ON OZAKI'S THEOREM REALIZING PRESCRIBED
p-GROUPS AS p-CLASS TOWER GROUPS

by
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Abstract. — We give a streamlined and effective proof of Ozaki’s theorem that any finite
p-group I' is the Galois group of the p-Hilbert class field tower of some number field F.
Our work is inspired by Ozaki’s and applies in broader circumstances. While his theorem
is in the totally complex setting, we obtain the result in any mixed signature setting for
which there exists a number field ko with class number prime to p. We construct F/kq by a
sequence of Z/p-extensions ramified only at finite tame primes and also give explicit bounds
on [F : ko] and the number of ramified primes of F/kg in terms of #T".

1. Introduction

For a number field k, define L, (k) to be the compositum of all finite unramified Galois
p-extensions of k. The extension L,(k)/k is called the p-Hilbert class field tower of k,
and its Galois group Gal(L,(k)/k) is its p-class tower group. In [8], Ozaki proved that
every finite p-group I' occurs as Gal(L,(F)/F) for some totally complex number field F.
His strategy is as follows. As finite p-groups are solvable, it is natural to proceed by
induction. After establishing the base case (realizing Z/p as a p-class tower group), it
remains to show that given any short exact sequence of finite p-groups

(1) 1-Z/p—->G —->G-—1
where G := Gal(L,(k)/k), one can realize G’ as Gal(L,(k’)/k’) for some number field k'.

Ozaki constructs such a k’/k via a sequence of carefully chosen Z/p-extensions.

In this paper, we provide a streamlined and effective proof of Ozaki’s theorem. Some
differences between our work and Ozaki’s are:
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— He must start with a totally complex ko and then construct a field F/kqg whose p-
Hilbert class field tower has the given I' as its Galois group, while we start with a
number field kq of arbitrary signature whose class number is prime to p.

— Our result is effective and we are able to obtain explicit upper bounds on [F : k]
and the number of ramified primes in F/kg, all of which are tame and finite.

— Moreover, we bypass some of the most delicate and involved arguments of [8].

We prove:

Theorem. — Let ' be a finite p-group and ko a number field with (#Cly,,p) = 1. There
exist infinitely many number fields F /ko such that Gal(L,(F)/F) ~T' and

— if up, & ko then F/ko is of degree at most p* - #I' and is ramified at at most 2 +
2log,(#I') finite tame primes,

— if upy < ko then F/kg is of degree at most p - (#I')* and is ramified at at most
1+ 3log,(#I') finite tame primes.

Remark. — If our starting field kg has infinite p-Hilbert class field tower, there is no
hope of solving the problem with a finite extension of kg. If on the other hand the tower
is finite, one can simply pass to the number field L,(ko), which has the same signature
ratio as Ko, and use that as the starting point to realize T'.

As any (topologically) countably generated pro-p group I' is the inverse limit of finite p-
groups, Ozaki shows any such I' is the Galois group of the maximal unramified p-extension
of some infinite extension of Q. The corresponding corollary of our theorem is:

Corollary. — Any (topologically) countably generated pro-p group ', including p-adic
analytic T, can be realized as Gal(L,(F)/F) for a totally real tamely ramified infinite
extension F/Q.

We now give details about the structure of our proof and the difference between our
methods and Ozaki’s, though we were very much inspired by Ozaki’s beautiful theorem
and techniques.

We start the base case of the inductive process with any number field kg, of any signature,
whose class number is prime to p. Referring to the group extension (1) with G being
trivial, one has to find an extension k’/kg such that k' has p-class group tower exactly
Z/p, which is equivalent to the p-class group being Z/p. This is a standard argument and
is part of Proposition 2.8.

The base case being done, we proceed to the inductive step (with our base field relabeled
k). There are two cases, depending on whether (1) splits or not. For the sake of brevity,
we only outline the nonsplit case in this introduction; the split case is handled similarly.
For a set of places of k, we say that an extension k’/k is exactly ramified at S if it is
ramified at all the places in S and nowhere else. We need to find a suitable tame prime
v; of k such that

— vy splits completely in L, (k) /k,

— There is no Z/p-extension of k exactly ramified at vy,

— The maximal p-extension L, (k)(,,}/Ly(k) exactly ramified at the primes of L, (k)
above v is of degree p and solves the embedding problem (1).



Arranging this and its split analog are the main technical difficulties. One then chooses a
second prime v, that also solves the embedding problem as above and remains prime in
Lp(k){3/Lp(k). The existence of v; and v, will follow from Chebotarev’s Theorem. The
compositum of these two solutions, after a Z/p-base change k’/k ramified at both v; and
vy (which exists!), gives the unramified solution to the embedding problem (1) which we
show is L,(k’). This is done in the proof of Theorem 2.

Our ability to choose primes v; as above depends upon the existence of Minkowski units
in the tower L, (k)/k, namely on the condition that &y ) ®F, ~ F, [G]*® N where N is
an F,[G]-torsion module and A is a large enough integer. In some situations, Minkowski
units are rare - see §5.3 of [4]. By contrast, both for Ozaki’s proof (implicitly) and ours
(explicitly), much of the work involves seeking fields for which they exist in abundance.

