ON GALOIS REPRESENTATIONS WITH LARGE IMAGE

by

Christian Maire

Abstract. — For every prime number p > 3 and every integer m > 1, we prove the
existence of a continuous Galois representation p : Gg — Gl,,,(Z,,) which has open image
and is unramified outside {p, o0} (resp. outside {2,p,o0}) when p = 3 mod 4 (resp. p =1
mod 4).

Let K be a number field having r; non-real embeddings, let p be a prime number and
let G be a finitely generated pro-p group of p-rank at most ry + 1. When the field K is p-
rational (see §1.2 for the full definition and background), the Galois group of the maximal
p-extension of K unramified outside p is a free pro-p group of rank ro + 1. Hence the
group G can be realized as the Galois group of an extension over K unramified outside p,
thanks to the universal property of free groups. In the context of Galois representations,
Greenberg in [11] developed this approach to realize continuous Galois representations
p : Go — Gl,y(Z,) of the absolute Galois Gg of Q, with open image and such that
p is unramified outside {p, oo}, under the hypotheses that p is a regular prime and m
satisfies 14 4[m/2] < p. The regularity of p is important because for the cyclotomic field
K =Q((,), it is equivalent to the p-rationality of K.

A few years later this method was extended by Cornut and J. Ray [4] for more general
linear groups, but always under the assumption that p is regular and that all large m are
excluded when p is fixed.

In fact, it is possible to relax the condition on p-rationality to realize Galois represen-
tations with big image: this has been recently done by A. Ray in [21]. For example,
when p > 2™+2t2% where ¢, is the index of irregularity of p, A. Ray shows the existence
of continuous Galois representations p : Gg — Gl,,(Z,) unramified outside {p, 0} with
open image. But as in [11] and [4], the dimension of the representations is bounded for
fixed p.
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By a different approach, Katz in [13] constructs geometric Galois representations over
cyclotomic extensions, and by descent he gets finitely ramified continuous Galois repre-
sentations of Gig with open image in GI,,(Z,), for p =1 mod 3 or p = 1 mod 4 for every
even m = 6. In particular, for such primes p, the result of Katz shows the existence of
Galois representations with open image for large m. We note that the representations
constructed by Katz are motivic but are ramified at sets consisting of primes of potentially
many different residue characteristics, whereas the earlier approach yields representations
unramified outside {p, o0} which are, by contrast, what Katz calls “non-motivic”.

In this work, by extending the arithmetical approaches of [11], [4] and [21], we are able
to prove (Corollary 4.4):

Theorem A. — Given a prime number p = 3, and an integer m > 1, there exist con-
tinuous Galois representations p : Gg — Gl (Z,) with open image satisfying:
(1) p is unramified ouside {p,0} if p=—1 mod 4,
(13) p is unramified ouside {2,p,0} if p =1 mod 4, and has potentially good reduction
at 2.

Remark. — The representations we construct have the property that “half” of the eigen-
values of complex conjugation are +1, the others being —1.

Remark. — For m =1 take the Z,-extension of Q.

Our criteria coincide with those of Greenberg when the number field K fixed by the resid-
ual representation is p-rational. However our approach also works in greater generality.
In particular by passing through the number field K = Q((,), the criteria we give are
specially adapted to produce, for many primes p = 1 mod 4 and large m, continuous
Galois representations p : Gg — Gl,,(Z,) ramified only at {p, o0} with open image. In
fact, this is the case for all but six primes p = 1 mod 4 less than 4 - 10°. The main
technical result we obtain can be viewed as a refinement of Theorem A, (i7). To explain
it, let vy be the 2-adic valuation, and let w be the mod p reduction of the cyclotomic
character. We prove (Theorem 4.6):

Theorem B. — Let p =1 mod 4 be a prime number, and let m = 3. Writep—1 = 2*a
where 2t a, so X = va(p — 1). Let {wk, - Wk} be the characters corresponding to the
nontrivial components of the p-Sylow of the class group of Q((,). Suppose that:

(1) vo(m — 1) = X if m is odd and vo(m — 2) = X if m is even;

(16) af (ki —1) fori=1,--- e.
Then there exist continuous Galois representations p : Gg — Gl (Z,) unramified outside
{p, 0}, and with open image.

