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Waveguiding inside the complete band gap of a phononic crystal slab
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The propagation of acoustic waves in a square-lattice phononic crystal slab consisting of a single layer of
spherical steel beads in a solid epoxy matrix is studied experimentally. Waves are excited by an ultrasonic
transducer and fully characterized on the slab surface by laser interferometry. A complete band gap is found to
extend around 300 kHz, in good agreement with theoretical predictions. The transmission attenuation caused
by absorption and band gap effects is obtained as a function of frequency and propagation distance. Well
confined acoustic wave propagation inside a line-defect waveguide is further observed experimentally.
DOI: 10.1103/PhysRevE.76.056601
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I. INTRODUCTION

The propagation of elastic waves in inhomogeneous media has attracted much attention over the last years. Phononic
crystals are media with periodically varying elastic coefficients that can exhibit complete acoustic band gaps depending on the composition and the geometry as well as on the
nature of the constitutive materials 关1,2兴. For frequencies
within a complete band gap, there can be no vibration and no
propagation of acoustic waves, whatever the polarization and
the wave vector. In such a situation, a phononic crystal behaves similar to a perfect mirror and can be modified further
to gain control over acoustic waves. This principle can be
used to obtain acoustic cavities, acoustic filters, or very efficient waveguides by adding certain defects to the lattice
关3–9兴. All these functions can be achieved in a very tight
space of the order of some acoustic wavelengths.
Recently, there has been a growing interest in phononic
crystals slabs, whose thickness is finite in the direction perpendicular to the surfaces 关10–13兴. For simplicity, we refer in
the following to this direction as the vertical direction. Wave
propagation in phononic crystal slabs requires all vibration
directions to be taken into account, resulting in a full three
dimensional problem. The slab geometry is naturally well
suited for making waveguides where guided modes are
strongly confined vertically between the two surfaces. This is
especially true for solid slabs in air or a vacuum, as we
consider specifically in this work, and in contrast with photonic crystal slabs, in which energy can radiate out of the
slab into the surrounding medium 关14兴.
Since slabs can in principle be made as thin as required, it
is expected that a two-dimensional periodic structuration will
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produce a three-dimensional confinement of waves inside a
complete band gap 关12兴. This effect has, however, not been
demonstrated experimentally up to now, to the best of our
knowledge. Complete band gaps have been observed previously in solid-solid two-dimensional phononic crystals excited by bulk waves 关15兴. However, the presence of the two
surfaces limiting the slab and the finite thickness strongly
influence the band structure. Some recent theoretical studies
of phononic crystal slabs have considered cylindrical inclusions in a host material with a strong contrast of acoustic
properties 关10–12兴. It was in particular found that the complete band gaps of phononic crystal slabs can be quite different from those of an equivalent infinite crystal. Experimental
studies have been reported for air holes etched in a thin plate
关16兴 and for a thin phononic film on a silicon homogeneous
plate 关17兴. These structures presented band gaps for some
propagation directions, but no complete band gap was observed.
The purpose of this paper is to demonstrate experimentally a complete band gap in a phononic crystal slab and to
investigate the propagation of acoustic waves within it. The
system we have chosen is a finite thickness, solid/solid, and
surface free phononic crystal slab. This system lends itself to
numerical simulation by a finite element method developed
previously 关12兴. Furthermore, by using a combination of ultrasonic electrical transduction and optical detection by a laser interferometer, we obtain maps of the propagation of
waves at any monochromatic frequency. This experimental
setup is used to quantify the attenuation on propagation and
the confinement of acoustic energy within a line-defect
waveguide.
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FIG. 1. Sketch of the experiment. 共a兲 Waves are excited in a
phononic crystal slab using an ultrasonic transducer through a prism
with an incidence angle of 30°. The phononic crystal slab is formed
by a one layer thick array of spherical steel beads with a diameter of
4 mm arranged according to a square lattice in an epoxy matrix. 共b兲
Measurements along the ⌫X and ⌫M directions are required to characterize the phononic crystal properties. The corresponding sample
arrangements are depicted.
II. METHODS

The experimental setup is sketched in Fig. 1. The structures used in our experiments are two-dimensional square
lattice arrays of spherical steel beads embedded in an epoxy
matrix 共Epotecny E501兲. The two dimensional square lattice
arrays were assembled by placing the beads carefully by
hand. The beads are very monodisperse with a diameter of
4 mm, and the thickness of the epoxy plate is also 4 mm.
Figure 1共b兲 illustrates the lattice arrangement of the two
samples required to characterize the phononic crystal properties. The lattice constant of the square lattice is 4 mm, i.e.,
each bead is in contact with four of its neighbors. The mass
density and the shear and longitudinal velocities of acoustic
waves in steel and epoxy are displayed in Table I. The choice
of steel and epoxy as the composite materials was originally
based on the strong contrast in their densities and elastic
constants, as is generally the case when complete band gaps
are sought for. Expressed using the acoustic impedance for
longitudinal waves, this contrast is approximately 16.4.
The ultrasonic wave signal incident into the phononic
crystals is launched by a wide-bandwidth acoustic transducer
共Panametrics immersion transducer type Videoscan V301兲.
TABLE I. Material constants of the phononic crystal constituents. cS and cL are the velocities for shear and longitudinal waves,
respectively,  is the mass density, and ZL is the acoustic impedance
for longitudinal waves.

Steel
Epoxy

cS 共m s−1兲

cL 共m s−1兲

 共kg m−3兲

ZL 共MRayles兲

3200
1100

5800
2500

7780
1100

45.124
2.75

An acoustic prism is inserted between the transducer and the
phononic crystals slab. The acoustic wave is incident into the
slab with an angle of 30°. This angle was chosen experimentally in order to excite efficiently slab modes propagating
parallel to the surfaces. The phononic crystal slab, the transducer, and the acoustic prism are all mounted on a twodirectional motion stage which is computer controlled. The
two motion directions of the stage are axes X and Y depicted
in Fig. 1共a兲. The X axis is parallel to the wave propagation
direction.
The acoustic wave properties are characterized by laser
interferometry 关18–20兴 at any position on the surface. The
probe beam is fixed, and the two dimensional motion stage is
used for spatial scanning. A 200-nm-thick aluminum layer is
deposited on the surface of the phononic crystal slab in order
to obtain a uniform reflectivity whatever the position. The
laser interferometer is sensitive to the vertical displacements
of the surface of the slab. Heterodyning in the interferometer
gives us access to amplitude and phase information. The
probe beam size of the laser interferometer 10 m is small
enough to detect vertical displacements at any point in the
surface of the phononic crystal slab with subwavelength
resolution. The position dependent transmission spectra
shown in the next sections are obtained by varying the frequency of the signal sent to the emitting transducer. The
available signal frequency range is between 100 and
500 kHz, and the resolution in the frequency domain is
1 kHz.
The band structure of the phononic crystals slab was computed using a finite element method 共FEM兲 with periodic
boundary conditions 关12,21兴. The phononic crystal is assumed to be infinite and arranged periodically along the surface. The whole domain is split into successive unit cells,
consisting of a single steel bead surrounded by the square
cubic epoxy matrix. The unit cell is meshed and divided into
elements connected by nodes. Bloch-Floquet periodic boundary conditions are applied at the boundaries of the unit cell.
All fields are assumed to present a time-harmonic variation
of the form exp共jt兲 where  is the angular frequency.
III. COMPLETE BAND GAP CHARACTERIZATION