If 11, < k, we may not be able to make our choices of v; as above to both split completely
in L, (k)/k and solve the nonsplit embedding problem (1). In this case we need to perform
an extra base change 1~</ k to shift the obstruction to the embedding problem so that we can
proceed as above. The base change k/k must preserve the tower, that is L, (k) = L, (k)k.
Theorem 1 provides such a k.

Finally we check that the condition ‘A is large enough’ persists, that is there are enough
Minkowski units to keep the induction going. Proposition 2.7 guarantees this. To sum
up, the key ingredients of the proof of the above Theorem and Corollary are Theorems 1
and 2 and Proposition 2.7.

We now explain in some detail Ozaki’s approach and our simplifications.

— Using a result of Horie, [5], Ozaki starts with a quadratic imaginary field with
class number prime to p in which p is inert. He then chooses a suitable layer k in
the cyclotomic Z,-extension as the starting point of his induction. Assuming the
problem solved for G in (1) and relabelling k as his base field, he proceeds inductively
with the goal to find a k' > k whose p-Hilbert class field tower has Galois group
G’. For the induction to go forward, Ozaki needs ry(k) = B,(k) (implicit in this
inequality is the existence of enough Minkowski units) where B,(k) is a certain
explicit quantity depending on k, G and the p-part of the class group of K :=
L,(k)(pp). This involves delicate estimates in §4 of [8]. We replace ry(k) = B, (k)
with f(k) > 2h'(G) + 3 where h'(G) := dim H (G, Z/p) and f(k), which is a lower
bound for the number of Minkowski units in L, (k)/k, depends only on h'(G), h?*(G)
and the signature of k. We neither consider K nor invoke the estimates of §4 of [8].

— In §6 of [8], Ozaki proves his base change Proposition 1, namely he shows there exists
a ramified Z/p-extension k/k such that Gal(L,(k)/k) ~ Gal(L,(k)/k). He uses this
repeatedly when solving each embedding problem (1). Several tame primes are
ramified in 1~</ k and he also needs that K and Kk have the same p-class group. This
makes the proof significantly more involved. Theorem 1 of this paper, our version of
his Proposition 1, has only one tame prime of ramification and K plays no role. We
only invoke Theorem 1 when p, < k. In particular, for p odd, our Corollary above
makes no use of Theorem 1.

— To solve the embedding problem (1), Ozaki base changes several times (to a field
relabeled k) and then uses a wildly ramified Z/p-extension L/L,(k) to solve (1).
After more base changes this is switched to a solution ramified at one tame prime.
He then proceeds as in the description of this work using two such solutions and a
base change that absorbs the ramification at both tame primes to find a k" such that



Gal(L,(k")/k") = G'. We go directly to this last step and require at most two Z/p-
base changes to solve the embedding problem. This allows us to quantify explicitly
both the degree and number of ramified primes of F/kg.

Notations

Let p be a prime number.

e L is a number field, &, its ring of integers, O] its units and Cl;, and Cli[p™] are,
respectively, the class group of L and its p-Sylow subgroup.

e For a finite set S of primes of L, set

Ws={rel” (z) =47 2¢e(L;)P Vve S}
In particular, one has the exact sequence:
1— 07 ®@F, — Vi g/(L*)" — Clp[p] — 1.

e The superscript " indicates the Kummer dual of an object Z defined over a number
field L, though we never work with the Gal(L(su,)/L) action on Z".

e Lg is the maximal pro-p-extension of L unramified outside S, Gg := Gal(Lg/L) and
L,(L) := Lg, the maximal unramified pro-p-extension of L, as it will ease notation at
various points.

e hi(H) := dim H'(H,Z/p).

e Gov(L) := L(pp)(%/VL,z): the governing field of L. The span of {Fr,}.es in M(L) :=
Gal(Gov(L)/L(u,)) controls dim H'(Gs).

The following may be helpful in orienting the reader:

— We frequently use finite tame primes with desired splitting properties in number field
extensions. We always use Chebotarev’s theorem for the existence of such primes.

— Our Z/p-extensions L'/L of number fields are only ramified at (one or two) finite
tame primes so (L") = p-r;(L) and p, € L' <= p, < L.

— Note that kg is our given base field, whereas k is a field used in the inductive process
with p-class tower group G from (1). Our task is to construct k’ with p-class tower
group G’. Finally, 1~</ k is an extension having p-class tower group G, the same as for

k.

2. Tools for the proof

2.1. F,|G]-modules and Minkowski Units. — Let G be a finite group, a p-group
in our situation. We record a few basic facts about finitely generated F,[G]-modules M.
See [1], §62.

Fact 1. — Any finitely generated F,[G|-module M is isomorphic to F,[G]* @ N where
N is a torsion F,[G]-module (every n € N is a torsion element) and where X\ depends
only on M.