Ezxzample. — For p < 4-10°, there are only siz cases for which (i) fails, and the index
of irreqularity e is 1 for all of them:

P ‘ 257 3329 11777 114689 163841 184577

kq ‘ 93 1951 8879 34343 140801 49029

Here is a sketch of our approach. We first revisit the question of the lifting of residual
Galois representations (of order coprime to p) in terms of embedding problems, by using
the criteria of Hoechsmann (see for example [19, Chapter III, §5]). The result we obtain



involves the adjoint representation of a uniform group G (Theorem 3.3). We then exploit
a result of Kuranishi [14] that shows that a semisimple Lie algebra can be generated
by 2 elements; in particular we use the explicit form for sl,, recently given by Detinko-De
Graaf [5], and Chistopolskaya [3]. Thus we apply our embedding criteria to some special
subgroup H of Si,,(Z,) generated by two elements. Instead of considering number fields of
large degree, namely Q((,), we reduce the study of the existence of Galois representations
with open image, to properties of certain imaginary quadratic extensions.

In this work we restrict our attention to the problem introduced by Greenberg [11] for the
group Sl,,(Z,). But it seems likely the methods we introduce will apply more generally
for realizing other groups as well.

The paper contains 4 sections. In Section 2 and in Section 3, we recall facts about
the maximal pro-p-extension of a number field unramified outside p, and generalities
regarding uniform groups and Z,-Lie algebras. In Section 4, we develop the approach of
lifting mod p* representations via the embedding problem; in particular we give criteria
for lifting in some given uniform group (Theorem 3.3). The last section is devoted to
applications; in particular we prove the results presented in the Introduction.

Notations. Throughout this article p is a prime number.

o If M is a finitely generated Z,-module, set d,M := dimg, M/MP, M|p] := {m €
M,pm = 0}, and Tor(M) = {m € M, 3k, p*m = 0}.

e If G is a pro-p group, set G* := G/[G,G], GP := G®/(G®)?, and d,G := d,G.

e If A is a Hausdorff, abelian and locally compact topological group, set A" to be Pon-
tryagin dual of A.

For the computations we have used the program PARI/GP [20].

1. On the maximal pro-p extension unramified outside p: the results we need

1.1. On pro-p groups. — For classical properties on cohomology and homology of
pro-p groups, see for example [19, Chapters I and IIJ.

Let 1 — G — I' — A — 1 be an exact sequence of profinite groups where G is a
finitely presented pro-p group, and A is a finite group of order coprime to p. Recall that
by the Schur-Zassenhaus Theorem one has I' ~ G x A.

Proposition 1.1. — Let M be a finite I'-module of exponent p on which G acts trivially.
Then for i = 1, we have the isomorphism: H (U, M) ~ (H (G, Z/p) @ M)*.

Proof. — First, by the algebraic universal coefficients Theorem for G-homology over [,
one has the isomorphism
(1) F:H{(G Z/p)@M" > H,(G,M"),

where the tensor product is taken over IF,, and where F' is defined by

F(lf1®@m) = [f ®@m],
showing that (1) is also an isomorphism of A-modules. See for example [12, Chapter VI,
§15, Theorem 15.1]. By Pontryagin duality, we obtain H(G, M) ~ H'(G,Z/p) ® M, as
A-modules. Since |A| is coprime to p, by the Hochschild-Serre spectral sequence one also
has HY(I', M) ~ H(G,M)? (see for example [19, Chapter II, §1, Lemma 2.1.2]). By
combining these two observations we finally obtain the claimed isomorphism. O



Let us write G ~ Z; @ .7, where .7 is the torsion subgroup of G.

Proposition 1.2. — Let M be a finite I'-module of exponent p on which G acts trivially.
If H*(G,Q,/Z,) = 0 then H*(G, M) ~ (Z[p]" @ M)".

Proof. — By taking the G-homology of the exact sequence 0 — Z, — Z, —
Z/pZ — 0, we get the exact sequence of F,[A]-modules

Hy(G,Z,)/p —— Ha(G, Z/p) —» H\(G, Z,)[p].

