-cells of considered structures (in real space). (b) Phonon dispersion graphs
corresponding to the 𝑥 direction. (c) Phonon dispersion graphs associated with the 𝑦 directions. For all graphs, there is always one band highlighted by means of the red and blue
colors. These bands were used in the quantitative analysis to determine the group velocities for each of the structures. The auxiliary diagram of the first Brillouin zone is not up
to scale.
Table 2
Values of group velocities 𝜐𝐿𝑔 and 𝜐𝑇𝑔 corresponding to longitudinal and
transverse waves respectively. Abbreviations S1, S2, and S3 stand for
Structure 1, Structure 2, and Structure 3.

S1 S2 S3

𝑥 direction 𝜐𝐿𝑔 [m/s] 596.4 620.0 702.9

𝜐𝑇𝑔 [m/s] 520.6 514.6 460.2

𝑦 direction 𝜐𝐿𝑔 [m/s] 781.9 567.9 574.3

𝜐𝑇𝑔 [m/s] 515.0 520.6 461.8

were considered in order to calculate respective group velocities. At this
point, it should also be noted that overall, phonon dispersion graphs for
the wave propagation in the 𝑥 and 𝑦 directions are very different. In
fact, this stems from the high anisotropy of the considered structures.

As shown in Table 2, in the case of waves propagating in the 𝑥-
direction, the group velocity associated with longitudinal waves (𝜐𝐿𝑔 )
seems to be the smallest for Structure 1, to reach the highest value of
702.9 m/s in the case of Structure 3. This means that in this specific
direction, it is possible to observe a significant change in 𝜐𝐿𝑔 upon
changing the composition of the structure. Conversely, in the case of
transverse waves propagating in the 𝑥-direction, the group velocity 𝜐𝑇𝑔
gradually decreases with a relatively small change in the magnitude.
Furthermore, it should be emphasized that for waves propagating in
the 𝑦-direction, it is hard to observe any specific trends related to the
change in the magnitude of the group velocities corresponding either to
longitudinal or transverse waves. In addition, as shown in Fig. 4(c), the
branches form a rather perturbed picture in comparison to what could
have been observed for waves propagating in the 𝑥-direction. This
can be explained by the fact that in the 𝑦-direction, the substructures
constituting the considered systems form parallel stripes corresponding
to a very different topology. Hence, it is possible to expect a strong
interference that influences the results. Furthermore, it should be noted
that trends presented in Fig. 4 and Table 2 can also be observed if
one was to replace the two types of substructures considered in this
work with bulk materials having the same external dimensions and
effective mechanical properties (see Supplementary Information). This
indicates that the presented results are reliable and that similar types
of complex phonon dispersion relations could potentially be observed
for other multi-substructure graded structures. Last but not least, we
8

note that both longitudinal and transverse bands for Structure 1 show
some very important non-monotonic behavior where its form was
recently reported as the roton effect in metamaterials. The origin of
this effect was attributed to the third-order interactions in equivalent
mass–springs models [85–88]. Finally, it should be noted that further
details related to the analysis of the observed results are provided in
the Supplementary Information. Amongst others, the phonon dispersion
relation corresponding solely to geometries related to rotating squares
and rotating triangles mechanical metamaterials are presented. This,
in turn, provides information about the wave propagation properties
of materials constituting individual parts of the more complex graded
structure considered in this work.

5. Discussion

The novel graded mechanical metamaterial proposed in this work
offers numerous advantages over a majority of known mechanical
metamaterials and other graded structures. The considered graded
system incorporates two structures that can have their deformation
fully described by a change in one parameter assuming relative rigidity
of their structural elements. As a result, the evolution of the entire
system investigated in this work can be also described by a variation
of one geometric parameter which distinguishes it from many other
graded structures [73,75–77]. Such unique design, also results in a very
high stability of the system which is often not observed for other graded
metamaterials composed for example of different re-entrant structural
motifs. In addition, the two types of substructures present within
the system are characterized by drastically different Poisson’s ratio.
Hence, depending on the composition of the considered mechanical
metamaterial, it can exhibit either very positive or very negative values
of this quantity. This, in turn, as demonstrated in another study [66],
can enable the structure to exhibit complex shape-morphing behavior.
Finally, it should be mentioned that in terms of the manufacturing
process, the proposed design makes it possible to 3D print different
complex components of the structure at the micro-scale with very high
precision. However, In the case of many other designs known in the
literature, this task would become significantly more challenging due
to the presence of overhanging elements.

All of the results presented in this work suggest that the considered
mechanical metamaterials can exhibit a very broad range of Poisson’s
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ratio including both highly negative and positive values depending
solely on the ratio of the number of structural elements corresponding
to the negative and positive Poisson’s ratio part of the system. It means
that within certain limits, one can achieve an arbitrary value of this
parameter based solely on two types of substructures. This, in turn, is
of great significance as it may enable engineers to produce relatively
simple mechanical materials that can exhibit desired mechanical prop-
erties without the need of utilizing very complex and unique designs
for each type of application. It is also worth mentioning that the
latter approach is relatively expensive and may lead to malfunctions
due to the unnecessary complexity of structural designs. In addition,
in this study, it was demonstrated that the considered results can
be observed in the case of microscopic systems. This means that in
addition to applications typical for many auxetic mechanical meta-
materials, e.g. protective devices or functional materials utilizing an
enhanced fracture toughness, indentation resistance as well as strain-
dependent fully-reversible porosity and deformation, this concept may
also be implemented in the case of novel biomedical devices and
flexible electronics. Particularly important in this regard is the potential
ability of structures presented in this work to exhibit complex shape
morphing upon connecting multiple elements similar to considered
structures to form larger lattices. As a result, one can obtain a graded
metamaterial capable of exhibiting very different local values of the
Poisson’s ratio which, as presented in the recent studies devoted to
micro-scale shape-morphing mechanical metamaterials [66], may lead
to the reconfiguration of the initial system into a complex predefined
shape. Such ability could for example prove to be useful in the design
of efficient stents where upon being subjected to the external stimulus,
devices based on the proposed concept could provide better support to
specific parts of the blood vessel.

6. Conclusion

In this work, novel 2D and 3D functionally graded mechanical
metamaterials were proposed that consist of two substructures corre-
sponding to the negative and positive Poisson’s ratio. It was shown
that depending on the number of structural elements corresponding
to each type of substructure, it is possible to significantly change
the resultant value of Poisson’s ratio to reach its desired magnitude.
It was also shown that structures investigated in this work can be
constructed at the microscale in addition to larger scales that are typical
for mechanical metamaterials. This means that the proposed concept
could be used for example in the design of biomedical devices such
as stents where the proposed solutions could enhance the efficiency
of the already existing devices by locally supporting specific parts of
the blood vessel at scales that normally cannot be achieved in the
case of mechanical metamaterials. In addition, results reported in this
study could also be utilized at a larger scale in the design of efficient
protective devices or sports equipment corresponding to a specific value
of the Poisson’s ratio that is beneficial from the perspective of the
specific application. Finally, it was demonstrated that the change in
the composition of considered structures affects the wave propagation
through the system. This in turn may be interesting from the point of
view of artificial materials capable of exhibiting local wave attenuation.
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