Proof. — As free modules are clearly projective, Theorem 62.3 of [1] implies they are
injective. It follows immediately that if F,[G] is a submodule of an F,[G]-module M, we
have the F,[G]-module decomposition M = F,[G] ® MM, Apply the same argument to
M® and iterate until, at the Ath stage there are no copies of F,[G] in M™. Thus for
every mo € M we have F,[G]-mq # F,[G] and thus m has nontrivial annihilator. The
result is established. O



Set Tg := >,,qg- Denote by Ig the augmentation ideal of F,[G]. For x € M set
Anng(z) = {a € Fy[G] | a-2 = 0}. Let {s1,---,sp1(q)} be a system of minimal
generators of G. By Nakayama’s lemma and the fact that I/I& ~ G/GP[G,G], Ig can
be generated, as G-(right or left)-module, by the elements z; := s; — 1.

Proposition 2.1. — With the z; as above, let M = F,[C]"(®) and x = (1, xy, - - - ,Thi(c)) €
M. Then Anng(x) = F,T¢.

Proof. — Anng(z) = ﬂAnng(:vi) = Anng(<xi>?i(1(})) = Anng(lg) = F,1G. O

Proposition 2.2. — Let M = F,[G]* ® N be a finitely generated F,[G]-module where
N s torsion. Then Te(M) ~TF).

Proof. — It is clear that T (F,[G]*) ~ F). We now show Tg(N) = 0.

Let n € N so Anng(n) # 0. Note that Anng(n) < F,[G] is a p-group stable under the
action of the p-group G and thus has a fixed point. But it is easy to see the only fixed
points of F,|G] are multiples of T so T € Anng(n) as desired. O

Definition 1. — We say the tower L,(k)/k with Galois group G has A Minkowski units
if, as Fy[G]-modules, Vi, a0,0/Lp(k)*? = OF 1 ®F, ~ F,[G]*® N where N is an F,[G]-

torsion module.

2.2. Extensions ramified at a tame set of primes. — We recall a standard formula
on the number of Z/p-extensions of a number field with given tame ramification. See §11.3

of [6] for a proof. Recall that for a field L, (L) = { (1) /’ljp i E :
p

Proposition 2.3. — Let L be a number field, p a prime number and X a set of tame
primes of L prime to p. Then

(2) dim H'(Gp,x, Z/p) = dim(Vi,x /L") — (L) = r5(L) = (L) + 1+ Y 8(L,).

veX

Our v € X are always finite and have norm congruent to 1 mod p so §(L,) = 1.

Fact 2. — Let S be a set of tame primes of L as above. For eachv € S let Fr, € M (L) :=
Gal(Gov(L)/L(up)). If the set {Fr,,v € S} spans an (#S — d)-dimensional subspace of
M(L), then

dim H'(Gr 5,Z/p) = d + dim H'(Gy, &, Z/p).

When p, & L, Fr, is only well-defined up to nonzero scalar multiplication.

Proof. — In (2), as we vary X from ¢J to S, we are adding >, ¢ d(L,) = #S to the
right side, but also subtracting dim(Vf, g/L*?) — dim(Vy, x /L*?) from the right side. This
last quantity is #S — d. n

Fact 3. — Let L be a number field such that (#Cly,p) = 1. Let L'/L be a Z/p-extension
exactly ramified at S = {vy,--- ,v,} where the v; are finite and tame. Then (#Cly/,p) =1
if and only if L' /L is the unique Z/p-extension of L unramified outside S. In particular,
that is the case when |S| = 1.



Proof. — Indeed, (#Cly/,p) # 1 if and only if there exists an unramified Z/p-extension
H/L! such that H/L is Galois (use the fact the the action of a p-group on a p-group
always has fixed points). Observe that H/L cannot be cyclic of degree p* as all inertial
elements of Gal(H /L) have order p and they would thus fix an unramified extension of L,
a contradiction. So Gal(H /L) ~ Z/p x Z/p, and L has at least two disjoints Z/p-extension
unramified outside S, also a contradiction. n

Set Brs = (Vi,5/L*P)". Recall III{ 4 := Ker (H*(Gg, Z/p) — @uvesH*(G,, Z/p)). Fact 4
below is well-known. See Theorem 11.3 of [6].

Fact 4. — Iﬂi,s — Bp, 5.
Let Ar, be the number of Minkowski units in L, (L)/L.

Fact 5. — If p, ¢ L then A\, = r1(L) + ro(L) — 1 + AY(G) — h*(G).
If uy, < L then A, = r1(L) + r2(L) — A*(G).

This result is Theorem 2.9 of [4], but we sketch the proof for the sake of keeping this
paper self-contained.