After observing that Hy(G,Z,)" ~ H*(G,Q,/Z,) = 0, then H*(G,Z/p) is isomorphic to
(H:1(G,Z,)[p])" ~ F[p]*, and we conclude by Proposition 1.1. O

By the way, the proof of Proposition 1.2 allows us to obtain:

Proposition 1.3. — One has
d,H'(G,Z/p) — d,H*(G,Z/p) =t — d,Ho(G, Zy,).

1.2. Restricted ramification. — Let K be a number field. To simplify when p = 2
we assume K totally imaginary. Set

o B 1= 7Z,® O the pro-p completion of the group of units of the ring of integers
ﬁK of K,

e ('l the p-Sylow subgroup of the class group of K,

e K, the completion of K at p|p, U, the local units of K,

o %, = lim Up/Ufn the pro-p completion of U,, and %, := H%,

" plp

* gy Ex — %, the diagonal embedding of E into p-adic units.
1.2.1. The pro-p group Gr,. — Let K,/K be the maximal pro-p extension of K un-
ramified outside p; set Gk, = Gal(K,/K). The pro-p group Gk, is finitely presented.
More precisely, one has (see [19, Chapter VIII, Proposition 8.3.18; Chapter X, Corollary
10.4.9, Theorem 10.7.13]):

Theorem 1.4. — The pro-p group Gk, s of cohomological dimension 1 or 2, and
de1<GK,pa Z/p) - dPHQ(GK,pa Z/p) =T2 + ]-

Here as usual (ry, ) is the signature of K.

Let us write G, ~ F, ® T p, where Ty, := Tor(G$,) is the torsion of G, and
where Fyp := G,/ Tk p ~ Ll is the free part; the quantity ¢, is the Z,-rank of G¢ .
By class field theory one has:

(2) t, = dimg,coker(tip) = 2 + 1 + dimg, ker(ix p).

(See for example [8, Chapter III, §1, Corollary 1.6.3].)
Recall also that Leopoldt’s conjecture asserts that ker(tx,) = 1, and thanks to Baker
and Brumer [2] one knows that Leopoldt’s conjecture is true for abelian extensions K /Q.

One also has the following well-known result (see for example [19, Chapter X, Corollary
10.3.7)):

Proposition 1.5. — One has ker(tx,p) = 1 <= Hy(Gkp, Zy) = 1.



Proof. — By Proposition 1.3 and Theorem 1.4 one has:
tp — deQ(GKJ), Zp) =1y + 1;

thus by combining with (2), we get: dimg,ker(txp) = dpHy(Gkp, Zy). Observe now
that Hy(Gg,p,Z,) is an abelian pro-p group, so Hs(Gkp,Z,) is trivial if and only if
d,Hy(G e, Zy) = 0. O

Regarding Jk ,, we have the following:
Proposition 1.6. — Suppose Clx = 1. Then T, ~ Tor <%p/LK7p(EK)).

Proof. — By class field theory one has %, /tx ,(Ex) ~ G% when Clx = 1. O
D P K,p

Hence, given a number field K, up to a finite set of primes (those that divide |Clk|) the
computation of Jx, is reduced to the computation of the torsion of %,/tk ,(Ek). And
having some nontrivial element in Tor(%,/ux,(Exk)) is something that is rare; one has
the following conjecture (|7, Conjecture 8.11]).

Conjecture 1.7 (Gras). — Given a number field K, then Jx, =1 for p > 0.

Regarding this conjecture many computations provide some evidence, but very little
is known in general. See [8, Chapter IV, §3 and §4] and [9] for a good exposition.
Nevertheless, the p-group Jk, is a deep arithmetical object associated to K, as we can
see from the following result, for example.

Proposition 1.8. — The pro-p group Gk, is free pro-p (on r2 + 1 generators) if and
only if ker(tx,p) = 1 and Tk, = 1.