The complete band gaps can in principle be identified
experimentally from the transmission spectra measured
along the two highest symmetry directions of the square lattice. These two directions are the ⌫X and ⌫M directions
shown in Fig. 1共b兲. The acoustic wave transmission properties for both directions were first measured in an area covering one period of the phononic crystal slab, i.e., one bead.
The results are presented in Fig. 2. In Fig. 1, the origin of the
X axis is the rightmost edge of acoustic prism, while the
origin of the Y axis is the center of the transducer. The spatial
scan area extends along the X axis 共Y axis, respectively兲
from 12 to 16 mm 共−2 to 2 mm, respectively兲, and there are
25 points in the scan area. The transmission spectra shown
are the average of the measurements at these 25 points. The
measurement transmission spectra in the ⌫X and ⌫M directions are shown on the left-hand side of Figs. 2共a兲 and 2共b兲,
respectively. Also shown is the reference transmission spec-
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reference transmission spectrum, there is no significant attenuation in this frequency range. The theoretical complete
band gap extends from 238 to 344 kHz and thus is a little
wider than the experimental one. The discrepancy can be
explained by at least two arguments. The first one is the
fabrication inaccuracy of the slabs, which makes the thickness of our structures not perfectly uniform. Since the band
diagram depends strongly on the slab thickness, some dispersion may result. The second argument is that the elastic properties of steel and epoxy considered in the theoretical calculation may differ slightly from the actual values.
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FIG. 2. Measured transmission spectrum 共left-hand side兲 and
computed band structure 共right-hand side兲 in the 共a兲 ⌫X and 共b兲 ⌫M
direction, respectively. The transmission spectra for the phononic
crystal samples 共solid line兲 and for the pure epoxy reference slab
共dashed line兲 are compared. In the band structures, the gray areas
indicate the frequency bands where attenuation caused by a band
gap is apparent.

trum for a pure epoxy slab with a thickness of 4 mm. This
reference spectrum is obtained with exactly the same procedure as for the phononic crystal samples. The shown data are
unnormalized and displayed on a logarithmic scale. The
right-hand sides of Figs. 2共a兲 and 2共b兲 display the theoretical
band structures obtained using the finite element method for
the ⌫X and ⌫M directions, respectively.
In the ⌫X direction, Fig. 2共a兲, the gray area indicates the
frequency band where attenuation is caused by a band gap.
The transmission spectrum exhibits a strong attenuation from
255 to 350 kHz. Comparatively, the band gap extends from
238 to 350 kHz in the theoretical band structure. These two
ranges are almost coincident. In the ⌫M direction, Fig. 2共b兲,
the experimental attenuation frequency range extends from
225 to 340 kHz, while in the theoretical band structure the
band gap extends from 237 to 344 kHz. Again, there is a
rather good agreement between theory and experiment. Considering the frequency range where a band gap is simultaneously apparent for both directions, the experimental complete band gap extends from 255 to 340 kHz. In the

