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HOMOGENIZATION OF PERIODIC ELECTRICAL NETWORKS
INCLUDING VOLTAGE TO CURRENT AMPLIFIERS*

MICHEL LENCZNER! AND DENIS MERCIER?

Abstract. We derive the homogenized model of a periodic electrical network that includes
resistive devices, voltage to current amplifiers, sources of tension, and sources of current. First, a
mixed variational formulation is associated with the classical equations of such electrical networks. In
an abstract framework, inf-sup conditions are given for the existence and uniqueness of its solution.
Second, optimal conditions, based on the network topology, are stated so that the inf-sup conditions
are satisfied. Third, the homogenized model of such a periodic network is derived using the two-
scale convergence developed for circuits by Lenczner [C. R. Acad. Sci. Paris Sér. II B, 324 (1997),
pp. 537-542]. Finally, numerical comparisons of the solutions of the homogenized model and of
the complete one are detailed. It underlines clearly, if necessary, the strong interest of using the
homogenized model when the number of periodic cells is large enough.
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1. Introduction. This paper has been written in view of applications in fields of
engineering where simplified models of large periodic electronic networks are required.
A famous example can be found in the cellular neural network technology initiated
by Chua and Yang [7, 8] for applications to image processing. The electronic circuits
of many mechatronic systems also fall in this category. This concerns sensors and/or
actuators arrays used in most fields of physics, e.g., acoustics, fluid mechanics, me-
chanics of vibrations, and electromagnetism, for a very large variety of applications,
e.g., detection of moving acoustic sources, control of acoustic noise, vibration damp-
ing, control in fluid mechanics, measure of brain activity, radars, convoying systems,
and field effect microscopy. Technologies can be conventional or based on microelec-
tromechanical systems (MEMS). See the illustrative papers of Tsao et al. [19] and
Mahamane, Lenczner, and Mrcarica [14] for two examples in the field of distributed
control.

The simplified modelling of periodic circuits is a very old problem that was first
studied for infinitely large R-L-C networks. More recently, Vogelius [20] has derived a
model for a class of resistive two-dimensional periodic networks. All these works were
limited to very particular network configurations. The limitations were due to the
mathematical technique that was employed at this time. In our works [15] and [16], a
new technique of two-scale convergence has been introduced which allows the deriva-
tion of homogenized models for a very wide class of problems. In particular, it covers
the problems posed on periodic (n — p)-dimensional manifolds in domains of R™. So
electronic circuits that are one-dimensional manifolds can now be homogenized. This
technique also covers the problems that were already treated with previous ones and in
particular can recover the homogenized models that were already known in mechanics.
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This is why we hope reasonably that it will allow us to derive homogenized models
of general periodic mechatronic systems. Moreover, this technique is so simple and
natural that it has been rediscovered independently by Casado-Diaz, Luna-Laynez,
and Martin [6] and Cioranescu, Damlamian, and Griso [9]; we have all rediscovered
independently the underlying idea of two-scale transform that has been introduced
by Argobast, Douglas, and Hornung [2]. We have already applied this technique to
the derivation of homogenized models of general periodic resistive circuits including
passive sources [15] and voltage to voltage amplifiers [16].

Another specificity of the analysis of electronic circuits is the formulation of con-
ditions related to their architecture that ensure the existence and uniqueness of the
solution. Numerous works have been realized on this topic; see, for example, the syn-
thesis book of Recski focused on linear problems [17], as well as the testing techniques
that have been implemented in the usual circuit simulators. This question is posed
again for the simulation of mechatronic systems and in particular for simulation of
complex systems already mentioned. It is in this perspective that we have developed
a variational approach which may constitute a common framework for continuous
media and electronic circuit equations. With such an approach, the conditions for
the existence and uniqueness of the solutions are stated using some classical tools
of functional analysis that are generally used for the analysis of partial differential
equations. The resulting inf-sup conditions are very abstract and not adapted to an
automatic checking. Thus, a first attempt to reformulate them in terms of a graph
was presented in [16].

Let us review the contributions of this paper. They complete the techniques
developed in [16] in many aspects, in addition to the fact that another class of ampli-
fiers is considered, which constitutes an intermediary step before taking into account
general ones.

The abstract variational framework that is considered here is the most general
one, which is required for linear circuit modelling in statics. We consider variational
formulation of the form

a(u7’U)—|—b1(U,p) = <f7p>7
bQ(“?Q) - C(paq) = <gaQ>7

where b; and b are different. Such equations have been studied in the literature in
the context of magnetohydrodynamics and also in the theory of elliptic systems (see,
for instance, [10], where spectral properties of such block operators are discussed).
They have also been studied in Bernardi, Canuto, and Maday [3], where ¢ = 0, and
for which the authors gave necessary and sufficient conditions for the existence of a
unique solution; meanwhile, the case by = by was treated in Brezzi and Fortin [5].
In [16], the bilinear form ¢ was vanishing. Here, we have extended the study of
existence and uniqueness to the general case (i.e., the case ¢ # 0 and by # by), and
we have found that proving its well posedness is equivalent to checking four inf-sup
conditions.

To know whether or not they are satisfied, for a given network, is not an easy task.
Conditions formulated directly on the network graph would be preferable. In [16], con-
ditions related to the graph were introduced to guarantee the well posedness of the
problem. Unfortunately, this was only necessary conditions. Here, a deeper under-
standing leads to graph conditions that are equivalent to the four inf-sup conditions so
that they constitute necessary and sufficient conditions for the existence and unique-
ness of the solution. Moreover, we think that the optimal technique that is introduced
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here could be extended for circuits with general amplifiers.

Let us move to the homogenized model. In [16], only the two-scale model was
formulated. In the present paper, it is fully detailed in the most general case. So it
has the form of the most general second order system of partial differential equations.
By another way, the cell problem is transformed into a modified cell circuit so that
the existence and uniqueness conditions already obtained are applicable to it.

Finally, numerical comparisons of solutions of the complete system and of the
homogenized one are reported. The small differences between the electric potentials
and between the voltages computed with the two models show clearly the strong
interest that can be found in using the homogenized model for periodic circuits with
a large number of cells.

The organization of this paper is as follows.

In section 2, the electrical networks including voltage to current amplifiers are
described, and their corresponding classical equations are established. The variational
formulation of the electrical network is stated in subsection 2.3. The general abstract
result for the mixed variational formulation is stated and proved in section 2.4. In
particular, the four inf-sup conditions, which ensure the existence and uniqueness of
the solution, are stated.

Section 3 is devoted to the statement and proof of the existence and uniqueness
result for electric circuit equations. In subsection 3.1, the conditions based on the
topology of the network, which ensure the existence and uniqueness of the solution,
are stated. Subsection 3.2 is devoted to some illustrations of these conditions. In
subsection 3.3, notations and estimates linked with the previous conditions are stated
and proved. General technical lemmas are formulated in subsection 3.4. They are
the keys of the proof of the existence and uniqueness result stated and proved in
subsection 3.5. Finally, in subsection 3.6, the necessity of the graph like conditions
for the existence and uniqueness of the solution is studied.

Section 4 deals with homogenization of periodic electrical networks. In subsec-
tion 4.1, we state the periodic circuit equations. The homogenized model and the
homogenized coefficients are established and computed, respectively, in subsections
4.2 and 4.3. The assumptions and the model derivation are reported in subsection 4.4.

Finally, section 5 is devoted to various examples and in particular to the discussion
of some numerical results.

2. Variational formulation of electrical networks. In this section, we state
the general variational formulation which is satisfied by the electrical potential and
the current in the electrical network. This variational formulation is a basis for the
derivation of the two-scale model stated in what follows.

The network includes resistors, current sources, voltage sources, and voltage to
current amplifiers. The conditions posed on the network for the existence and unique-
ness of the solution are stated. They are based on inf-sup conditions and are inter-
preted in terms of graph like conditions posed on the electrical network.

2.1. Notations. We use the definitions and the properties relative to electrical
networks presented in [21] and [16] (see also Figure 2.1). An electrical network is
composed of vertices (or nodes) and edges (or branches). Vertices are linked by edges.
The set of edges is denoted by ©. Mathematically, © is a network in R", where
n € N*. We denote by o¢ the vertices linked to the earth (i.e., where the electrical
potential is equal to zero). The network © is divided into five disjointed parts Oy,
©1, O, O3, and ©4. They are occupied, respectively, by the voltage sources, the
current sources, the resistors, and the input and the output of the amplifiers. The
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edges included in these sets are denoted, respectively, by ek, e}, €}, e}, and €. Here, I
is an index varying from one to the number of edges belonging to the respective sets.

The network O is assumed to be parameterized. This parameterization defines a
positive sense for each edge. We name s and s_ the vertices belonging to an edge
e C O such that sT — s is the positive sense. The set of edges arriving in a positive
(respectively, negative) sense at a vertex s is denoted by ©F (respectively, © ). The
length of an edge e is denoted by |e|. The function L is distributed on ©. It is constant
on each edge, and L(x) = |e| for all z € e. The tangent vector to © at point x is
denoted by 7(x).

2.2. Statement of equations. In this subsection, the equations of electrical
networks, in their classical form, are recalled. We also introduce the necessary nota-
tions in order to write their variational formulation.

Let us define the sets P°(©) or (P°(Ok))k—o,....4) (respectively, P1(0)) of functions
constant on each edge e C © or (e C Ok)i=0,.. 4 (respectively, affine on each edge
e C O and continuous on ©). The current ¢ and the voltage u are some distributed
fields belonging to P°(0). The electrical potential is also a distributed field, and it
belongs to P1(©). The tangential derivative of a function v defined on © is denoted
by V. 9]l = (fo(IV-9]* + |4b|2)dl(x))2 will represent a norm on the space P!(0),
while |1 = ([ (|V,9]?)dl(z))? will be a seminorm.

R = R R — R
N I N
1, R el el R R
3 4
R R R
N N L

= I, e}
oﬂ- Jhmm e

Fia. 2.1. An example of an electric network.

An example of the network described below is represented above.
The voltage Kirchhoff law is stated on each edge e C © as follows: w =
o(sh) — p(s.), or, equivalently,

(2.1) LV.p=1wuon 0.

The current Kirchhoff law is stated for each vertex s as Zec(—)j ile — Zec(_): ije = 0.
It can be equivalently written under a weak formulation

(2.2) / i(2)V (x)dl(z) =0 Vi € PY(O) such that ¢ = 0 on oy.
S)
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The values of voltage, current, and electrical potential are imposed, respectively, on
Op, O1, and o to be equal to the voltage sources ug € P°(0y), iy € P°(0;), and 0
on ogp:

(2.3) u=uqg on Oy, i=1i50n0;, and ¢ =0 on oyp.

Let us remark that the sign of ug and of iy on an edge e depends on the orientation
of e.

An impedance % € P%(©) is associated with O, which means that u and i are
linked by the constitutive linear equation on O,:

(2.4) i = gu on Os.

We assume that g > gpmin > 0.

We recall that a voltage to current amplifier is a device which imposes two equa-
tions between currents and voltages of two edges. The sets ©3 and ©4 are, respectively,
the sets of amplifier inputs and outputs. Each input edge €} € O3 is associated with
a unique output edge e} € ©4, where [ varies from one to the number of amplifiers
used.