Proof. — If G is free pro-p then G, ~ Zlr, T, = 1, H*(Gkp, Qy/Z,) = 0, and by
Proposition 1.5 one gets ker(ix,) = 1.
For the reverse, suppose that ker(ix,) = 1 and Gk, ~ Z;P. By Proposition 1.5,
Hy (G, Z,,) = 0; by Proposition 1.2, one gets H*(Gxp,Z/p) = 0 (take A trivial and
M = Z/p), and then Gk, is pro-p free.
Regarding the p-rank of Gk ,, see Theorem 1.4. m

Example 1.9. — Take p > 3, and let K/Q be an imaginary quadratic field. Observe
that Ex = 1 and that %, is torsion free. Hence when Clix = 1, the pro-p group Gk, is
free pro-p on 2 generators.

Finally, let us recall that when G, is free pro-p then K is said to be p-rational ([18]).

1.2.2. With semisimple action. — Let A be a finite group of order coprime to p. Let
U, be the set of irreducible F,-characters of A. Let M be a finite F,[A]-module. For
p e W, set r,M to be the p-rank of M: that is the number of times that ¢ appears in
the decomposition of M as F,[A]-module. In particular if x (M) denotes the character of
M, then x(M) = Z@e% rop. Put x (M)t = Z<pe\pp roe~t, where o 1(g) = p(g7h).
Recall that for a finite Z,[A]-module M, one has x(M/M?) = x(M|p]).

Definition 1.10. — Two finite F,[A]-modules M and N are said to be orthogonal, and
write M L N, if for every ¢ € ¥,, one has r,M - r,N = 0.



We denote by Reg the character of the regular representation, by 1 the trivial character,
and for a subgroup D of A, by Ind%l p the induced character from D to A of the trivial
character 1p of D.

Since (M ® N) = x(M)x(N) and x(M") = x~' (M), one has:

Lemma 1.11. — Let M and N be two finite F,[A]-modules.
A
Then <MA ®N> =0 i and only if M 1L N.

Proof. — Indeed, x(M" @ N)" = (y(M*)x(N). 1) = (V). x(M)) = 5, (r, M -7,N).
O

For the end of this section, let us consider the following frame.

Let K /k be a finite Galois extension of degree coprime to p; put A = Gal(K/k). Observe
that K,/k is Galois and that A acts on Gk, Tk, FKp, etc. Put I' = Gal(K,/k) ~
G Kp X A.

As we will see, we need that the two pieces Ff, and Jk, of G%’J, must be orthogonal
to each other (as A-modules). First, the next Theorem will be essential to lift residual
representation.

Theorem 1.12. — Let M be a finite I'-module of exponent p on which Gk, acts triv-
ially. Assuming Leopoldt’s conjecture for K at p, then H*(T', M) ~ (i%gp[p]A ®M)A. In
particular H*(T', M) = 0 if and only if Tk ,[p] L M.

Proof. — This is a consequence of Proposition 1.2, Proposition 1.5 and Lemma 1.11. [

Remark 1.13. — When K contains (,, the character of Jx ,[p] is related to the mirror
character of Cl), where Cl) is the p-Sylow of the p-class group of K. Typically when
K = Q(), 0Tk p|p] = roxCli, where p* := wep™'. In this case, Q((,) is p-rational if
and only if p is regular. For more general results see [10].

To finish, the following proposition will be the starting point for realizing residual repre-
sentations as Galois extensions of number fields.

Proposition 1.14. — Assuming the Leopoldt conjecture for K at p, one has

X(FKp/p) =1+ nReg — Z Ind$ 1p,,

v|oo
where n = [k : Q. In particular if K/k is a CM-field one has x(Fk,p/p) = 1+ np, where
@ 1is the nontrivial character of Gal(K /k).

Proof. — One has Q, ® Fx, = Q, ® %/@p ® tkp(Erk). Then use for example [10, §5
Theorem 5.12, and §6]. O

2. Uniform groups and Lie algebras

2.1. Generalities. — For this section we refer to [6, Chapters 4, 7 and 9.



Let G be a finitely generated pro-p group. Set G; = G, and forn > 1, G,.,1 = GE[G, G,,].
The (G,,) is the p-descending central series of G. For n > 1, consider the morphism:

Qo ! Gn/GnJrl - GnJrl/GnJrQ

xr — zP.