As already mentioned, the interferometer probe beam size
is small enough to detect the spectrum at a single point on
the surface of the phononic crystals slabs. This advantage
can be used to investigate the variation of the attenuation
with the propagation distance, as shown in Fig. 3. For this
purpose, the spatial scan area is chosen as follows. In the
propagation or X direction, the scan starts at the origin of the
X axis, i.e., at the rightmost edge of acoustic prism, and the
total scan length is 40 mm. The scan step is 1 mm. In the Y
direction, as for the measurement of complete band gap, the
scan area ranges from −2 to 2 mm, i.e., covers one bead, and
the scan step is 1 mm again. In Fig. 3, every measurement
value along the X axis is obtained as an average over the five
sampling points along the Y axis. Figures 3共a兲 and 3共b兲 display the measurement results for the ⌫X and ⌫M oriented
phononic crystal slabs, respectively. The gray maps on the
left side show the variation of the amplitude on a logarithmic
scale as a function of frequency 共vertical axis兲 and propagation distance 共horizontal axis兲. The black cycles at the bottom of each map indicate the actual position of steel beads.
The white lines limit the complete band gap frequency range.
In the following discussion of the results shown in Fig. 3,
it is useful to separate the frequency range in three parts:
frequencies lower than, inside, and higher than the complete
band gap. Figures 3共c兲 and 3共d兲 show line scans in these
three regions that are extracted from Figs. 3共a兲 and 3共b兲,
respectively.
For both the ⌫X and the ⌫M directions, the attenuation in
the frequency range below the band gap is weak. In Figs.
3共c兲 and 3共d兲, the attenuation at a frequency of 150 kHz is a
quite smooth function of the propagation distance in both
directions and does not depend on the orientation of the
lattice.
Inside the band gap, the measured displacement amplitude
decays rapidly with distance. Along the ⌫X and the ⌫M directions, the amplitude decays most rapidly around 280 and
270 kHz, respectively. This decay is larger than 35 dB after a
propagation distance of 12 mm for ⌫X and 16 mm for ⌫M. It
is worth noticing that the distances of amplitude decay to
vanishing are equal to three periods in both cases. Indeed,
the period in the ⌫M direction is about 17 mm, i.e., is 冑2
times larger than the period in the ⌫X direction, which is
12 mm. Though the attenuation is dependent on the orientation of the lattice, the attenuation per period is then similar in
both cases.
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FIG. 3. Dependence of the displacement amplitude with frequency and propagation distance
measured for 共a兲 the ⌫X and 共b兲
the ⌫M oriented phononic crystal
slabs. The white lines in the gray
maps limit the complete band gap
frequency range, while the black
cycles indicate the position of
steel beads. The graphs 共c兲 and 共d兲
are extracted from the data in 共a兲
and 共b兲, respectively, and show
line scans at three particular frequencies. The chosen frequencies
lie before the complete band gap,
inside it, and above it.

The variation of the attenuation with the propagation distance in the frequency range above the band gap is less expected. The two chosen representative frequencies in Fig. 3
for the ⌫X and ⌫M directions are 380 and 430 kHz, respectively. These frequencies are chosen such that the attenuation
is minimum. For both directions, the amplitude remains approximately constant for the first two periods, then decays to
the minimum detection level 共−60 dBm兲 in 25 mm approximately.
Comparing with two-dimensional phononic crystals composed of arrays of steel cylinders in water, we remark that a
decay for frequencies above the complete band gap was not
particularly observed for bulk acoustic waves in the experiments of Refs. 关22,23兴, for instance. However, this phenomenon of attenuation above the band gap was observed previously in other phononic crystals involving an epoxy matrix.
It is present in the measurements of Vasseur et al. 关15兴 in the
case of a two-dimensional array of steel cylinders and also in
the experiments of Page et al. 关24兴 in the case of arrays of
steel or tungsten carbide spheres. In both cases, the phononic
crystals were excited with bulk waves. The natural propagation loss of epoxy is not likely to be the only origin of the
attenuation above the band gap. Indeed, in the pure epoxy
slab, the propagation loss of high frequency waves is not as
strong as that observed in the phononic crystal slab. It may
be remarked that above the band gap, almost all branches of
the dispersion diagrams of Fig. 2 are rather flat, and hence
represent slab modes with low group velocities. Some of
them might even correspond to internal resonances of the
steel spheres 关25兴. In any case, the wave energy becomes
trapped or is restored outside of the phononic crystal with
some delay. This effect combined with even moderate attenuation in epoxy could result in enhanced dissipation of energy.
A numerical verification of this phenomenon would require
attenuation to be included in the finite element model.

V. LINE-DEFECT WAVEGUIDE

A waveguide was formed by removing exactly one line of
steel beads along the ⌫X direction. The transmission spectrum of the waveguide displayed in Fig. 4 was measured
starting at a distance of 24 mm, i.e., six periods away from
the rightmost edge of the acoustic prism. This distance from
the source is chosen so that the wave propagation inside the
waveguide is stable. The measurement setup is the same as
in Fig. 1. The total scan distance along the X axis is 20 mm
共five periods兲 and the scan step is 0.4 mm. In the Y direction,
the scan width is across all the waveguide width, i.e., 4 mm
共one period兲. The scan step is 0.4 mm again. The transmis450
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FIG. 4. Experimental transmission through a line-defect waveguide managed along the ⌫X direction of the phononic crystal slab
and corresponding theoretical band diagram. In the left panel, the
transmission spectrum of the waveguide 共solid line兲 is compared to
the transmission spectrum of the perfect phononic crystal slab
共dashed line兲. The right panel displays the theoretical band diagram
of the waveguide. The complete band gap frequency range is located between the two gray areas.
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FIG. 5. Real part of the displacement amplitude of acoustic
waves in the line-defect waveguide at 共a兲 a frequency of 275 kHz
共within the complete band gap兲 and 共b兲 a frequency of 134 kHz
共below the complete band gap兲. The white circles in 共a兲 and the
black circles in 共b兲 indicate the positions of the steel beads.

deed, the band diagram shows that propagation inside the
waveguide is highly multimodal, with many defect bands
appearing inside the complete band gap range. The transmission as a function of frequency then depends in a non obvious manner on the excitation of the different guided modes
and their respective velocities.
The confinement of acoustic energy within the waveguide
was checked by laser interferometry. Figure 5 displays the
real part of the displacement amplitude measured at the surface of the phononic crystal slab. Measurements at two different frequencies are displayed. In both cases, the source is
launched from the bottom of the figure. At a frequency of
134 kHz, well below the lower band gap edge, the acoustic
wave is mostly propagated according to a plane wave modal
shape and acoustic energy is not confined inside the waveguide. At a frequency of 275 kHz, within the complete band
gap, the acoustic wave energy is seen to be highly confined
laterally inside the waveguide and to propagate with a stable
modal shape. This observation is an indirect confirmation of
the existence of the complete band gap, since leakage would
be observed if it were not present.

sion spectrum of the waveguide shown in Fig. 4 is obtained
by averaging all samples in the scan area. Figure 4 also displays the band diagram of the waveguide computed with the
finite element method using a supercell technique. The
meshed region includes one period in the X direction and
three beads on both sides of the waveguide in the Y direction
共for a total width of 28 mm兲. Periodic boundary conditions
are applied at the facets orthogonal to the X and Y directions.
As usual with the supercell technique, it is assumed that for
frequencies within the complete band gap there are only evanescent waves in the Y direction, so that the simulation of
guided modes propagating in the X direction is accurate.
Outside the complete band gap, eigenmodes of the phononic
crystal with the supercell lattice are obtained instead of
eigenmodes of the waveguide. For this reason, the band
structure in Fig. 4 is only displayed for frequencies within
the complete band gap.
The comparison of the spectra of the waveguide and the
perfect phononic crystal clearly shows that the acoustic wave
transmission inside the complete band gap range is enhanced
by 15 dB approximately in the waveguide case. The greatest
enhancement occurs at a frequency of 275 kHz. This transmission enhancement is not uniform for all frequencies. In-

The propagation of acoustic waves in phononic crystal
slabs constituted by a square lattice array of steel beads embedded in an epoxy matrix has been studied experimentally
and theoretically. A complete band gap was identified by
measuring the transmission spectrum along the two most
symmetric directions of the Brillouin zone by laser interferometry. The measured transmission spectra and the theoretical band structure obtained by a finite element method are in
agreement and show that the complete band gap ranges from
255 kHz to 340 kHz. The dependence of the attenuation on
the propagation distance was studied. Little attenuation is
observed below the complete band gap and a clear exponential decay is observed within it. Unexpectedly, a pronounced
unexpected decay is observed for frequencies above the complete band gap. Finally, a line-defect waveguide was formed
in the ⌫X direction. The transmission through the waveguide
was measured and the wave field was imaged. These observations show that the waveguide efficiently confines acoustic
energy within the complete band gap.
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