The constitutive relations of the voltage to current amplifier are for each [

(25) ilei - kl’u,|eé =0 and ileé = 0,

where k; € R is the amplification coefficient. The edges €} and €} are, respectively,
called the input and the output of the amplifier. Since (2.5) applies to each amplifier,
we consider that k € P%(©3), and we write the amplifier constitutive equations as
follows:

(26) i|@4 - ku|@3 =0 and i\@s =0.

2.3. The variational formulation. In what follows, we give the variational
formulation equivalent to the above equations.

For ug € P%(Oy), let us define the admissible functions set for the variational
problem

(2.7) VU,q(ug) = {¢p € P(0), 1 =0 on o and L V,1) = ug on Og}

and the following variational formulation. Consider (p,i) € Wqq(ug) x PY(©4) the
solution of

/ gLVTgDVdel(SE)-i—/ iV dl(x)
©2

Oy

- / iV pbdl(z),
(2.8) &
0

/ kLY r jdi(z) —/ ijdl(zx)
O3 O4
for all (1, 7) € Waq(0) x PO(Q,).
Let us remark that j € P°(©,) is used on ©3. We adopt the rule that j takes the
same value on the input e} and on the output €} of an amplifier.
LEMMA 2.1. The variational formulation (2.8) is equivalent to (2.1)—(2.6).
Proof. Let us consider (2.2). Since i = gLV, on Oy, i = 0 on O3, and i = iy
on O,

(2.9)
/@ 2 gLV oV dl(x) + /

SN

iV-,—’L/Jdl(.’L‘)-i-/ iVdel(x) = —/ 1aVrdl(z),
©1

O4
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for all ¢ € P1(©), such that 1 = 0 on . The variational formulation of (2.5) and
the condition u = ug on Qg are

(2.10) / kELV ¢ jdl(z) — / ijdl(x) = 0 for every j € P°(0y)
@3 84

and

(2.11) / LV.p j di(x) :/ ug j di(zx) for every jo € P°(Qp),
@0 eO

where j takes the same value on each €} and €} belonging to the same amplifier. Here i
on O plays the role of a Lagrange multiplier. Equivalently, (,7) € W,q(ug) x P*(04)
is the unique solution of

/ 9LV 1oV bl (z) + / iVodiz) = - / 0V (),
(2.12) ©: ©4 1

/ kLVgpjdl(a:)—/ ijdl(z) =0

@3 @4

for all (1,7) € W,q(0) x PO(Oy).
The proof of the converse is straightforward. |

2.4. An abstract variational system. The analysis of the problem (2.8) in-
volves a variational formulation with the form (2.14) hereafter. This section is devoted
to the study of this abstract variational formulation with inf-sup conditions which are
necessary and sufficient for the unique solvability of the correspondent problem. The
equations (2.8) can be written as follows: Find (g,) € Waq(ugq) x P°(0,) satisfying

a(%ﬂ)) +b1(l7w) l(d))a
(2.13) { bo(.j) — cliv) = O

for all (¢,7) € Waq(0) x P°(O4). Here, b1(.,.) and ba(.,.) are different, and ¢ # 0.

The general abstract variational formulation is now stated. Let X; and M; (i =
1,2) be real reflexive Banach spaces. We assume we are given four continuous bilinear
forms, a: Xo x X1 =R, b;: X; x M; - R (i =1,2), and ¢: My x My — R. For any
given f in X7 and g in MY, we consider the following problem: Find (u,p) € X5 x M;
such that

a(uv 1)) + bl(U7p) = <fv U>a
(2.14) { ba(u, q) — c(p,q) = (9, )

for all (v,q) € X1 x Ms.

REMARK 2.2. In our case X; = X; and M; = M;.

In order to study this problem, let us introduce the linear operators A € £(X5, X1),
B, € L(X;,M]) (i = 1,2), and C € L(My, M}), associated with the forms a, b;
(i =1,2), and ¢, by the relations

(2.15) Yu € X, Yv € X5, (Au,v) = a(u,v),
(2.16) Yu € X;, Yq € M;, (Biu,q) = b;i(u,q),
(2.17) Vp € My, Vg € My, (Cp,q) = c(p,q).
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We denote by Bf € L(My, X]) the adjoint operator of By. The problem (2.14) is
equivalent to the following one: Find (u,p) € X5 X M; such that

by —
(2.18) { 23;_352; _ gf
We define the Banach subspaces
(2.19) W1 = {(u,p) € Xa x My : Bou — Cp = 0},
(2.20) Wo = {(u,p) € Xo x My : Au+ Bip =0}

and give four conditions C; (i =1,...,4):
Condition C.

Y(u,p) € W7 — {0}, SEU)I() (a(u,v) + b1(v,p)) > 0.

Condition Cy. There exists a constant o > 0 such that

V'U c le Sup a(u7v) + bl(vﬂp)

> allly, -
(u,p)eW1—{0} ||(U,p)|\X2xM1 X

Condition Cs.

Y(u,p) € Wy — {0}, Sup (b2(u, q) — c(p,q)) > 0.

Condition C4. There exists a constant (3 > 0 such that

b _
vq c M27 sup Q(Ua q) C(p7 q)

> Bllall g, -
(uwpyewa—{0} |1 D)l xs%0s, Mo

Let us remark that the operator C, according to (2.12), is continuously invertible.
In our case the second equation of (2.18) can be easily solved for p and its solution
inserted into the first equation. Exploiting the particularly simple structure of the
form C would simplify the assumptions C's and C4. Nevertheless, we will not take
into account this simplification voluntarily because we have in mind later to extend
this technique for networks with general amplifiers; we think that the simplification
of C3 and Cy will be impossible, and one aim of the present paper is to provide a tool
for more general networks.

We can prove the following theorem.

THEOREM 2.3. The problem (2.14) admits a unique solution (u,p) € Xo X My if
and only if the four previous conditions C; (i =1,...,4) are satisfied. Moreover, the
following inequality is satisfied:

1 1
(2.21) G P xans < 2l + 5 9l -

Proof. Let us consider the two following problems (2.22)—(2.23): Find (u,p) € W1
such that

(2.22) Au+ Bip=f,
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and find (u,p) € Wa such that
(2.23) Bou—Cp=yg.

The problem (2.18) admits a unique solution if and only if each of the problems
(2.22)—(2.23) admits a unique solution. Moreover, the solution of (2.18) is the sum of
the solutions of the problems (2.22)—(2.23). Consider now the linear operator M:

MW, — X|
20 RS

Since By and C' are continuous, it is clear that W is a closed subspace of the Banach
space Xo x Mj; thus W is a Banach space. The bilinear form m defined by m(z,v) =
a(u,v)+b1(v,p) (here x = (u,p)) is the bilinear form associated with the operator M.
Now, M is one to one if and only if

(2.25) Vo € Wp — {0}, sup m(z,v) > 0.
veX

Equation (2.25) is Condition Cj.
Using Theorem II.19 of [4], M is onto if and only if there exists a > 0 such that

(2.26) allv]x, < ||M*UHW1/ Yv € D(M™).

Since M is bounded its domain is Wi, and D(M™*) (the domain of M*) is equal

to the space Xi. Now, we have ||[M*v| = sup <1 (z, M*v) = supj, <1 m(z,v) =
m(z,v)

SUPLew, Tz - The previous equality and (2.25) give Cs.

Now, let us assume that M is an isomorphism; then thanks to (2.26) we obtain
an estimation of the norm of M~1: |[M~!|| < 1, and the solution of Mz = f satisfies
the estimation

(227) Izl < 151

Using the same arguments as previously for the problem (2.23), we obtain Conditions
Cs and C4, and the solution z’ satisfies the estimate

(2.28) '] < % loll-

The estimate (2.21) comes from (2.27)—(2.28). a

REMARK 2.4. In the particular case C = 0 (typically the Stokes equations), the
previous proof says that Conditions C;, i = 1,...,4, are equivalent to the isomorphism
of the operator A:

A: Xox My — X| x M},

Consequently, from Theorem 2.1 of [3], Conditions C;, i = 1,...,4, are reduced to
the conditions C{, i = 1,2, and C{', i = 1,2, hereafter:
Condition C1.

Vu € Ker By — {0}, sup a(u,v)> 0.
veKer By
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Condition C). There exists a constant « > 0 such that

Yv € Ker By, sup M

z afvlly, -
u€Ker Bo—{0} ||uHKer32 X

Condition C?

70

i =1,2. There exists a constant 3; > 0 such that

bi )
Vg € M;, sup (u.9)
ueX;—{0} ||’U’HX1

> Billalla, -

Also let us note that in [5] the case By = By, C = 0 is also studied. It is a
particular case of the equations considered in [3]. We can find there some results
when C # 0 but with some hypothesis of coercivity for the bilinear forms a and c.

3. Existence and uniqueness under graph like assumptions.

3.1. Statement of the result. In this subsection, we introduce assumptions
based on the graph theory which ensure that Conditions C; (i = 1,...,4) are satisfied.
This means that it is an interpretation in terms of the location of the various devices
such as resistors, amplifier inputs and outputs, current and voltage sources, and earth.
At the end of this subsection, the theorem for the existence and uniqueness of the
solution is stated under these graph like assumptions.

First, let us recall the definitions of path and circuit (see [17] for instance).

DEFINITION 3.1. (i) A path is a sequence of edges where the end of an edge is
connected to the beginning of the following one.

(ii) A circuit is a path where the beginning of the first edge is connected to the end
of the last one. The circuits are denoted by the letter (3.

For these definitions, all vertices belonging to oo (the earth) are considered as one.

Statements of the assumptions.

(H1) There is no circuit solely made up of edges belonging to Q.

It is intuitively clear that two or more voltage sources cannot form a circuit in
a network graph since the tensions are independently given on such a circuit, and
the voltage Kirchhoff equations on such a circuit might lead to a contradiction with
assumption (HI).

Assumption (H1) implies that, for all ug € P°(0y), 1,4(ua) # 0.

DEFINITION 3.2 (of ©2). Let us consider the subgraph ©g U Oy of ©. Thanks
to (H1), there exists at least a subset of edges X of ©g such that ©g U Oy — X is a
subgraph without a circuit of ©gU B2 (i.e., a forest of OgUBs). If, for all X' C X,
Og U Oy — X' contains at least one circuit, we say that X is minimal.

REMARK 3.3. In that case ©gUBOy — X is a spanning forest of OgU Oy (for this
definition and the following remarks see [12, 13, 14, 15, 16, 17]).

REMARK 3.4. FEvery X minimal in the previous definition contains the same
number of edges.

REMARK 3.5. There exist algorithms for the construction of such a spanning
forest. .

Now, let us fix such a subset X and denote for what follows ©, = X and ©, =
0, — X.

(H2) For every edge e € ©1 U ©3 U Oy, there exists a circuit § such that {e} C
B C OyUBO, U {e}.