Definition 2.1. — The pro-p group G is said to be uniform if for every n, the map «,,
is an isomorphism.

Hence when G is uniform, there exists some d such that G, /G, 1 ~ (Z/p)%; the integer d
is called the dimension of G.

Theorem 2.2. — Let G be a uniform pro-p group. Then for alln = 1, Gy41 is uniform
and also equal to:
(1) G7[Gn, Gnl,
(ii) G*" ={(g", g€ G),
(iii) (Gn)? = (gh, gn € Gn)-

Proof. — See [6, Chapter 3, Theorem 3.6]. O

Recall that a p-adic analytic group is a topological group G having a structure of p-adic
analytic manifold for which the sum and the inverse are analytic. Since Lazard [15] one
knows that uniform pro-p groups are the socle of p-adic analytic groups. Indeed:

Theorem 2.3. — (i) A uniform group G of dimension d is a p-adic analytic group of
dimension d (as analytic manifold).

(17) Every p-adic analytic group of (analytic) dimension d contains an open subgroup
which is uniform of dimension d.

(i1i) Let G be a pro-p group which is a p-adic analytic group, then G — Gl (Z,) for
some m.

Proof. — See [6, Interlude A]. O

In what follows, we will consider uniform groups G as subgroups of Gl,,(Z,).

2.2. Exponential and logarithm. —

2.2.1. The Lie algebras gl,,, and sl,,. — Set e =0ifp>2 ande=1if p=2.

Take m > 2. Let gl,, be the Z,-free module of dimension m? generated by the matrices
E;j(p) := p'™°E; ;, where E; ; are the elementary matrices. Then gl,, is a Z,-Lie algebra,
subalgebra of the algebra gl,,(Q,) of the matrices of size m x m with coefficients in Q,,
equipped with the Lie bracket (A, B) = AB — BA.

It is not difficult to see that (gl,,, gl,,) < p'*¢ gl,,: the algebra gl,, is said to be powerful
(see [6, Chapter 9, §9.4]).

Thanks to [15, Chapter IV, Theorem 1.3.5.1], one knows that the exponential map exp :
z— 3~ o(n!) "'z and the logarithm map log(z) := -, (—1)""'n""(z —1)" converge for
z € gl, and z € GI} , where Gl}, = {A € Gl,,(Z,), A =1 mod p'™}. Moreover exp and
log are reciprocal on these two spaces. Hence exp(gl,,) = GI} and since gl,, is powerful,
G}, is uniform ([6, Chapter 5, Theorem 5.2]).

Let sl,, be the Z,-Lie subalgebra of gl,,, consisting of matrices with zero trace. The algebra
s, is also powerful, and then SI}, := exp(sl,,) is uniform. More, since sl,,,(Q,) := Q,®sl,,
is simple, one has sl,,(Q,) = (s0,,(Qy, s1,,,(Q,)) which implies that the abelianization of



Sl (Z,) is finite. Observe that exp o Trace = det o exp, confirming that S}, = exp(sl,,)
is also the subgroup of GI} of matrices of determinant 1.

2.2.2. Uniform groups and Z,-Lie algebras. — For k > 1, let ¢, be the reduction map:
on : Gln(Z,) — Gl (Z/p"Z).
Set GI®) = ker(ppye) and SIF) = ker(pp.e) 0 Slu(Zy)

Proposition 2.4. — (i) One has GI}, = GI\V) and SI}, = SI{V).

(i1) The subgroups GI¥) (resp. SI¥)) correspond to the p-descending central series of GI.,
(resp. SI.. ). In other words, GI'¥) = (Gl,,) and SI%®) = (SI,,,)s.

(i3i) For k =1 one has GI®) = exp(p*'gl,,), and SI® = exp(p*'sl,,).

Proof. — For (i) and (ii) see [6, Chapter 5, Theorem 5.2]; for (iii) see [6, Chapter 4,
Lemma 4.14]. O

Proposition 2.4 is a special case of the following result:

Theorem 2.5. — There is an isomorphism between the category of uniform pro-p
groups G and the category of powerful Z,-Lie algebras £. When G < GI}, this correspon-
dence is given by the exponential and the logarithm; in particular £ = log(G) € gl,,.