Proof. — Set G = Gal(L,(L)/L). We consider two “norm maps” induced by the norm
map on units: Oy ) — Of.
oy,

o7 0 (07 1))

~ N&: 67 1) ®F, — 67 @F,.
One easily sees Né( 07 1) ®F,) = Na(O7 1) ®F,) and this is an isomorphism provided
o7 0 (07 1))’ = (OF)": in particular this is the case when 4, ¢ L, see Proposition 2.8
of [4].
Write 07 1, ®F, ~ F,[G]*@®N, where N is an F,[G]-torsion module. By Proposition 2.2
one has Ng(OF 1) QF,) ~ F)r. Hence, when 1, ¢ L

— Ng sending 07 1) ®F), to < O 1) @ Fp;

O QF
dim i
<N/G<ﬁLp(L) QF,)

When p, < L, note that the ‘difference’ between the images of Ng and N¢, has p-rank at

) = dlm(ﬁfj ®Fp) - /\L'

X Xp

67 A0
most dim (LL”(L)) < hY(G), so

(o7 )P
di o7 @F,
im
NG(OF 1) ®Fp)
To conclude, we use the well-known equality (see [9, Lemma 9]):

o* @F,
NG(OF 1) ®Fp)

) > dim(67 ®F,) — A, — h'(G).

h*(G) — h'(G) = dim (



2.3. Solving the ramified embedding problem with one tame prime. — We
start with our nonsplit exact sequence:

(3) 1—Z/p— G — G — 1.

given by the element 0 # ¢ € H*(G,Z/p).
We assume that G = Gal(L,(k)/k).

Set S = {v} where v is a finite tame prime of k. We first show the existence of a lift of
G to G’ in some kg/k for certain v of k. We call this solving the embedding problem (3)
in ks.

Recall that 1T} ¢ — By g by Fact 4. Here HI}  ~ H*(Gy g, Z/p) ~ H*(G,Z/p). Let
Infs : H*(Gy gz, Z/p) — H*(Gys,7Z/p) be the inflation map. We have the commutative
diagram:

o Infs 2
I o —— M 5

b,k

(ky ®F,)" Dy, » Dyk.s

By Hoeschmann’s criteria (see [7, Chapter 3, §5]), the embedding problem has a solution
in kg if and only if Infs(e) = 0. As L,(k)/k is unramified, Infs(c) € ]_Hi,s and as
g(Infs(e)) = fs(h(e)) € DBgg, the embedding problem has a solution if and only if
h(e) € Ker(fs).

Set Govg(k) := k(i) (£/Vi,s). In the governing extensions k(u,) = Govg(k) = Gov(k),
one sees that the kernel of the map fg : By g — DBy s is exactly the (unramified) decom-
position group D, of the prime v. As noted in Fact 2, if w;, ws|v are two primes of k(p,),
their Frobenius elements in Gal(Gov(k)/k(su,)) differ by a nonzero scalar multiple.

We have proved

Lemma 2.4. — The embedding problem (3) has a solution in kgs/k if and only if h(e) €
D,. Thus it has a solution in kg/k if we choose the prime v such that (Fr,) = (h(e))
in M(k), that is the lines spanned by these elements in M (k) are equal. This is always
possible by Chebotarev’s Theorem.

2.4. Cohomological facts implying the persistence of Minkowski units. — Our
main aim in this paper is to show that given a short exact sequence

1> Z/p—>G —G—1

of finite p-groups where G = Gal(L,(k)/k), there exists a finite tamely ramified extension
k'/k with G' = Gal(L,(k")/k’). To solve this embedding problem using Theorem 2, the
tower L,(k)/k must have 2h'(G) Minkowski units. Proposition 2.7 below shows that if
we start with enough Minkowski units, after a base change that realizes G’, we will be
able to continue the induction. Proposition 2.6, which is only needed in the case when
pp < k, shows that given at least h'(G) Minkowski units, we can perform a base change
that preserves the tower and the number of Minkowski units increases. Proposition 2.5
is a basic group theory result bounding h'(G’) and h*(G’) in terms of h!'(G) and h*(G).
Furata proves a similar result in Lemma 2 of [3].



Set H2(G!, Z/p); := Ker <H2(G’, Z/p) % H(Z/p, Z/p)) and h2(Q'); = dim H*(G', Z/p),.
Note h*(Z/p) = 1 so h*(G'); is either h?(G’) or h*(G’) — 1 and in either case
R2(Q); = h2 () — 1.
Proposition 2.5. — Let
1-Z/p—->G —>G—1
be a short exact sequence of finite p-groups. Then h'(G') < hY(G) + 1 and h*(G') <
hY(G) + h*(G) + 1.
Proof. — The h' result is clear. For the h? statement we have the long exact sequence
(see for instance [2])
0— HYG,Z/p) — H'(G,Z/p) — H"(Z/p,Z/p)®

— H*(G,Z/p) — H*(G',Z/p) — H'(G, H'(Z/p,Z/p))-
If G’ — G splits, we have

0 — H*(G,Z/p) — H*(G',Z/p), — H'(G,H'(Z/p,Z/p))
so h?(G'); < h*(G) + h'(G) and since h*(G’); = h*(G’) — 1 the result follows.

In the nonsplit case we have
0— HYZ/p,Z/p) — H*(G,Z/p) — H*(G',Z/p), — H'(G, H'(Z/p,Z/p))
so h2(G'); < h?(G) — 1+ hY(G) so R3(G') < h(G) + h*(G). [

Definition 2. — For a number field L set G = Gal(L,(L)/L). Define f as follows:

| (L) +7(L) - h2(G) + hl(G) -1 p,¢L
AL = { ri(L) + ra(L) — h3(G) <L

Fact 5 implies f(L) is a lower bound on the number of Minkowski units of L, (L)/L.

Proposition 2.6. — Let 1~</k be a Z/p—extensign ramified at finite tame primes such
that G = Gal(L,(k)/k) = Gal(L,(k)/k). Then f(k) = f(k) + (p — 1)(r1(k) + ra(k)).

Proof. — This follows immediately as we have the same group G for k and k, p © k

i < k and r;i(k) = p-ri(k). O
Proposition 2.7. — Let kK'/k be a tamely ramified Z/p-extension such that G =
Gal(L,(k)/k) and G' = Gal(L,(k’)/k’) where

1-Z/p—>G —-G-1.
Let f(k) be as in Definition 2. Then

f(k) = 2RY(G) +3 = f(K') = 2n"(GQ) + 3.
Proof. — We do the case p, ¢ k first. We need to prove
ri(k) + 7r2(k) — h*(G) + AY(G) — 1 = 2h"(G) + 3
— 7 (K) + ro(K) — B*(C) + R (G) — 1 = 21 Q) + 3,
that is ,
ri(k) + ro(k') = A (G') + B*(G') + 4.

Clearly
ri(K') + ra(K) = p(ri(k) + ra(k)) = p(h'(G) + h*(G) + 4)



and by Proposition 2.5 we have
R*(G') + Y (G') + 4 < (BY(G) + R*(G) + 1) + (K (G) + 1) + 4 = 2n*(G) + h*(G) + 6
so it suffices to show
(p— 1)h2(G) + (p— 2)h'(C) + 4p = 6.
This holds for all p.

When p,, © k. We need to prove
ri(k) + (k) — h*(G) = 20" (G) + 3 = r1(K) + ro(K) — h*(G') = 2h' (G') + 3,
that is
(k) + ro(K) = 201(Q) + h2(CY) + 3.
Again using Proposition 2.5 and that r;(k’) = p - r;(k) it suffices to show

(p— 1)h2(C) + (2p — 3)h(C) +3p 2 6
which holds for all p. O

Proposition 2.8 below provides the base case of the induction.

Proposition 2.8. — Recall (#Cly,,p) = 1. There exists a tamely ramified extension
k' /ko such that

— the p-part of the class group of X' is Z/p,

- [k, : kO] = p37

— and f(k') > 2hY(Z/p) + 3 = 5.

Proof. — Since L, (ko) = ko, we see G = {e}. Choose a tame prime v of k whose Frobenius
is trivial in the governing Galois group M (k). By Fact 2 there is a unique Z/p-extension
ky /ko unramified outside v. That (#Cly,,p) = 1 follows from Fact 3. Repeat this process
with k; to get a field ko with (#Cly,,p) = 1.

We do one more base change to find a field k' with class group Z/p. This is proved more
generally as part of Theorem 2, but we include a short proof here.

Choose v; a finite tame prime of ky with trivial Frobenius in M (ky) so that by Fact 2
there exists a unique D;/ky ramified at v;. As Dy n Gov(ks) = ky, we may choose vy a
finite tame prime of ky with trivial Frobenius in Gov(ks) such that v, remains prime in
Dy /ko. Again by Fact 2 there exists a unique Dy /ko ramified at vs.

Let D/ky be any of the p — 1 ‘diagonal’ Z/p-extensions of ky between D; and Djy so
D1 D,/D is everywhere unramified. We claim DDy = L, (D). Indeed, by Fact 3 applied
to Di/ke we see (#Clp,,p) = 1. As vy is inert in D;/ks, the extension DyD;/D; is
ramified only at vy and Fact 3 applied to DyD;/D; implies (#Clp,p,,p) = 1. Whether
or not u, < ko, we have k' := D, Cly[p*] = Z/p and

) =ri(K) + oK) — B*(Z/p) = p*ri(ko) + p’ra(ko) — 1 > 5 = 2h'(Z/p) + 3.
]

Depending on p and the signature of ko one can decrease the number of base changes,
but this analysis complicates the statement of the main theorem without significant gain.



3. Solving the embedding problem

Having established the base case of our induction, we now prove Theorem 2, the main

Inductive Step. — Let

1 > Zp—>G -G -1
be exact and let k be a number field with Gal(L,(k)/k) = G and f(k) = 2h*(G) +3. Then
there exists a number field k' /k with Gal(L,(k’)/k') = G’ and f(k') = 2n*(G’) + 3.