In order to satisfy the current Kirchhoff law for a graph without amplifiers, a
necessary condition for the unique solvability of a network is that the set ©; should
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not contain any cut set, where a cut set is a minimal set of edges whose deletion will
increase the number connected components by one (see [17, Chapter 2]). Since the
current is given independently on each edge of ©3 and O, physically we extend this
condition for all the edges of ©; U O3 U ©,. Using the definition of O, we can show
that the interpretation of this last condition is (H2); nevertheless, we leave the details
to the reader since the justification is quite technical.

LEMMA 3.6. Hypothesis (H2) does not depend on the choice of X.

Proof. If it is not true, there exist X’ minimal and a branch e € ©; U ©3 U O4
such that there is no circuit in ©g U (03 — X') U {e}.

Since ©gU O, is a spanning forest of ©gUBO, U {e}, if we add any edge of 0,U {e}
we will obtain a circuit. On the other hand, ©¢ U (02 — X’) is not a spanning forest
of ©p U O3 U {e} since there is no circuit in Og U (©2 — X') U {e}. Therefore we can
get a spanning forest containing ©¢ U (02 — X') U {e}. But X and X’ have the same
cardinal, so we have obtained two spanning forests of ©g U O3 U {e} with a different
number of edges. By section 1.2 of [17], this is not possible. O

DEFINITION 3.7. Fore € ©; U évz U O3 U Oy, there exists a unique circuit 3 such
that {e} C B C {e} UOgU Oy (see section 1.2 of [17)], definition of a fundamental
system of circuits associated with ©g U O3 ). We denote this circuit by Z(e).

The definition of Z(e) implies V1)), is a linear combination of (V9o )erez(e)—fe} -
Therefore the following result holds.

LEmMMA 3.8. If (H1), (H2) are fulfilled, there exists C > 0 such that for all
e€c OGU @NQ U O3 U B4 we have the estimate

(3'1) |er|e < C|VT¢|Z(e)—{e} Vi € \I/ad(ud)'

COROLLARY 3.9. If (H1), (H2) are fulfilled, there exists C' > 0 such that for all
e € ©1 UBy, UB3U 0O, we have the estimates

(3.2) IVitle < CIVitlgum, V¥ € Yaa(ua)
and
(3.3) IVrple < ClVylg, Vb € Vaq(0).

Now, we give some definitions and immediate consequences useful in what follows.
These definitions are illustrated with examples in the following subsection.

DEFINITION 3.10 (of a relation r in the set Oy U ©3 U ©4). For e and €' in
O U O3 U Oy, we say that e 1 ¢ if and only if Z(e)N Z(e') N Oy # .

REMARK 3.11. The previous definition implies that if e r €', then the set
Y(e,e') = Z(e) U Z(e') — (Z(e) N Z(€')) is included in Oy U Og U {e, e’} and is a
circust.

LEMMA 3.12. Ifere, then

IVile < CIVly(een—tey < ClVe¥lg,uger V9 € Vaa(0).

DEFINITION 3.13. A sequence c(e,e’) associated with the relation r is a set
{e,e1,...,ex, €'} of elements in O3 UO3 U Oy such thater e, e;res, ..., epre.
DEFINITION 3.14. The set-valued function R from ©4 to P(O3) is defined by

es €04 — R(eq) ={e3 € O3 : there exists a sequence
which satisfies c(es,eq) — {e3,e4} C Oz}
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Now, we assume that the network © contains N € N amplifiers denoted by
A; = {e},ei}, i = 1,...,N. The corresponding coefficients will be denoted by k;.
Let us associate with the function R the directed graph G = (V| E), where the set
of points V' are the amplifiers A; (i = 1,...,N) and the set of directed edges are
the pairs (4, A;) when e} € R(e}). The following assumption is formulated as an
hypothesis on the graph G.

(H3) G is without a circuit.

REMARK 3.15. One can use classical algorithms to check (H3) (see [12, 17]).

Roughly speaking, a path in the directed graph G shows the propagation of the
information through the amplifiers. So assumption (H3) does not allow any circuit of
amplification which would lead to a infinite amplification.

(H4) In each connected component of ©® — ©; there is a vertex belonging to oy.

Assumption (H4) eliminates the constant potential.

REMARK 3.16. Assumption (H2) implies that there exists a positive constant C
such that for every ¢ € Uuq(0) we have |Viplo, < C|V lo—o,. It implies the
continuity of the linear form () = — fel 1aV - dl(z) with respect to the seminorm
|V |o. Taking account of (H4) we obtain that |V |e is a norm on W,4(0).

Now we are ready to state the theorem of existence and uniqueness.

THEOREM 3.17. If assumptions (H1)—-(H4) are fulfilled, then the variational
formulation (2.8) has a unique solution.

3.2. Illustration of the assumptions. We consider two similar examples de-
scribed in Figure 3.1 for which we determine the graph G.

For both examples, assumptions (H1), (H4) are obviously satisfied. Removing the
set {€2} U O U B3 U Oy, from these two networks we obtain the same spanning forest
Oy U @72A(Jiescribed in Figure 3.1.

So ©2 = {€3}, and it is clear that assumption (H2) is satisfied.

R R

Fic. 3.1. The spanning forest for Examples 1 and 2.
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Fic. 3.2. Ezample 1.

ﬁz ﬁs ﬂz ﬁs

Fic. 3.3. Graphs G1 and Ga.

Ezample 1 (see Figure 3.2). The amplifiers 4; = {e},e}}, i = 1,2,3, are such
that Z(el) N Z(e2) N O # 0 and Z(e3) N Z(e3) N Og # 0, so
(3.4) esres and e2rel.
Thus (e}, ¢3) = {e}, 3} and (e, ) = (€3 e} Hence, e(eh, ) — {eh, 3} = 0 C &
and c(e?,e3) — {e3,e3} = 0 C ©y. Therefore the function R is defined by

R(ey) ={e3}, R(ei) ={e3}, and R(e}) =0.

The directed graph G is given on the left side of Figure 3.3.

There is no circuit in Gy: assumption (H3) holds.

Ezample 2 (see Figure 3.4). The amplifiers A; = {e%,e}}, i = 1,2, 3, satisfy (3.4)
and

3.5 e2réy; 631 ek,
1 3
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Fic. 3.4. Example 2.

From (3.5), there exists an additional sequence c(e?,el) = {2, 2, el} such that

c(e2,ed) — {2, 63, es} = {é3} C ©,. Thus the function R is defined by

R(ey) = {e3}, R(ei) = {es,e3}, and R(e}) =0
The directed graph G5 is given on the right side of Figure 3.3. The circuit {45, A2}
belongs to Gs, so assumption (H3) does not hold.

3.3. Notations for the proof. Some additional notations and properties are
introduced in this section. They are of constant use in the proof of the existence and
uniqueness theorem. .

First, we define a subset of ©5 associated with each edges in O3 U Oy4.

DEFINITION 3.18. Under (H1), (H2), ife € ©3UBy4, X (e) is the set of elements eq

of é; such that there exists a sequence c(e,es) which satisfies
c(e, e3) — {e} C Os.
We also define
Z'(e) = (Z(e) U Z(eg)> NO,.
ea€X (e)

From Definition 3.18 and Lemma 3.8 we have the following.
LEMMA 3.19. Under (H1), (H2), there exists C > 0 such that for alle € ©3U04
and ¢’ € X(e) U {e} the following estimate holds:

|v‘r¢|e’ < C|v‘rw|Z’(s) V’l/) € \I]ad(o)~

Now we give two lemmas useful in what follows.
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LEMMA 3.20. Under (H1), (H2), there exists C > 0 such that for alle € ©3U04
and € € Oy — X (e) we have

IVole < CIV-Yle, 70y V¥ € Waa(0).

Proof. An immediate consequence of Definition 3.18 is that if € € ©; — X (e), then
Z(€)NnZ'(e) = 0. We conclude with the help of Lemma 3.8. 0

LEMMA 3.21. Under (H1), (H2), there exists C > 0 such that for all e3 € O3
and eq € O4 which satisfy es ¢ R(eq) we have the estimate

(3.6) [V )le, < C|va|@—Z’(eg) Vi € Wuq(0).

Proof. By the definitions of R (see Definition 3.14) and Z’(e3) (see Definition 3.18)
we have Z'(e3) N Z(eq) = (). With the help of Lemma 3.8 we conclude the proof. O

Now, we define a partition of @4 based on assumption (H3).

LEMMA 3.22. Under (H1)—(H3) there exists a partition ©;UOTU---UOL of O,
such that (1) and (ii) hereafter are satisfied:

(1) @}1 = {651 € 0y | Vey € @4, eé ¢ R(€4)}

(ii) ©} = {ei € 04 | Veq € O4 such that €4 € R(es); then

eq C U ©%, and there exists e, € ©%" such that €} € R(e4)}, ji=2,...,p.
i<j

Proof. From (H3), G is without a circuit. The set of vertices of V' without a
predecessor is not empty (see, for instance, [12, Chapter 2]). Then we can associate
with each vertex A; one and only one level j = 1,...,p in the following way:

(i) A; is of level 1 if and only if A; is without a predecessor.

(ii) For j = 2,...,p, A; is of level j if and only if its predecessors are of level
strictly lower than j and at least one of them is exactly of level j — 1.

Now we consider the partition ©4 = |Jf_, ©] such that e} € ©} if A; is of level j.
From Definition 3.14 and G, it is clear that this partition satisfies (i) and (ii). a

DEFINITION 3.23. Under (H1)-(H3), we define the partition O U3 U--- U O}
of ©3 such that e} € @% if and only €}, € @i, j=1...,p.

3.4. Technical results. The proof of Theorem 3.17 is based on the following

general technical results.

LemmA 3.24. If (H1), (H2), (H4) are fulfilled, then the seminorm |V ilg, =
(f@—2|V71/)\2)%dl(a:) is a norm on W.4(0).

Proof. 1t is a direct consequence of Corollary 3.9 and Remark 3.16. ]

LeEmMA 3.25. If (H1), (H2), (H4) are fulfilled, then the bilinear form af(.,.)
defined by

a(ip, ) = / LV oV bdl(z) Vg, € Wau(0)

2

is continuous and coercive on Wo4(0). Moreover, the problem

alp,¥) = U(¢) V¢ € Waa(0),
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where 1 is a linear continuous form on ¥,4(0), admits a unique solution ¢ € ¥ 44(0).
There exists a constant C, C > 0, such that the solution y follows the estimation

1
el < & 1l w,a0) -

Proof. The continuity follows immediately. For all ¢ in ¥.4(0), a(y,v) =
f®2 Lg \V7w|2 dl(x) > LminYmin |VT¢|?_)2. From Lemma 3.24 there exists C’ > 0 such

that |VT¢|2@2 > ||¢||2 Setting C' = gmin LminC’, the bilinear form a is coercive on
¥,4(0) since for all ¥ in ¥,4(0)

a(p, ) > C ||y

We conclude with the Lax-Milgram theorem. a
LEMMA 3.26. Let us consider K1 C Oy and Ko = O3 — K1 and set

(3.7) U, = { € Uoq(0) : Vop, =0 Ve € K,}, i =1,2.