Proof. — See [6, Chapter 9, Theorem 9.10]. ]

Definition 2.6. — Let G < GI. be a uniform pro-p group of dimension d. Set g :=
log(G) < gl,n, and g, := g/pg. Observe that g, is a [F,-vector space of dimension d.

As for Gl}, in Proposition 2.4, the p-descending central series (G,) of a uniform group
G < Gl,,(Z,) is easy to describe. Indeed:

Proposition 2.7. — One has G, = exp(p"'g).
In particular, Gp/Gpi1 ~ p"'g/p"g ~ gp.

Proof. — See [6, Chapter 4, Lemma 4.14]. ]

2.2.3. The Lie algebra g as a sub-module of gl,,. — Let G < GI} be uniform; set
g = log(G). Recall that g is the powerful sub-Lie Z,-algebra of gl,,, such that exp(g) = G.
Let A’ be a finite subgroup of Gl,,(Z,) of order coprime to p, acting by conjugation
on G; observe that A" also acts on Gl,,, on gly,, :== gl,/pgly,, and on g,. Since p { |A'|,
the Z,[A’]-module gl,, is projective (see [22, Chapter 14, §14.4]) and then, gl,,, and
90,(Q,) := Q, ® gl,,, have the ‘same’ character (as A’-modules). Of course, for the same
reason, g, and g(Q,) have the same character. Since g(Q,) < gl,,,(Q,) we obtain:

Proposition 2.8. — Let A' < Gl,,(Z,) be a subgroup of order coprime to p acting on g
by conjugation. Then g, is isomorphic to a sub-A'-module of gl .

Definition 2.9. — When the action is given via a Galois representation py : A —
Gl (Zy,) (here A" = po(A)), the A-module g, is called the adjoint of G following py.



2.3. Semisimple algebras. — The next Theorem, due to Kuranishi ([14]), is essential
for our strategy. See also [1].

Theorem 2.10 ([14]). — Let £ be a semisimple Q,-Lie algebra. Then £ can be gen-
erated by 2 elements.

Let £ < gl,, be a powerful Z,-Lie algebra. For z € £, put we(x) := max{k,z € p"£},
we(0) = oo; it is a valuation on £ (following Lazard’s terminology, see [15, Chapter I,
§2.2]). When starting with a uniform group G, for g € G define wg(g) := wy(log(g)),
where g = log(G): this is a filtration on G (see [15, Chapter II, §1]).

Definition 2.11. — Two topological groups G and H are said to be locally the same if
they have a common open subgroup.

As corollary of Theorem 2.10 we get

Corollary 2.12. — Let G < Gl}, be a uniform group such that g(Q,) is semisimple.
Then there exist two elements g and ¢’ in G such that

(i) wa(g) = wald),
(ii) g ¢ {9 )Grs1,
(1ii) the group G and the (closed) subgroup H generated by g and ¢, are locally the same.

Proof. — Let g := log(G) be the powerful Z,-Lie algebra associated to G, and equipped
with the valuation wy. Set . := Q,®g. By Theorem 2.10 there exist z,y € £ such that
% = {x,y). By multiplying x and y by some powers of p, we can assume that = and y
have the same valuation k& (and are also in g). Suppose now that x = agy mod p**'g for
some ag € Z,\pZ,; then z —apy and p*'y are of the same valuation k; + k for some k; > 1.
Suppose moreover that  — agy = a;p*'y mod p*™**1g for some a; € Z,\pZ,; then for
some ks, the elements z—aoy—a;p*'y and p*?y are of the same valuation ko +k > ki +k+1.
If this process does not stop, we can construct a sequence of integers (k,), kni1 > kn,
and a sequence of p-adic integers (a,) such that z — apy — a1p™y — -+ — a,p*y is of
valuation k1 + k, showing that x € (y), which is impossible since £ is not abelian.
In conclusion, there exists ao, - ,ax, € