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Abstract—The equality of the energy and group veloci-
ties of bulk acoustic waves in a lossless piezoelectric medium
is demonstrated, with the energy velocity defined from the
generalized energy density and the generalized Poynting
vector.

I. INTRODUCTION

T is well-known that the energy and the group velocities
Iof bulk acoustic waves (BAW) in elastic media are equal
[1], [2]- The energy velocity, v, is defined as the ratio of the
Poynting vector to the energy density, with the help of the
Poynting theorem. The group velocity, v, is defined as the
derivative of the phase velocity with respect to the direc-
tion of propagation. The group velocity thus is defined on
a purely geometrical ground and is by construction normal
to the slowness surface. Further properties are the equality
of the BAW kinetic and the potential (or strain) energies,
and the orthogonality of the slowness vector to the wave-
front surface.

In the case of piezoelectric media, we are not aware of
a general demonstration of equivalent properties, though
generalized expressions have long been known for the en-
ergy density and the Poynting vector [1]. Nevertheless,
the collinearity of the generalized Poynting vector and
the group velocity is routinely used to predict the beam-
steering angle, or direction of energy transport. However,
Zaitsev and Kuznetsova [3] recently identified a possible
discrepancy that can occur if the generalized Poynting vec-
tor is used to predict the direction of energy transport in
strong piezoelectrics such as lithium niobate. Their argu-
ment relies on a dissymmetry of the mechanoelectrical and
electromechanical contributions to the generalized Poynt-
ing vector. Their work has motivated us to establish the
equality of the energy and group velocities of BAW in an
arbitrary lossless piezoelectric medium, with the energy
velocity obtained from the generalized forms of the Poynt-
ing vector and the energy density. This property settles
the apparent discrepancy.
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II. Basic RELATIONS

We summarize in this section some well-known ener-
getic relations for BAW propagating in linear piezoelectric
media. Let us first consider a perturbance of an arbitrary
linear piezoelectric medium, characterized by the strain
Sij, the stress T;;, the electric field strength Ej, and the
electric displacement Dy. These fields are related by the
constitutive relations [1], [4]:

Tij = Cijki Skl — €kij L, (1)
Dj = ejkiSki + €jr L, (2)

where c¢;jr1, erij, and €, are the elastic, piezoelectric, and
dielectric tensors, respectively. The repeated summation
index convention is used throughout this paper. The time-
averaged generalized energy density is given by [1]:

1
W = 5Re(T;;57; + DrEy), (3)
and the time-averaged generalized Poynting vector is:
1
Pj = §Re (—Tij’l);< + (E X H*)j), (4)

where v; is the particle velocity, H; is the magnetic field
strength, and * denotes complex conjugation.

We then consider specifically a time-harmonic plane
wave with angular frequency w and slowness vector s;.
The displacements u; then are of the form:

wi(x, ) = w exp(ult - s,2,), (5)

and similar expressions hold for all fields. We specifically
demand that the slowness vector be real valued, i.e., the
medium is lossless and evanescent or inhomogeneous BAW
are not considered.

Considering further the quasistatic approximation [1],
Maxwell’s equations give:

E;, = jws;®, (6)
(S X H)J = —Dj, (7)
sjDj =0, (8)

where @ is the electric potential. The constitutive relations
become:

Tij = —yw(cijrskur + exijsp®P), (9)
D; —Jw(ejklé’kuz — Eijk(I)).

The generalized energy density simplifies to:

1
W = iRe (qwTijsu;).
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It can be seen that the electromagnetic part of the en-
ergy density vanishes. The generalized Poynting vector be-
comes:

1 * *
Pj = SRe (w(Tijui + D;®%)), (12)
where v; = jwu; has been used in (4).
IIT. ENERGY VELOCITY
We now introduce the generalized notation:
Cijkl i,l = 1,2,3
_ eri; =4,1=1,23
Cijkl = * . . (13)
e t=4,1=1,2,3
—€jk i,l =4

This notation should not be confused with the piezoelec-
trically stiffened elastic constants [4]. With the generalized
displacements, %;, and stresses, Tj;, defined as:

Uy =g, 1= 1,2,3, (14)
g =P, (15)
Tij =Ty, i=1,2,3, (16)
Tij = D;, (17)

the constitutive relations can be written in a compact
way as:

Tij = —JwCijkiSkUL, (18)

and the Christoffel equation [1] governing the wave dy-
namics assumes the form:

CijklSjSkUL = PiUl, (19)
with:
1000
pi=r{0010 (20)
0000

Contracting the Christoffel (19) with @} yields the re-
lation:

Eijklsjskﬂlﬂ;‘ = pilﬂlﬂf = pufui. (21)
Inserting (9) into (11) we obtain:
W2
W = 7Re (CijkiSjSkWU; + €kijS;SEPu; ),

(22)

or by inspection:
W2
W = 7Re (Eijkl Sjskﬂl’l]r). (23)
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Using (21), we observe that this quantity is real and thus:

2 2
w w
W = TEijlejSk'alﬂ: = Tpuz‘ui. (24)
This relation proves the equality of potential and kinetic
energies for BAW as in the case of elastic media [2].
The expression for the Poynting vector similarly can be
transformed by inserting (9) and (10) into (12), yielding:

2
w * *
P; = ERG (CijrrSpwiu; + epijsidu; (25)
+ ejklskulfb* — Ejksk(I)(I)*),
or simply:
w2
Pj = ERG (Eijklskﬂlﬂr). (26)

Defining the energy velocity as for BAW in elastic media
by the ratio of the Poynting vector to the energy density,
we obtain at once:

Pj Re (Eijklskﬁlﬂ;)

(Ve)j = =

27

Furthermore, contracting this expression with s;, the
following useful relation is obtained:

si(Ve)j = 1, (28)

as in the case of elastic media [1], [2].

IV. GrRouP VELOCITY

The components of the slowness vector can be written
s; = sn; for which the n; are the components of a unit vec-
tor, i.e., n;n; = 1. With this notation, the Christoffel (19)
becomes a generalized eigenvalue equation for the square

of the phase velocity, V = s71,

Eijkmjnkﬂl = V2pilﬂl. (29)
The group velocity is defined as [2]:
ov
V)i = 30
) = G (30)

which implies that the group velocity vector is normal to
the slowness surface by construction. The group velocity
vector can be obtained by differentiating with respect to
n; the identity formed by contracting (29) with @}, or:

_ _ 2 _
Cijmnnia; = V>2pyiul, (31)

which is merely a restatement of (21). In this equation, 4 is
a function of the unit vector n because it is the eigenvector
associated with the eigenvalue V2 of the Christoffel (29)
for a fixed propagation direction. The differentiation of
(31) with respect to n; results in:

i

anj
ou}

anj ’

oty
2cijklnkul'uf;‘k + Cigringnk 87’[14: + Cipringniuy
7

oy .
(3
anj

= 2V(Vy)jpatuti; + V>pu + V2 puy (32)
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This equation can be simplified by considering two dif-
ferent contractions of the Christoffel equation (29). First,

the contraction by gj; yields:
ou; 9 ou;
Cipringnit— = Vpyu—=. 33
iBkIM BT lanj pil lanj (33)

Second, complex conjugation of (29) and subsequent con-

traction by gg’ﬁ result in:
J

U; 2 _x 8ai
- =V pau .
on, Pty n;

Eigkl’ngnkTﬁ (34)

Permutation of indices ¢ and [, and 8 and k, respectively,
and consideration of the symmetries ¢, = € and p;; =
pu;i lead to:

oy oy

Ci uf—— = V3putu —. 35
CiBkIMBNEU; on, pilt; on; (35)
Eventually, (32) simplifies to:
Cijki LU U] Cijhl SEUIU;
V,); = = . 36

This is identical with the expression (27) for the energy
velocity and incidentally shows that the Re(.) operators
in (26) and (27) can be dropped. Thus we have shown
the equality of energy and group velocities for BAW in a
lossless piezoelectric medium.

V. CONCLUSIONS

We have demonstrated that the energy and group veloc-
ities for BAW are equal in a lossless piezoelectric medium.
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Our derivation closely parallels and generalizes for piezo-
electric media the derivation of [2], that was limited to
purely elastic media. The possible discrepancy pointed out
in [3], that the mechanoelectrical and electromechanical
power flows calculated from the generalized form of the
Poynting vector for piezoelectric media do not compensate
each other, then has no significance for the estimation of
the power flow direction. Moreover, this observation is sup-
ported by the experimental results of Havlice et al. [5], who
demonstrated that the generalized Poynting vector indeed
predicts the correct beam-steering angle of longitudinal
waves along the y axis of lithium niobate. We observed
that attempting to separate the generalized energy den-
sity or the generalized Poynting vector into their purely
electrical, purely mechanical, mechanoelectrical and elec-
tromechanical parts can be confusing, because the wave
displacements are obtained as the solution of an eigen-
value problem involving the mixed elastic, electrical, and
piezoelectric properties of the medium.
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