Under (H1), (H2), (H4), ¥,4(0) = ¥; & U,
Proof. For any ¢ € U,4(0), let ¢; be a function in ¥y such that

val =V.¢ on K,
=0on KQ.

1, exists because there is no circuit in ©2. Thus from Lemma 3.24 ), is defined on ©.
It is the same for ¢, € ¥y such that

Vothy = V1) on Ky
=0on K.

Hence V, ¢ = V, 9, + V.1, on Oy; thus from Lemma 3.24 ¢ = 1), + 1), on O. If
1 € U Ny, then V,¢ = 0 on O, and from Lemma 3.24 ¢ = 0. So the sum ¥; @ ¥,
is direct. O

LEMMA 3.27. Under (H1), (H2), we have the following:

(i) For alle € ©3U O, and all € € Oy we have

¢ € X(e) if and only if Z(e'Y N Z'(e) # 0.
(ii) For all e € ©3 and all ¢ € ©4 we have

e € R(e') if and only if Z(e') N Z'(e) # 0.

Proof. (i) If ¢/ € X (e), then obviously Z(e’) C Z'(e). Reciprocally, if Z(e') N
Z'(e) # 0 there exists a sequence c(e, €’), and thus e’ € X (e).

(ii) Tt uses analogous arguments as in (i). 0

COROLLARY 3.28. Under (H1), (H2), (H4), for e € O3 U Oy, let K1 = Z'(e),
Ky = 05— Ky, and ¥y and Uy be defined as in Lemma 3.26. Then, for all (1y,1,) €
\Ifl X \I/Q,

/~ gLV -1V ahydi(z) = 0.
[SP}
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Proof. Since 1, € ¥y, then V,1; =0 on X(e) C Z'(e), and, consequently,

(3.8) | oLV Vovsdia) = [ gLV, Vi)
O O©:—X (e)
For all ¢ € Oy — X(e), Z(¢/) N Z'(e) = 0 by Lemma 3.27. Thus Z(¢/) N O, C Ko,
and this implies V;1, = 0 on Z(e'). Thus, V 1y, =0 for all ¢’ € 0, — X(e). With
(3.8), this leads to the result. |
COROLLARY 3.29. Let us assume that (H1), (H2), (H4) hold. Let e € ©35U Oy,
K1 =27'(e), Ky =0y — K1, and ¢ € ¥,4(0) be the unique solution of

o, ) = / Vopdi(z) Vb € Uag(0).

Then ¢ € Uy (Vs defined as in Lemma 3.26); that is, V. =0 on ©2 — Z'(e).
Proof. By Lemma 3.26, W1 © Wy = W,q(0). Let ¢ = @1 + ¢y, ¢ € ¥1, and
g € Wy; then ¢, is the unique solution of

a(@1a¢) = _a(@zﬂ/J) Vw € \I’Ia

since [, V¢ =0 for all ¢ € ¥;. Therefore for all ¢ € U1, a(p,,¥) = f@2 gV Vih =
fé2 gV sV 1p = 0 by Corollary 3.28. Hence a(p;,%) = 0; thus féguZ’(e) gV o1 Vot
= 0 for all ¢» € ¥;. This implies V,; = 0 on Z’(e) and thus on O, and, finally,
¢, = 0 on ©. Consequently, ¢ = ¢,; i.e., Voo =0 on Oy — Z'(e). 0

LEMMA 3.30. Let us assume that (H1)-(H4) hold. Let j € {1,...,p} (here and
in what follows p is given by Lemma 3.22), ey € O}, K1 = Z'(eq), Ko = 03 — K1,
and ¢ € U,4(0) be the unique solution of

o, ) = / Vopdi(z) b € Uog(0).

Then V.o =0 on U<, Uegeeg; Z(es), where ©} is given in Definition 3.23.

Proof. By Corollary 3.29, we know that V.o = 0 on O3 — Z'(e4). It remains to
prove that ©; N Z(e3) C Og — Z'(ey) for all e3 € OF and all 1 < i < j. However,
if Z(e3) N Z'(eq) # 0, then e € R(eq) and is a contradiction with the fact that
i<j. 0O

COROLLARY 3.31. Let us assume that (H1)-(H4) hold. For all © C © (j €
{1,...,p}), « € PY(O), let | be the linear form defined by l(¢) = [o, aVpdl(x) and
© € U,4(0) be the unique solution of

(3.9) ale,¥) = 1Y) Vi € Waq(0).

Then Vo =0 on U;<;<; Ue el Z(€3).
Proof. For eq € ©7, we denote by ©., the solution given by Corollary 3.29.
Hence ¢ = 264691 Q|e, e, Then ¢ is the solution of problem (3.9). Therefore, by

Lemma 3.30, each V.., =0 on Z(e3) for all e3 € ©% and all i € {1,...,5}. So this
is also true for . 0

LEMMA 3.32. Let us assume that (H1), (H2) hold. Let e € O3 and ¢ € V,4(0)
be given. Let us consider ¢ € W¥,4(0) such that

(3.10) V. =0 on Oy — Z'(e)
(3.11) =V, on Z'(e);
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then

V. =0 on (04— R (e)) U (Oy — X(e))
= V.0 on R (e) U X (e),

where R™'(e) = {e4 € O4: e € R(eq)}.

Proof. Since V.4 = V,p on Z'(e) and for all ¢ € X(e), Z(e') — {¢'} C Z'(e),
then V.9 = V.p on Z(e') — {¢'}, and thus V;9., = V; .. The same proof holds
for ¢/ € R71(e).

If ¢ € O, UO, — (R (e) U X(e)), then by Lemma 3.27 Z(¢/) N Z'(e) = 0, and
thus V.4 = 0 on Z(e') — {e'}, and, consequently, V1., = 0. O

3.5. Proof of Theorem 3.17. Since (H1) is satisfied, there does not exist any
circuit included in ©g. Therefore, for all ug € PY(Qq), Voq(ug) # 0. Let us consider
@ € Waq(ug) and the problem satisfied by (,7) € W,q(0) x PY(04):

(3.12) { (@) +hiEw) = 1) - a(@ )~ b v),

b2(@,4) —ci ) = —b2($,5) +c(i, )

for all (1, ) € Waq(0) x P*(Oy), where we have set % = ¢ — 3, ijo, = kV,P|o,, and

1=1—1.

The problems of existence and uniqueness of (¢,) or (,4) are equivalent. Thus,
in what follows, we consider only the case where ug = 0.

Now, let us write more simply the problem (3.12) as follows: Find (¢,i) €
U,q4(0) x P°(©4) the solution of

ba(p,j) —c(i,j) = l2(j)
for all (1, 7) € W,q(0) x P°(O4) (here I; and Iy are linear continuous forms).
We will check the four conditions C; (i = 1,...,4) successively.

Condition C.

V(p,i) € W1 —{(0,0)},  sup (a(p,¥) +bi(i,9)) >0,
Taa(0)—{0}
where W1 = {(¢,1) € Waa(0) x P°(O4) : ijo, = kK(LV,¢)|0,}-
If C1 does not hold, there exists ¢ € U,4(0), ¢ # 0, such that for all 1 € ¥44(0)

(3.14) /6 gLV oV 4pdl(x) + /@ k(LV1¢) 10, Vpdl(z) = 0.

For all e € O3, we choose 1 € ¥,4(0) satisfying (3.10)—(3.11). Using Lemma 3.32,
(3.14) leads to

i) | SLIV ol i)+ [ KLY )0, Voo, dl(w) 0.
Z'(e)UX (e) R~1(e)
We shall show by iteration that Vrcp|e3 =0 for all e5 € @é.
If e € ©3, R7'(e) = 0, then (3.15) leads to V¢ = 0 on Z'(e); thus V¢, = 0.
For j > 1 and e € O, every ¢}, € R™1(e) is in one of the subsets © with i < j, and
hence VTg0|elg = 0; consequently, we also get V¢, = 0.
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Now, with ¢ = ¢ in (3.14), it remains that [, gL|V,¢|*dl(z) = 0. This leads
to ¢ = 0 and proves Cf.

Condition C3. We have to show that there exists o > 0 such that, for all ¢ €
U,4(0), we can find (p,7) € W7 — {0} satisfying

[ oLVepv i)+ [ 9 wdi) 2 a0l 1]
@2 @4
or, equivalently, find ¢ € W,4(0) — {0} such that
(3.16) /@ gLV oV ripdl(x) +/® k(LV79) 0, Vribdl(z) = a ol 4] -
2 4
For all ¢ € ¥,4(0), let us suppose for the moment that there exists ¢ # 0, so that
(317) o)+ [ KLV rp)i0, Tridi(o) = alo ),
4

with the following estimate:
(3.18) lell < Clll,
where C' > 0. Then from (3.17) and (3.18)

a((p7’(/}) + /; k(LV-,—QD)K_)SV-,—’(/Jdl(iL') = a(l/’,l/J) Z Lmingminc ||90H ||1/}H .

4

That proves Cs. It remains to find ¢.
Let us denote 9 = 1. By iteration on j =1,...,p, with the help of Lemma 3.25,
let us consider the solution %; of

(3.19) a(yy;, ') =) V' € Waq(0),

where [; is the linear form defined on ¥,4(0) by

(3.20) L) =~ Z /l ket <Lv7<iwi)> V' dl(z).
i=0 e

eheol "
We set
P
(3.21) o= 1,
3=0
It is easy to show that (3.18) holds. Applying Corollary 3.31 we see that V¢, =0
on U< Uege@g Z(e3). Therefore, for each j = 1,...,p, we can write

S / Ty (LVT (Zzp)) V' di(z)
i=0 le

i €
4 1
ebeol 3

p
-- Y / ke (LVT< w)) V. 'dl(z)
€4 1=0 ley

el eo)
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for all 1" € ¥,4(0). Using (3.19) and (3.22) we have the following equalities:

alp, ) + / KLYV 0) 0, V()

O,

i=0 ©4 i |©3

=0

= a(?ﬁ, ?ﬁ) + a('(/Jja ¢) + Z /l keg (LVT (Z %)) Vdel(J?)
= j v €4 i=0 le

=1 i=1eleco] l

J °3

= a(¥, ).

Thus (3.17) holds.
Condition Cs.

V(p, i) € Wo —{0},  sup (b2(w,j) — (4, 5)) > 0,
JEPO(O4)

where
Wa = {(p,1) € Waa(0) x B*(O4) : Vo € Waq(0), alp, ¥) + bi(i,¥) = 0}.
Suppose that we do not have Cj5: there exists (¢,7) € Wy — {0} satisfying, for all
JE PO(@4)7
(3.23) | by @Veo)e dadi@) = [ i) = o
@3 @4

It is clear that (3.23) means ijg, = k(LV,¢)je, and, consequently, implies

[ oL e¥wdia) + [ MLV, p)e,V bdl() =0

@2 64

for all ¢ € 9,4(0). Since C holds, we obtain ¢ = 0, and therefore i = 0.
Condition Cy. There exists a constant 3 > 0 such that

b (o 8 — ol i
Vi € P°O,).  sup 2(p,5) — (i, 7)

(i) eWwa—{0} 1(0: )l w,q0)xPo(04)

2 Bllillpoce,) -
Let j € P°(0,), j # 0. Let us suppose that there exists ¢ € W,4(0) such that
B2)  alpw) = [ (= (KLVr9)e))Vrtdl(a) Vi € Waa(0),

4

with the estimate

(3.25) lell < € lllpoe,) »
C’ > 0. If we set

(3.26) i=—j+k(LV,0)e, € P'(O),
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(3.24) implies that (p,i) € Wy — {0} with the estimate ||i|] < C” ||¢||. Then, from the
previous estimate, the estimate (3.25), and (3.26), we have

ba(.d) — clij) = /@ KLV, jl(z) — /e i jdi(a)
- /jjdz(x>=||ju2
[Sh

"

1 . C AL
ar el = = e, D -

Y

That will prove Cy. It remains to find ¢: let us denote 1, = 0. Let ¢, € ¥,4(0) be
the solution of

J=0

k-1
(327) (. d) = / ,(j—k(L%Z%) )Vﬂﬁdl(w) Vb € Wau(0),
o 04

k=1,...,p. Using the same argument as in the proof of Cs, the function ¢ defined
by (3.21) is the solution of (3.24) with the estimate ||¢[| < C [|j[|po(g,)- Now, we set
i=—j+k(LV:p)e, € P’(04); hence (3.24) implies that (p,i) € Wa — {0} with the
estimate (3.25).

3.6. Optimality of conditions (H1)—(H4). Theorem 3.17 gave sufficient con-
ditions for the unique solvability of networks, containing voltage and current sources,
resistors, and voltage to current amplifiers. Since negative resistors or negative ampli-
fiers are useful to model certain physical devices, we do not wish to exclude them. In
what follows, we consider networks which do not satisfy one of assumptions (H1)—(H4),
and we prove the existence of some coefficients g and k such that the unique solvabil-
ity does not occur. Indeed, we have already seen the usefulness of conditions (H1),
(H2) (for e € ©4), and (H4). In subsections 3.6.1 and 3.6.2 we prove, respectively,
that (H2) (for e € ©3 U O4) and (H3) are necessary for the unique solvability of the
networks considered in this paper.

3.6.1. (H2) is necessary. First, we show that if our problem admits a unique
solution, then each e € ©3 U O4 is included in a circuit.

If an edge es € O3 does not belong to a circuit, Condition C5 is not satisfied;
indeed, we do not have (3.16) with ¢ € ¥,4(0), V;¥)0,0e, = 0, and V. 9., # 0.
Whereas, if an edge e4 € ©,4 does not belong to a circuit, Condition C5 is not satisfied.
To see that, we consider ¢ such that V;p\g,00, =0, i =0, and V.., # 0. Hence
(p,i) € Wy — {0}, and (3.23) holds for all j € P°(Q,).

Now, we assume that (H2) (for e € O3 U 0©4) does not hold. Then there exists
e € ©3U 0y such that no circuit is included in ©gU O, U {e}. Thus for every circuit 3
which contains e the following assertion holds:

(P) There exists ¢/ € ©3 U O, such that {e,e’} C 3 C OgUBOyU{e, e}

Three cases for such e and ¢’ can be distinguished.

First case. ¢ € O3 and ¢ € ©3. There exists ¥ # 0 such that V.3 = 0 on

O, U0, —{e,e'} and (LV,9). = —(LV;1))er, and we get

/ gLV oV hdl(x) Jr/ E(LV7¢)j0,V pdl(xz) =0
S5 Oy

for all ¢ in ¢,,4(0). So Cs is not satisfied.
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Second case. e € ©4 and ¢ € ©4. There exists ¢ # 0 such that V,¢ = 0 on
O, U 03 —{e,e'} and (LV;¢)|. = —(LV,p)e, and we get

[ 9LV i@+ [ LY o), Vvdi(e) = 0

Oy

for all ¢ in ¢,,4(0). Thus, C; does not hold.
Third case. e € ©3 and €’ € ©4. Consider ¢ € V,4(0) — {0} such that V. # 0
and V,;¢ =0 on ©y. Thus V,¢ =0 on Oy and, for all ¢ € ¥,4(0),

(3.28)
/@ 2 gLV oV dl(z) + /

i k(LVT¢)|@3VT¢‘@4dl(x):/ KLV, ¢) 0, Vrtje,dl(z).

Oy

For each ez € ©3 such that V ¢ # 0, setting k|, = 0 we get, for all 1) € W,4(0),

(3.29) / LgV oV dl(z) +/ k(LV:¢)105Vrje,dl(z) = 0.
O, O4
So C; does not hold.

Hence, for every coefficient L, g, k assumption (H2) is necessary for the existence
and uniqueness of the solution.

REMARK 3.33. In the last case, the existence and uniqueness does not occur when
some coefficients k|, vanish, i.e., when the input and output of the correspondent
amplifiers are some passive current sources. For such metworks, it can occur that
the problem remains well posed when k # 0 for every amplifier. Two such cases
are represented in Figure 3.5. Nevertheless, in both cases the output current iz is
independent of the corresponding coefficient amplifier ko; that is, the amplifier does
not do its work. Those are degenerate situations.

Fic. 3.5. Two degenerate cases.

3.6.2. Optimality of (H3). Here, we assume (H2) but not (H3), so it turns
out that C cannot be satisfied. Let us consider all the fundamental circuits in G,
denoted by

i i
Af, A



380 MICHEL LENCZNER AND DENIS MERCIER

where i is the index of the circuit number i. We transform the A% in the following
way:

eév" is replaced by a current source ig = 0,

N7‘, : N N7
e, ' is replaced by a current source iq = ¢;* # 0.

Hence, all the circuits are removed in G. Assumptions (H1)-(H4) are still satisfied
by this modified network. Thus we can apply Theorem 3.17, and we deduce that
there exists a unique solution ¢ for this network. Then, choosing the coefficients k*Vi
so that the amplification relations (2.5) are satisfied, ¢ # 0 and fulfills the equality
(3.14). Consequently, Condition C; does not hold, and this proves the optimality of
assumption (H3).

4. Homogenization of periodic electrical networks. The major emphasis of
the previous section was the derivation of the variational formulation for an electrical
circuit. The cornerstone of the simplified modelling of periodic mechatronic systems is
the possibility of dealing with periodically distributed electrical circuits. This section
is devoted to this point and make use of the well-known homogenization techniques.
It consists in passing to the limit in the model when the period size goes to zero. The
limit model derived with this asymptotic method is referred to as the homogenized
problem.

4.1. Statement of the periodic circuit equations. Let us first define the
11

standard unit cell Y = ]—%, 2[" which, upon rescaling to size e = 3 (N € N*),
becomes the period in the periodic circuit. The network is now denoted by ©°¢ to stress
that it is eY-periodic. We restrict our study to the case where ©¢ has N cells in each
of the n directions. So ©°¢ is included in Q = [0, 1]"; see Figure 4.1. The N™ identical
cells of the square {2 and of the circuit ©° are denoted, respectively, by Y;° and T
when their center is 7. A translation and an expansion by a factor N map Y,;* and T
to Y and T C Y. The multi-integer i = (iy,...,4,) which enumerates all cells in
takes its values in N”. We assume that the spatial distribution of the electrical devices
is also periodic. The set of nodes o¢ connected to the ground is an exception; it is
divided into two subsets, of and of, that are periodically distributed, respectively,
in  and, as detailed later, on each of its faces constituting its boundary I'.

When the values of the resistors g° € PY(05), the admittances g° € P°(03),
the amplifier coefficients k¢ € P°(©3), the voltage sources u§ € P°(0§), the current
sources i € P?(©%), and the branch lengths L° € PY(©°) are chosen, one rewrites
the variational formulation (2.8) of the circuit equation as follows: Find (p®,:°) €
Ve (u5) x PY(O3) the solution of

[ srvevwaw+ [ i#voae = - [ Gvede)
@E @E @E
(4.1) : : 1
/Lskqu.goejdl(x)f/ L5 jdix) = o,
o5 S)

satisfied for all (¢, j) € W& ,(0) x P°(©F), where the set of the admissible functions is
c(us) = { € PH(O%), ¢ =0 on 0, and L V1) = u5 on 65}

4.2. Homogenized model. The final result of this article is the homogenized
model whose solution ¢° can be seen as an approximation of the solution (° of the
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Fic. 4.1. A periodic network and its reference cell.

original problem when the number N = é of cells tends to infinity. The justification
of this approximation relies upon the convergence of ¢ in a sense that is fully detailed
in section 4.4.1. Before stating the homogenized model, let us introduce a partition
of T in crossing and no crossing branches.

NoTATION 4.1. (i) The subcircuit T' C T is constituted of paths which are
traversing the cell Y whose tips are located periodically on its boundary JY .

(ii) The complement of T' in T is T".

(iii) The subcircuit T of crossing paths has n. connected components denoted
by TY, where q takes its values in {1,...,n.}. In other words, T' = UZ;1 T,

(iv) J9 C {1,...,n} is the set of the directions of the paths which are traversing
the cell Y and belonging to the connected component TY .

(v) For each g € {1,...,n.} all vectors x € R™ are divided into two blocks T¢I =
(7i)icga and Y7 = (yi)igja-

Inverse translations and expansion mappings of section 4.1 applied to T, T”,
and T" define the subnetworks 7', T, and Tf" of Tf and then the subnetworks
0% = J, T¥, 0 = |J, T, and ©°" = |J, Tf" of ©°. Let us remark that the def-
initions of ©% and ©%” of section 4.4.1 which are based on the two-scale transform
are equivalent to the last one. Figure 4.1 illustrates the definition of crossing subcir-
cuits ©¢ and no crossing subcircuits ©%” of ©°. In this case, the direction which goes
from the left to the right is a direction of crossing, and the direction which goes from
the bottom to the top is a direction of no crossing.

For the moment, we are unable to treat the most general case; hence we make the
three assumptions 0§ C ©°”, 0% C ©%, and T N JY = &. The first two are natural;
hence it does not seem necessary to weaken them. Let us emphasize that the third
one could be weakened in some sense but not totally omitted. A typical case that
does not fulfill the third assumption and therefore does not enter into our theory is
represented in Figure 4.2. The periodic network ©¢ is made of crossing paths in a
direction that is not orthogonal to any coordinate axis. So there is no crossing path
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with periodic tips in 7" and T” which is equal to T meets dY. As mentioned, we
are unable to treat, in a general manner, such an example, but a great part of our
program goes through, and we expect the method, suitably modified, to work in this
case also.

Since 0% is included in ©, it is divided into n. subsets (0FNO%" ) ey, . n.}, Which
are assumed, for the sake of simplicity, to be periodic on each face of the domain ().
For each index ¢ enumerating the connected components, I' may be separated into I'},,
which meets of. N ©%’, and its complementary set I'%;.