Theorem 1 below is only necessary for the key inductive step, Theorem 2, when p, < k.
Set K := L, (k)(u,). We only consider finite tame primes v of k that split completely in
K/k. When p, ¢ k, our Frobenius elements in governing fields (or their subfields) are
only defined up to scalar multiples. We write <Frv>Gov(k) /k(up) for the well-defined line
spanned by Frobenius at v in Gal(Gov(k)/k(u,)). When the Frobenius is trivial there is
no ambiguity so we write (Fr,)cov()/k(u,) = 0-

We need primes v of k that let us control h'(Gal(ky,/k)) and h'(Gal(L, (k) /Ly(k)))
simultaneously via Fact 2. Recall M (L,(k)) := Gal(Gov(L,(k))/L,(k) (1)) ~ F,[G]®N
where N is a torsion module over F,[G]|. We have no knowledge of N and must work
with the free part to control things over L,(k). We then use Proposition 3.1 to control
things over k.

3.1. The Stability Theorem. —
Proposition 3.1. — Let F' < Gov(L,(k)) be the field fized by I - M (L,(k)). Forv ofk

splitting completely in K and w|v in K, the lines (Fr,,)p/x do not depend on w so we may
write (Fry)px. Then (Fry )px = (Fro,)px implies Fry,)covi) k() = Fro)Gov()/k(up) -
If (Fro, p = 0 then (Fry,)Gov(o () = 0-

Proof. — This diagram is useful in Theorems 1 and 2 as well.

Gov(Ly(k))

Ly (k) k(ptp)
%
k /
Let A = Gal(k(u,)/k) = Gal(K/L,(k)). As Gal(F/K) := M(L,(k))/Ig - M(L,(k)) is the

maximal quotient of M (L,(k)) on which G acts trivially, and A acts on Gal(F/K) by
scalars, the line (Fr,,)p/x is invariant under the action of Gal(K/k) = G x A. Since the
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w|v form an orbit under this action of Gal(K/k), this line is independent of the choice of
w|v as desired.

As Gov(k)K/K ascends from Gov(k)/k(u,), we see G acts trivially on Gal(Gov(k)K/K)
so Gov(k)K < F. Below, we implicitly use that our primes of k split completely in
K. If (Fr,, )p/x = (Fry,)p/k, these lines are equal when projected to Gal(Gov(k)K/K) <
Gal(Gov(k)K/k(u,)) and they are again equal in Gal(Gov(k)/k(z1,)) 50 (Fry, )Gov(c) k() =
(Fry,)cov(k)/k(y,)- The last statement is clear.

Theorem 1. — Recall {x} 9 s o minimal set of generators of Ig. Assume that
f(k) = h'(G). Let w be a degree one prime of K such that

Fr, = ((x1, 22, ,Tp(q), 0, -+ ,0),0) € M(Ly(k)) ~ F,[G]* @ N.

Then for v of k below w, <FrU>G0V K)/k(up) = 0 50 there exists a Z/p-extension k/k ramified
at only v. Furthermore, L,(k) = L,(k)k and f(k) > f(k).

Proof. — As Fr,, projects to 0 in the F,-vector space Gal(F/K), Proposition 3.1 implies
(Fry)cov(i)/k(u,) = 0 so k exists by Fact 2. We show the [F,[G]-span of (xl, L Tpa)) €

F,[CG]" (%) has dimension #C — 1 by computing the dimension of A Ann(wz) This
intersection is the annihilator of I which by Proposition 2.1 is just IF »1G, establishing
our dimension result. By Fact 2 there is a unique extension over Lp(k) ramified at v
and thus it must be Ly (k)k. Fact 3 applied to L, (k)k/L,(k) implies (#Cl; g, p) =1 so
L,(k) = L,(k)k. Proposition 2.6 gives f(k) > f(k). O

3.2. The inductive step. —

Theorem 2. — Assume that L,(k)/k has A\ = 2h'(G) + 3 Minkowski units. Let 1 —
Z/p - G' — G — 1. If the extension splits or u, ¢ k, there exists a Z/p-extension k' /k
such that Gal(L,(k')/k') ~ G’ and L,(K')/k" has at least 2h*(G") + 3 Minkowski units. If
iy < k and the extension is non-split, k' can be realized as a compositum of two successive
Z./p-extensions and L,(k') /K" has at least 2h* (G') + 3 Minkowski units.

Proof. — Recall that our finite tame primes split completely in K/k.
We first treat the split case. This is independent of whether or not 1, < k.
Split case. Choose tame degree one primes w; and wy of Gov(k)K such that
— Fry, = ((x1,22,- -+, 2p1(@),0,---,0),0) € Gal(Gov(L,(k))/Gov(k)K) = M(Ly,(k)).
This is possible as the tuple lies in I - M(L,(k)) and Gov(k)K < F. As Fr,,
projects to 0 in Gal(F/K), we see for vy of k below w; that (Fr, )p/x = 0 so by
Proposition 3.1 (Fry, )Gov(x(,) = 0. By Fact 2 applied to k there is one Z/p-
extension D, /k ramified at v1. Fact 2 also gives (see the proof of Theorem 1 as well)
a unique Z/p-extension of L, (k) ramified at vy, namely DL, (k)/L,(k).
— Fry, = ((0,0,---, Op1(qy, 1, T2, -+, Tp1(), 0,0,0,---,0),0) so for vy of k below wy,
(Fry,)r/x = 0. We also insist that v, remains prime in Dy/k. This last condition
is linearly disjoint from the rest of the defining splitting conditions on vy and im-
poses no contradiction. Again, there are unique Z/p-extensions of both k and L, (k)
ramified at vy, namely Dy/k and D,L,(k)/L,(k). Let D/k be a ‘diagonal’ extension
between D; and D, ramified at both v; and v,. There are p — 1 of these.
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Fact 2 and our choices of the Frobenius elements of v; and v, imply 2! (Gal(Ly (k) {0, 053/Ly(k))) =
2 using that the span of the Frobenius elements above them in Gal(Gov(L,(k))/Gov(k)K) <
M(L,(k)) has dimension 2#G — 2 and Fact 2. (With only A'(G) Minkowski units, we
would again have had h'(Gal(L,(k)(,}/Ly(k))) = h'(Gal(Ly(k) (s} /Lp(k))) = 1. In this
case the span of the Frobenius elements above {vy,v2} in Gal(Gov(L,(k))/Gov(k)K) <
M (L,(k)) would have been #G — 1 so by Fact 2, ' (Gal(Ly(k) e ,u}/Lyp(k))) would have
been 2#4G — (#G — 1) = #G + 1.)

Jyg,;l }
=7 [ ~
/ ‘ h h ~
\ ~
L := DlDQLp(k) H II EQ
| P
/ 2| ?/ g
NV arad
D,L, (k) DL, (k) J:= DL, (k)
D2 D D1 Lp(k) GOV(k)

Set L := DyD,L,(k), J := D;L,(k) and note L/D is unramified as D/k has absorbed all
ramification at {v;,vs}. We will solve the problem by showing (#Clp, p,r,x),P) = 1.

Since (#Cly, ), p) = 1 and our choice of vy is such that h'(Gal(Ly (k)3 /Ly(k)) = 1,
Fact 3 applied to J/L,(k) implies (#Cl;,p) = 1.

We now prove that there exists a unique Z/p-extension over J unramified outside vy,
namely L. Set 2 = Gal(J/L,(k)), Jf{’g} to be the maximal elementary p-abelian extension
of J inside Jy,}, and II = Gal(Jf;Zl}/J), Then 2 acts on II and trivially on Gal(L/J).
We claim this is the only Z/p-extension of J in Jf{g} /J on which Q acts trivially: If
not, there exists another Z/p-extension H/J unramified outside v, and Galois over L, (k).
Hence Gal(H /L,(k)) has order p* and is abelian. The extension H /L, (k) cannot be cyclic
because all inertia elements have order p and would then fix an everywhere unramified
extension of L,(k), a contradiction. Suppose now that Gal(H/L,(k)) ~ Z/p x Z/p, with
H # JDy = L. Then Gal(HD,/L,(k)) ~ (Z/p)?: this contradicts the already established
fact that h'(Gal(Ly (k) ,0.1/Lp(k)) = 2.

The final possibility is that there exists a Z/p-extension Fy/J unramified outside wvs,
different from L/J and not fixed by 2; let Sy be the set of ramification of Ey/J. As
primes above vy in L,(k) are inert in J/L,(k), 2(Sy) = So: then Q takes Ej to another
Z/p-extension E;/J exactly ramified at Sy and such that F; # FEy. The compositum
E\Ey/J contains a Z/p-extension Ej/J exactly ramified at a set Sj < Syp. Observe that
E{ # L since L/J is totally ramified at every prime above vy. Continuing the process, we
obtain an unramified Z/p-extension H/J, which is impossible since (#Cl;,p) = 1. Thus
L/J is the unique Z/p-extension unramified outside vs. Fact 3 applied to L/J implies

(#Clg,p) = 1.
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We have solved the split embedding problem with k' = D and Gal(L,(k’)/k’) = G x Z/p.
It required one base change ramified at two tame finite primes. Proposition 2.7 implies
f(K') = 2n'(G’) + 3 so the induction can proceed.

For the nonsplit case we treat p, ¢ k and p,, © k separately. Theorem 1 is only used in
the nonsplit case when p, < k.

The nonsplit case, i, ¢ k. By Lemma 2.4 we may use one tame prime v of k to find

a ramified solution to the embedding problem. As p, ¢ k implies Gov(k) n L,(k) =
k, we can assume v splits completely in K/k. Choosing any w|v of K we set Fr, =
(21,22, ,2z),n0) € M(Ly(k)) where we claim ng ¢ Ig - N and z; € I < F,[G].
Indeed, if any z; ¢ Ig, its F,[G]-span is all of F,[G] and by Fact 2 there is no Z/p-
extension of L,(k) ramified at the w|v, contradicting that we are solving an embedding
problem with v. If ng € Ig - N, then the projection of Fr,, to Gal(F/K) is trivial so
Proposition 3.1 implies (Fr,)cov(k)/k(y,) = 0 and the embedding problem we are solving is
split, also a contradiction.

Choose a degree one w; of K with Fr,, = ((z1,72, - ,%1q),0,0,0,---,0),n0) €
M(L,(k)) where ng is as in the previous paragraph. Let v; be the prime of k below
w;. By Fact 2 (also see the proof of Theorem 1) there is one Z/p-extension D;/L,(k)
ramified at v;.

Choose a degree one w, of K with Fr,,, = ((0,0,---,0, 21,22, -+ ,Zp1(c),0,0,0,---,0),n9) €
M (L,(k)) and the primes of Ly, (k) above v, remain prime in D;/L,(k). This last condition
is linearly disjoint from the splitting conditions defining v, and imposes no contradiction.
Again by Fact 2 there is one Z/p-extension Dy/L,(k) ramified at vs.

As the free components of of Fr,, Fr,, and Fr,, are all in ]ék, their projections to
Gal(F'/K) depend only on ng and Proposition 3.1 implies
0 # (Fro)ov(o/k(un) = (Froy)Goviky/k(uy) = Fros)Gov() k() -

Thus there is no extension of k ramified at either v; or v, but, by Fact 2, there is a
Z/p-extension of k ramified at {vy,ve}. Call it D. Note G’ ~ Gal(D;/k) ~ Gal(Dy/k) ~
Gal(Dng/D)

DDy = DDy = DDy

/ \DL
T

2

Gov(k) L,(k)

\ (/
k

That Dy D, has trivial p-class group follows exactly as it did in the split case and we may

set k' = D so L, (k') = DD, and Gal(L,(k")/k’) ~ G'.

We have solved the embedding problem in the nonsplit case when p, - k. We performed

one base change ramified at two tame finite primes and Proposition 2.7 implies f(k') >
2h*(G’) + 3 so the induction can proceed.

D1 D P(k)

G

D
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The nonsplit case, i, < k. We can no longer assume L, (k) n Gov(k) = k.

Let 0 # ¢ € Hli’@ be the obstruction to our embedding problem G’ — G. Using
Lemma 2.4, let v of k be a tame prime annihilating €. The difficulty is that in the
diagram below we may have L,(k) n Gov(k) 2 k and that Fr,, which is necessarily
nonzero in M (k), may also be nonzero in Gal((L,(k) n Gov(k))/k). This prevents us from
also choosing v to split completely in L,(k)/k and as we need in Gov(L,(k))/L,(k) to
ensure there is only one extension of L, (k) ramified at the primes of L, (k) above v. If
we could choose v to annihilate ¢ such that Fr, = 0 € Gal(L,(k)/k), we would be able to
proceed as in the p, ¢ £ case. We get around this by a base change.

By Kummer theory and the definition of governing fields, Gal(Gov(L)/L(uy)) is an ele-
mentary p-abelian group. Let k/k be a tamely ramified Z/p-extension as given by Theo-
rem 1 so Gal(L,(k)/k) = G. By Proposition 2.6 we have \; > 2h'(G) + 3.

Ly (k) Gov(k)
L,(k) L,(k) n Gov(k)
L,(k) n Gov(k) k
Z/p)"
<k4

As Gov(k)n k = k, we may choose a prime v to solve the embedding problem for k whose
Frobenius is nontrivial in Gal(k/k), that is v remains prime in k/k. As observed above,
L, (k) nGov(k)/k is a (Z/p) -extension for some 7 and, as Gal(L,(k)/k) = Gal(L,(k)/k) =
G, it is the base change of such a subextension of L,(k)/k from k so L,(k) n Gov(k)/k
is a (Z/p)"*'-extension. Since v remains prime in k/k and residue field extensions are
cyclic, it splits completely in L,(k) n Gov(k)/k. As the embedding problem is solvable
over k by allowing ramification at v, it is also solvable over k by allowing ramification
at the unique prime of k above v. Thus ¢ € Hllg{’@ — Dj gy = M (k) actually lies in
Gal (Gov(fi) / (Lp(f{) N Gov(fi))). The base change shifted the obstruction to outside of
our p-Hilbert class field tower! The rest of the proof is identical to the yu, ¢ k case. [

We now prove the Main Theorem of the Introduction:

Proof. — We have verified the base case of the induction in Proposition 2.8 and the
inductive step with Theorem 2. It remains to count degrees and ramified primes. Propo-
sition 2.8 involved three Z/p-base changes, the first two ramified at one tame prime and
the last at two tame primes. The inductive steps breaks into cases as follows

— i ¢ ko: At each of the log,(#I') — 1 inductive stages we need one base change
ramified at two primes for a total of 3 + (log,(#I') — 1) base changes ramified at
4 + 2(log, (#I') — 1) primes.
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— tp < ko: At each of the log,(#I') — 1 inductive stages we need at most two base
changes and at most three ramified tame primes so in total there are at most 3 +
2 (log,(#I') — 1) base changes ramified at at most 4 + 3(log,(#I') — 1) primes.

]
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