The restrictions ((pq )qe{l ~~~~ n.} of the electric potential ¢° to ©9" converge, in
a sense that is explained in the material of section 4.4, toward the solutions ¢° =
(¢°1(29))geqa,....n.} of the homogenized model. This last is a system with n. partial
differential equations enumerated by p varying from 1 to the number of connected
components ne,

11 0 - 10 0 01
—Z@( ) SICTIR RIS et ) S oo,
(4.2) ieJp (g.9)€T q=1 (¢.9)eT

Ne
+ G =" 0., H), + HY in Q,
i€JP

and with boundary conditions

ne
z( S 6,0 ZG)
q=1

(4.3) i€J? \(q.4)€T
=— Z Hjng; on T and ¢° =0 on I'},.
=
The set J of multi-integers enumerates all the crossing directions for each reference
axis
J ={(p,i) €{1,...,n.} x{1,...,n} so that i € JP}

(Gg‘llj)pe{lvwnc}x(QJ)EJ’
HO(2))peqi,... n.} are

and the coefficients (qu”)((p’ ),(0,5))ET? (G;gl)(p z)ej, q€{l,...,ne}>
and (Gpg)p.qe{1,...,n.}» and the right-hand sides (H i(2) (piyea (

Pq)



HOMOGENIZATION OF ELECTRICAL NETWORKS 383

defined in (4.6) and (4.7). The parts I'}; and I'}; of the boundary I' are defined in
section 4.4.1.

It is useful to say that ¢° € H(Q)" is the solution of the strong formulation
(4.2)—(4.3) if and only if it is the solution of the following subsequent variational
formulation: Find ¢° € U9, such that

(4.4) a®(¢%,0°) = 10" vy’ e Uy,
where the set of admissible functions is
0 =¥ = (W")peqr,.my € H(Q)™ so that Vz9p” = 0 and ¢°” = 0 on T, Vp}.

The bilinear form and the linear form are

/ Z < Z quw Za‘Poq—’—Zquz‘Poq)azﬂﬂOp
(p,%)

(¢.9)€T g=1
+z( 5 e ol ) i
p=1 \(q,j)€T

and
1°(y° / Z L% (2) + Z HY(2) ¥*(2) d=.
(p,1) p=1

As usual, existence and uniqueness of ¢° can be established indifferently with any of
the two above-mentioned formulations.

The scalar case, n. = 1, is well documented in Chapter 8 of Gilbard and Trugin-
ger [11] for Dirichlet boundary conditions. Other boundary conditions are studied in
articles referred to in this treatise.

4.3. Homogenized coefficients and right-hand sides. The aim of this part
concerns the determination of the coefficients G and the right-hand sides H of the
equations of the homogenized model. The usual method consists in the use of the
problem micro or cell problem, stated in section 4.4.4, in order to express the fields
micro as functions of the fields macro and then to plug these expressions into the
two-scale model stated in section 4.4.3. This yields a set of equations having only
macroscopic fields as unknowns, which is precisely the homogenized model. We will
follow this method, except that we make use of the so-called modified cell problem
in place of the cell problem. There are at least two drawbacks in using the original
cell problem. The first one is that it includes some nonstandard devices that are not
implemented in classical electronic circuit simulators. Thus the modified cell problem
has been designed so that on one hand it produces an equivalent solution to that of
the original problem and on the other hand it is directly implementable with usual
simulators. The second point is that a new theorem for the existence and uniqueness
of the solution is required when nonstandard devices are in the circuit cell. This is
evidently avoided when a reformulation with standard devices is possible.

The definition of the modified cell problem is presented in the first subsequent
subsection when the expression for G and H that make use of certain of its solutions
are fully stated in the next one.
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4.3.1. The unit circuit cell 7. Accordingly to the partition of ©¢, the unit cir-
cuit cell T' C Y is partitioned in voltage sources Ty with voltages ug, current sources T
with currents i4, resistors T with admittances g, and inputs T3 and outputs Ty of
amplifiers with coefficients k. The nodes that are connected to the earth are denoted
by So. The so-called modified circuit cell T = U?:OTi, which will be built in what
follows, is generated, starting from the circuit 7" = U?:o T;, by two transformations.
The voltages, the currents, the electric potential, and the voltage sources in 7 are
denoted, respectively, by u, i, ¢, and Uy. The current sources are the same as in the
original circuit, so their notation 74 remains unchanged.

In this section, one makes use of the vectors n = ((1])iesa)ge(1,....n.} and ¢ =
(¢?)qeqa,....n.y that will be replaced by the macroscopic fields of electric potential o =
((poq)qe{l,wnc} and by their derivatives ((9,, @Oq)iejq)qe{l’.”’nc} for the derivation of
the homogenized model. At this stage ¢ and 1 are some given vectors of real numbers.

Now, we depict the two nonstandard features of the original cell problem which is
stated in section 4.4.4 and the required transformations. Using a standard simulator,
the way to impose the periodicity conditions to the electrical potential (! is to link
the concerned nodes by a zero voltage source. In addition, let us mention that the
restriction of the electric potential ©° to each subcircuit T is constant and is viewed
as a macroscopic field when its restriction to the subcircuits 7" is a microscopic field.
Thus, at every node, where the subcircuits 7" meet the subcircuits 77, the potential
is imposed by the common value gp‘qu,. The standard realization of these constraints
consists in making a link between all these nodes and a common voltage source. The
two transformations are summarized as follows.

1. One adds zero voltage sources 77" between the nodes which belong to the
same crossing path and which are located on opposite edges of the unit circuit cell in
a periodic way. In brief, Uy = 0 on 7/".

2. One cuts the connections between T’ and 7", and one duplicates the nodes
being located at the cutting points. Then one connects together all the so-created tips
of the side 7" to a common voltage source, denoted by 7!, which imposes a voltage
equal to Uy = ¢7.

In addition to the above-mentioned modifications, we have to take into account
the contributions of the macroscopic electrical potential which plays the role of given
data in the circuit cell problem. This is achieved by adding macroscopic voltage
sources uy! which are equal to u)! = LY ,c50ni7; parallel to the original voltage
sources, the resistors, and the amplifiers’ inputs.

3. One replaces the imposed voltages ug on the voltage sources ToNT? by the ad-
equately modified imposed voltages Uy = ug — (ugq)‘TO. To each resistor ea C ToNTY,
one connects in series a voltage source ey that imposes a voltage of Uy = —(ugq)|82.
The set of these voltage sources is denoted by Zp2. Similarly, the amplification relation
of each amplifier (e3,eq) C (I3 NT?) x Ty is replaced by i, = k(uje, + (ugq)‘eg).

The other circuit equations remain unchanged:

u=Uy=ugonTJ,i=1iq0nTy,i=guonTy,
i =0 on T3 and i, = kue, when e3 € T,
@ =0 on Sy,
as well as the usual relation between the voltages and the electric potential, u =
p(5™) — pls7).
Furthermore, we assume that the modified unit circuit cell fulfills assumptions
(H1)—-(H3), so that the cell circuit problem is well posed in the usual sense for the
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problems micro, where only the uniqueness of the V, ¢ is required but not that of
the .
THEOREM 4.2. If conditions (H1)—(H3) relative to the modified network are

satisfied, then there exists a unique solution, up to a constant on each connected
component, to the modified circuit cell problem.

Proof. The variational formulation equivalent to the set of the circuit equations
is now clear. Find (¢,i) € U}, (1, ¢, ua) x P*(T;) so that

(4.5) a'(p,¥) +b1(i,9) = 1 (),
by(, ) — €' (i, 5) = 13 (5)

for any (v, j) € \I/(lld’T(O,O,O) x PY(T;), where

al = L. 5) = i
(0 4) /T Lg V.oV, dify), ¢, j) / j dity),

n

bL(i, ) = /T iV, diy), b(p,j) = /T k LV jiz, di(y),

S gulr v ),
ToNTa

q=1

1) = — /T iV, di(y) -

1) = —Z Z / I{:(ugq)‘e3 J dl(y), eq being the output of es.
€4

q=1e3€T3NT

The space of admissible electric potentials and currents is
Ul r(n,é,uq) = {1 € P(T) so that LV ¢ = Uy on Ty and ¢° = 0 on Sp}.

Except for the presence of the right-hand side in the second equation, this system
has exactly the same form as the system (2.14), which admits a unique solution, up
to a constant on each connected component, under assumptions (H1)—-(H3). Thus, it
remains to prove the continuity of the linear form [}, which is evident. 1]

4.3.2. Formulae for coefficients calculation. In this section, the imposed
currents ug and voltages ¢4, obtained via the two-scale convergence in section 4.4.3,
are considered indifferently as functions ug € L?(Q;P°(Ty)) and iq € L?(Q;P(T1)) or
as vectors (ugi(2))ief1,.... 1oy and (iai(2))ie(1,....|11 1} -

The expression of the homogenized coeflicients and of the homogenized right-hand
sides is summarized hereafter:

bS]

(4.6) Gl = [[ LoB3, Ly dity) + | K(LE) Ly o),
G0 :/TLg£A3»,C4 di(y) + | k(LLS) i LE di(y),

pqi piq
T4

G3§j=/[L9£4E3 diy) + | K(LLy) 7 L35 diy),

p~qj
T4

G = /[ LoLich di(y) + | K(LLY)zLE di(y),

k
b
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(4.7)
|To|
Hlizz/ /Ezddl + / (LLY) 7 £3,d1(y)ug;
W= Z )7, Lidl(y)ug;
| | |To|
+Z/ (LL2) 7, L2:dl(y)igs +Z/ LgL}L3dl(y)ug;
[Ty |
+Z / LgL2L3,dl(y)ig; dZ,
|To|
Hg(z):/wln \Jm/ £4 iq dl(y —l—Zud]/ E( L£ ‘73[,4 di(y)
| T4 | |To|
+Z/ k(LL2) 7 Lo di(y zdj+2/ LgLiLh di(y) ug
[T |
+Z / LgL2Ly dl(y) i dZ,
where E X7 Ti + L . The LF are determined from the general formula
u(y) |To| | T ne ne \
4. —= ; 3.(y)n? g,
( 8) L(y) ; udl + Z[’ Zdl + ;Z;:q [':qz(y)nz + ;[’q(b

Here u is a voltage which is solution of the unit circuit cell equations and Xz, is
the characteristic function of the set 77" which is equal to one on 77 and to zero
elsewhere. The calculation of each £F is conducted by making particular choices of the
imposed data ug, ig, ¢, and 1. For example L1 is computed by imposing ug; = 1 and
the other components of ug, ig4, ¢, and n vanishing. Further details of the calculation
are safely left to the reader.

4.4. Justification of the homogenized model based on the two-scale
convergence. In this section, we apply Theorem 2 of [16], with a little variation, to
derive the two-scale model, from which the homogenized model is extracted.

4.4.1. Two-scale convergence. Let us recall the mathematical framework of
two-scale transform and convergence, and let us state the convergence theorem that
allows us to pass to the limit in the circuit equations.

We begin with the definition of the geometric transform of the domain €2, the
so-called two-scale transform, into the product of the macroscopic domain 2 and the
unit circuit cell T'.

DEFINITION 4.3. The two-scale transform of ©F is the map defined from ©F to
Q x T that is defined cell by cell as follows:

TF Y, xT

3

—x
e (z,y) =Y, x {x xl}.

3

The two-scale transform is onto. Thus, the inverse two-scale transform may be
applied to any subset ) x X for any X C T. This is how the subsets ©¢', %’ ©",
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(©%)ke{0,....41> (O%)keq0,... 4}, 1€{1,2}, and 0§ of ©F may be built as the inverse two-
scale transform of Q x X, where X is successively equal to 7", T, T", (T})reqo,....4}»
(Thi)keqo,...,4}, 1c{1,2y (defined below), and Sp.

DEFINITION 4.4. (i) The two-scale transform v° of a function v¢ € LP(©°) is
defined almost everywhere on Q x T by v°(z,y) = v=(x), where (z,y) is any couple
belonging to the two-scale transform of x € ©°F.

(ii) One says that a sequence of functions (v¢). € LP(©F) two-scale converges
strongly (resp., weakly) toward some function v € LP(Q x T) if its two-scale transform
(0%)e converges strongly (resp., weakly) toward v in LP(Q x T).

By its very definition, the limit v has two arguments, the macroscopic variable z
and the microscopic variable y.

The norm for (¢,i) € H*(©¢) x L?(©3) that plays a key role for the convergence
of (¢°,1%) is

Ie.dlEe = [ 19l + 1ol di) + [ eV + 1ol dia)

+/ le~mi|* di(z) +/ le=" 1|2 di(z),
CHASCHA CHANCHA

r being any real number that is chosen regarding the estimates on the data. The
subnetworks ©F) are defined as the corresponding parts in ©° of the subnetworks 77,
and T}; of T defined hereafter. Each of the sets T3, Ty, Ty, and T} is divided into
two complementary subsets: T4, T4o, 151, Tshy Ta1s Taa, Ta1, Thh so that the input and
output of each amplifier belong to one of the subsequent couples: (7%,,741), (T4, T41)s
(Téllv Ti?)v (Té/27 Tzi/Z)

The key theorem that is used for passing to the limit is stated hereafter. It is a
reformulation slightly different from that of Theorem 2 in [16].

THEOREM 4.5. (i) For any sequence (¢°,i€) € {tp € HY(©%), ¢ = 0 on o} x
L?(©9) that is uniformly bounded ||(¢°,i%)||%. < C, one can extract a subsequence,
still denoted by (¢°,i%), which satisfies the following weak two-scale convergences in
L2(QxT):

Yo — ¢ Voplge — D(¢°,¢1) on @ x T,

5V7—g0|€®5// - D(QOO, (pl) on € X T//,

e i on Q x Ty,

e"if —ion Qx T, ande”
where the two-scale fields @° € L*(Q; HY(T)), ¢! € L*(Q; Hﬁ1 (T")), andi € L*(QxTy).
The restriction of ©° to the qth connected component Q x T? is denoted by ©°. This
is the macroscopic electric potential; in other words, it is constant with respect to
the microscopic variable y. It has further regularity 0., (z) € L?(Q x T'%) in each
crossing direction i € J%, and it vanishes on part I'}, of the boundary.
(ii) Moreover, if (¢%,i¢) € PL(©%) x PY(03F), then ©° € L2(Q;PY(T")), ¢! €
L2(Q;IP’§(T’)), and i € L*(Q;P°(Ty)).
The index § refers to Y-periodic functions. Any function 1° defined on Q x
T’, which is constant with respect to y in each  x T%, may be seen as a vector
V' = (0")geq. ey 80 DY) = X0 V=" 7 +d(0°,07) on T, where V= =
((0:,9")icga)ge1,...n.y and X7 is the characteristic function of 7”. In other words,
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D, w") = 3" 9.9 (2)7i(y) + d(@°, ") on Q x T

ieJq
= d(y°,¢") on Q@ x T",

where

d(@®, ') = Vbt on T
=V, 4" on T".

The definitions of the variables 7, Z, z as well as the variable g used hereafter are
based on Notation 4.1(v).

Proof. The proof of Theorem 4.5 follows that of Theorem 2 in [16] with some
changes that are detailed hereafter. The reader is referred to [16] for further details.

The discussion is carried out for one connected component T'% of T". As explained
in [16], there exists an extracted subsequence of (¢gaer)e still denoted by (pger)e
which two-scale converges weakly in L? toward a limit ©%(z,y) so that V,¢% = 0
in Q x T?. This implies that % is constant on Q x T7.

Let us compute the limit f of f¢ = VTgolE@qE,. Without loss of generality, we
assume that z; is a crossing direction in the gth connected component 7% of T". Let
us denote by ¢ C T one of the paths that cross Y in this direction and (s, sT) its
left and right tips located on the cell boundary dY. By virtue of formula (18) in [16]

Fery) ¥z, y) dily)dz = — / 158 ey y) V(o) dily)dz

Qxt Qxt’ €

+ / L6t w) v )l da.

3

Lemma 6.2 in [16], for any v € H'(Q x t') verifying V.1 = 0 on t', says that

lim 1 [?°(2,s) w(z,s)]zt dz = —/ ©%(z,y) 710, 0(2,y) dl(y)dz

e=0jq € Qxt’

+/ 0% (2, )0 (2, ) Ting1 dl(y)ds(z).
(D+ur—)xt’
Choosing any @ such that V1 = 0 on Q x ¢’ yields

F(or iz y) dify)dz = / 0 ()1 (zry) diy)dz,

Qxt’ Qxt’

from which one extracts the expression of 9., ¢%:
1
D, 0% (2 zi/fz,ydly € L?(Q).
6 = Ty L e € @)

Similarly, one may prove the regularity result 0,,0%(2) € L?(Q) for any crossing
direction ¢ € J9.

Since [, 7; dl(y) = 0 for any no crossing direction i # 1, the integrand in the
above limit can be replaced by an expression that is not related to the chosen crossing
direction:

| teawtan diwa = | V6710 () dil)ds

Qxt’
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This equality holds for any 1 belonging to the kernel of V.. Thus, by a classical
orthogonality argument, one may establish that there exists a function ¢! such that
the formula

/Q ) flz0(z,y) di(y)dz = V=" (2)7(y) ¥(z,y) — @' (2,4) V(2 y) di(y)dz

Qxt’

is valid for every ¢ € H'(Q; H/(t')). The interpretation of this variational equality is
Vep!(2,y) + Vzp"(2) 7(y) = f(2,y) n Q x 1/,
:S+ .
[p'(zy)],_,- =0in Q,

where the second equality is a consequence of the periodicity of the test functions .
Combination of the regularity result ¢%¢ € H(£2) and the first equality in the above
characterization of the limit f yields the regularity o' € L*(; Hj ().

The construction of ¢! has been carried out for a given path ¢’ C T9. It remains
to prove that V, ! is uniquely defined on the whole T .

This results immediately from the fact that both limits f and ¢°¢ are defined on
the whole connected component 7% and that the choice of any crossing path ¢’ would
have led to the same limit.

Point (ii) of the theorem is proven as follows. For any subcircuit X C T, Z¢ de-
notes the subset of the whole periodic circuit ©%, which has Q x X as the inverse
two-scale transform. The characteristic functions of X in T and of Z¢ in ©° are de-
noted, respectively, by y=z. and xx. Consider a sequence ¢®(x) that is constant on
each cell Y N E°. It may be expressed as ¢°(z) = a°(x)xz:(z); thus its two-scale
transform is $°(z,y) = a°(2)xx(y), and @° is independent of y. Assuming that ¢
is two-scale weakly convergent in L2, its limit ¢(z,y) is necessarily a product on the
same form a(z)x x (y), which tell us that it remains constant on X with respect to the
y variable. Such reasoning applied to any branch X = e of T; combined with a linear
combination leads to the desired result i € L?(2;P°(T})). Obviously, the derivation
of ©¥ € L2(;PY(T")) and ¢! € LQ(Q;]P’é (T")) can be done on a similar way. For the
sake of brevity, the details are left to the reader. ]

4.4.2. Assumptions. For any e, if assumptions (H1)-(H4) hold, then there
exists a unique solution of the circuit equations (4.1). In order to pass to the limit
in these equations, the two-scale convergencies of the data are required. Moreover,
uniform estimates are required on the solutions for application of Theorem 4.5. This
is the spirit of assumptions (H5) and (H6) that we summarize now.

(H5) Let us postpone for a few lines the definition of the precise scaling of each
data. Taking into account this scaling, the data i, u3, L, k°, and g are two-scale
convergent toward some limits iy € L%(Q,PY(TY)), uq € L*(Q,P°(Ty)), L € PY(T),
g € P)(Ty), and k € P°(T3). Let r be a given real number, which may be chosen
arbitrarily; and all the fields that play a role in the problem are scaled in a manner
that depends on r.

(H5-1) The current sources and the voltage sources:

77§ — ig in L*(Q x TY)), e~ " 1§ — ig in L*(Q x T}"),
e~ tug — ug in L*(Q x T}), u§ — ug in L*(Q x TY).
(H5-2) The branch lengths:
e 'LF — L in L>=(;PY(T)) weak™.
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(H5-3) The admittances:

e7g" — g in L°(Q;PY(Ty)) weak* and e 1 7"¢° — g in L>°(Q;PY(TY)) weak*.
(H5-4) The amplification coefficients:

e EE — kin L°°(Q;PY(T})) weak™ and e~ "1k — k in L>(Q; PY(TY)) weak®.

In accordance with the usual way to proceed when one uses an asymptotic method,
one would like to complete the graph assumptions (H1)—(H4), which ensure the well
posedness of the problem for a fixed e, with further assumptions which imply uniform
estimates of the solution (¢%,i%) with respect to €. Unfortunately, we have not yet
discovered these assumptions, and we are obliged to assume, in a direct way, that the
solution is uniformly bounded.

(H6) The couple (¢°,i¢) is uniformly bounded ||(¢%,)[7. < C.

4.4.3. Convergence toward the two-scale model. Under the above assump-
tions and Theorem 4.5, one can pass to the limit in the circuit equations and find
that the limit (¢°, !, ) is the solution of the following weak formulation, the so-called
two-scale circuit model: Find (¢, o1, 1) € W5 (ug) x L2(;P0(Ty)) such that
(4.9) a* (% "), %, 91) + 08 (6, (0°, 901)) = 15 (0%, 1)),

thS((Soov 901)3.7) - Cts(ivj) = lés(j)
for any (¢°, 4", j) € ¥,(0) x L?(Q;PO(Ty)), where
@ (@) 000 = [ Ly DI DB dify),

QxTsy

(i, j) = /QXT ijdi(y),
me%w»a/ i D(Y°, ) di(y),

QxTy

bgs((sooasol),j) = / Lk D(@Ovsol) j|T4 dl(y)7
QXTg

lﬁwﬂw»:f/ ia DO, Y) dify), 1£(j) = 0.

QXTI
The space of admissible electric potential is
U (ug) = {(v°, ¥") € L (4 PY(T)) x L*(QP}(T")) so that
Yiaxt € Yo, Yloxrr € L (G PHT)), LD, ¢%) = ug, ¥° = 0 on Q x Sp}.

Proof. The proof consists in dividing the two sides of the first variational formu-
lation by € and in passing to the limit in each term. Let us start by rewriting every
term in a form adapted to pass to the limit:

as (¢, ¢) =" /@E,(e?’lLE)(El’TgE) V"Vt diy)

+&" /@E”(&:_lLE)(f‘:_l_TgE) (EVTS@E)(EV'AZ)) dl(y),
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(e7"7)(Vee)eg; dily) +€T/ (e ) (V) ey diy)

el
@42

1(7’ 71/’) =€ /@Z,1
+€T/ (e7"%) (Vi) eg, dl(y) +€T/ (e 1) (eVaY)ogy di(y),
@5// @

el
41 42

) =" [ eV dw - [ () V. ).

As a matter of fact, assumptions (H5), (H6) were stated so that the method of deriva-
tion of the limit problem, introduced in our previous paper [16], does apply. Instead of
using Theorem 2 of [16], one prefers to make use of its modified version, Theorem 4.5.
That is the way we get the first equation of the two-scale model.

The second variational formulation of (4.1) is equivalent to fos = Lek*(V29%) 05
or to
= (7 L)) (Ve o

31’
(67" %) 1oz, = (7 L) (e ) (V29%) sy s
(e7"i%) oz = (e 'L (TR (V9% 0

—~
™
|

3

.

o)

~—
@
NG
S

55
and

(€_ri6)|@i/2/ = (6_1LE)(5_T_1]€€)(V7-()06)‘@g/z/.

By virtue of assumptions (H5), (H6) one can pass to the limit and find that

i\QXTAL = kD(QOOa ¢1>|Q><T37

which is equivalent to the variational formulation (4.93). O

REMARK 4.6. Before closing this section, let us summarize the role which is
played by the various assumptions that have been introduced. Assumptions (H1)—(H4)
imposed on the periodic circuit yield the well posedness of the original problem for all .
Assumptions (H5), (H6) make possible the extraction of bounded subsequences of the
sequence (p°,i%), which converge to one or several solutions of the limit model that
is also called the two-scale model. In addition, assumptions (H1)—-(H3) related to the
modified circuit cell T are necessary and sufficient so that the modified problem has a
unique solution. One deduces from this that they are probably necessary to ensure the
convergence of the solution of the periodic problem toward that of the two-scale model.
Nevertheless, we stress that they do not suffice, as shown by Fxample 4 below.

4.4.4. An equivalent formulation of the cell problem. So far, for the rea-
sons already put forward, the cell problem has been formulated on the modified circuit
cell. Tts derivation is carried out in two steps. First, we build the cell problem, formu-
lated on the original circuit cell, by using usual arguments (see, e.g., [16]). Then the
problem formulated on the modified unit cell is derived by application of the three
transformations listed in section 4.3.1. In what follows, we state the cell problem on
the original cell T' when its derivation is briefly discussed in the next section.

Find (¢°, ¢, i) € Ul (n, ¢, uq) x L*(Q;P°(Ty)) such that

(4.10) a' (€% "), (W, 1) + b1 (i, (¥°,91)) = [ ((¥°, 1)),
by((¢%, "), 5) — (i, 5) = 15())
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for any (¢°, 4", j) € ¥!,(0,0,0), where
(e ) = | Ly d(e (0, ) i), €)= /| i)
b 00t = | B diy), B 1)) = / Lk A, 91) i, i),

Ne

L0 oIy a1 0 1 _ 0g
B, ') = /T bt ae) -3 [ i o) .
() = — / “)les J dl(y), e4 being the output of e,

q= 163€(T3F‘IT‘1’)
and the space of admissible electric potentials is

WLy, é,ua) = {(°,9") € PLT") x PL(T") s0 that
Ld(W°,¢") = Uy on Ty and ¢° = ¢ on T" N T, ¢° = 0 on Sp}.

The subsequent proposition summarizes the equivalence between the two cell problems
stated, respectively, on T and on 7.

PROPOSITION 4.7. When posing ¢ = ©° on T" and ¢ = @' on T', the two cell
problems are equivalent.

Proof. As a matter of fact, the proof is a straightforward consequence of the
construction of 7 detailed in section 4.3.1. O

4.4.5. Derivation of the homogenized model. For the construction of the
homogenized model, one follows the usual method. We first have to establish the cell
problem (also called the problem micro), then observing that its solution is a linear
form of the fields macro and replacing it in the two-scale model yields the homogenized
model that concerns only fields macro.

The cell problem on its variational form (4.10) is derived from the two-scale model
by making a particular choice for ¢° : w?QX:p, = 0; hence D(¥°,¢") = d(¥°,¢"'). One
deduces that u = L d(¢", ¢!) depends linearly on the fields macro ug, iq, (V;@O)MXW,
and (¢”)jqx7, which is said in other words in the formula (4.8) with 7 = Vz¢° and
¢ ="

|To| [T |

= Z‘Czl(y)udi + Z‘C?(y)idi + Z Z L3:(y)0., 0" + Zﬁ“ 0q,
i—1 i—1

g=1lieJq

Then, making another choice for (¢°, ") so that

A0 ) = 37 3 £, (0)0 % + 3 £y
a=1

q=11i€Je
and replacing the current i by k D(¢°, ') leads to the weak formulation (4.4) of the
homogenized model.
5. Examples.

5.1. Discussion of the assumptions on 7. The topic of this subsection is to
mention some simple examples for which one of the assumptions (H1)—-(H3) is satisfied
for the e-periodic circuit but is violated for the modified unit circuit cell 7.
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Ezxample 1. The first example is that of a one-dimensional electric network con-
stituted of a series of voltage sources. The electric potential is imposed to vanish on
the left side. The three circuits are represented in Figure 5.1. Assumption (H1) is
clearly satisfied for the complete network but does not hold for the modified circuit
cell. As a matter of fact, this is the consequence of the additional zero voltage source
that closes the loop constituted of voltage sources.

R OSe)
[ ¢

@

O

2
u lld

1
d

)

*(19) @ I

FiG. 5.1. Example 1: The whole network ©%, the cell T, and the cell T.

Ezample 2 (see Figure 5.2). This is a case where (H3) is satisfied for the e-periodic
circuit and violated for the modified circuit cell. Let us mention that this could also
be the case if the subcircuit 7" was meeting the boundary of the cell. However, we
already have insisted on the fact that this case is excluded from our focus in this

paper.

Fic. 5.2. Exzample 2: The whole network ©F¢, the cell T, and the cell T.

Ezample 3 (see Figure 5.3). This is another situation where assumption (H1)
is clearly satisfied for ©¢, but it is not for a reason different from that invoked in
Example 1. Here, the loop of voltage sources comes from the fact that a voltage
source is linked to a crossing path in the original cell.

5.2. Example 4: Numerical validation. The numerical comparisons of the
two solutions computed on one hand on the periodic network and on the other hand by
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ST

Fic. 5.4. Exzample 4: The cell T.

using the homogenized model have been carried out for the unit circuit cell represented
in Figure 5.4 with the values R = k = 1. The four extremities of the resistors are
located on the cell boundary. In spite of appearances on the figure, the block (es, ug)
is included inside the cell. In fact, its location in the cell does not play any role,
while it does not meet the crossing subcircuits. It is easy to check that assumptions
(H1)—(H4) are satisfied for the periodic circuit and that (H1)—-(H3) are also satisfied
for the circuit cell. The homogenized model is

1
—§Acp0 =divH' in Qand ¢ =0on T,

with H! € L?(Q2). It has a unique solution ¢° € H}(Q).

The electric potential is imposed to zero on the whole boundary I'. The homog-
enized distribution of the voltage source that in the homogenized model is uy4(z) =
—2m cos(mz1) sin(mze) when its counterpart uf for the periodic circuit is taken to be
equal to ud( £), the z§ being the center of the 15 x 15 cells. The homogenized po-
tential ©°(z) is computed using a P! finite element method with 15 elements in both
directions.

Distributed electric potentials ¢ (z 15) and ¢%(z}¢,y') are compared in the first
row of Figure 5.5, where z}¢ = z¢ + ey! and y! = (—0.5,0) are the coordinates of
the node 1 in ©° and T, respectlvely By another way, the voltages u®(x?°) and
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¢° : node =1 4% : node =1
1 — 1 —
0 \ 0
0.8 0.8
-0.2 -0.2
0.6 0.6
-0.4 -0.4
0.4 _06 0.4 ~0.6
0.2 —0.8 0.2 J -0.8
0 -1 0 -1
0 0.5 1 0 0.5 1
€. H.
v : edge =1 v': edge =1
! o3 ! o3
0.8 0.2 0.8 0.2
0.6 01 06 0.1
0 0
0.4 0.4
-0.1 -0.1
0.2 _02 0.2 -0.2
0 t4-0.3 0 t4-0.3
0 0.5 1 0 0.5 1
F1G. 5.5. Ezample 4: ugq(z) = —27 cos(mwz1) sin(mz2).
Potential relative errors Voltage relative errors Ratio t/t®
0.2 0.2 1.5
a3
0.15 10 cells 0154 JOcells |
T———x 3 ; 10 cells
0 13\)&% 0.17 15 cells

a\&& k 20 cells i |
i i 0.5

15 cells
0.05 0.05

k.

k

0 0
10 15 20 10 15 20 10 15 20
N N

Fic. 5.6. Example 4: Errors and simulation times.

ufl = LED(p°, ') (225, 4?) are represented in the second row, where 22° = 25 + 32

and y? = (—0.25,0) are the middle of the resistors R; in ©¢ and T, respectively. The
results show a good qualitative agreement between the two models.

Quantitative comparisons are detailed in Figure 5.6. Global relative errors, in the
L? norm, for potentials and voltages are compared when ©¢ has 10, 15, or 20 cells in
each direction and when the finite element method is with N = 10, 15, or 20 elements
in each direction. It shows that, in this case, the errors diminish with the increase
of the number of cells but are not influenced much by the number of finite elements.
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¢° : node =1 ¢° : node =1
1 — 0 1 — 0
0.8 0.8
0.6 0.6
—-0.0501 —0.0501
0.4 0.4
0.2 0.2
0 —-0.1002 0 —'-0.1002
0 0.5 1 0 0.5 1
€. H.
v©: edge =1 v'': edge =1
1 — 1 —
0.05 0.05
0.8 0.8
0.04 0.04
0.6 0.03 06 0.03
0.4 0.02 0.4 0.02
0.01 0.01
0.2 0.2
0 0
0 — 0 —
0 0.5 1 0 0.5 1

F1G. 5.7. Ezample 4: uq(z) =1+ z1.

The observation of the ratio tt—f of the simulation times of the two models yields the
conclusion that the homogenized model presents great interest in this point of view.
This is particularly true for large numbers of cells. Moreover, we have observed that
the more the complexity of the circuit increases, the more the ratio is favorable to the
homogenized model.

It has already been emphasized that conditions (H1)—(H3) imposed on the cell
circuit are not sufficient to ensure the uniform estimate (H6). This can be observed
in this example when ug(z) = 1+ z;. An analytical calculation shows that the
convergence does not hold because a phenomenon of boundary layer occurs in the
vicinity of the boundary I'. This may be observed in our simulation results, with
20 x 20 circuit cells and 20 x 20 finite elements, that are reported in Figure 5.7.
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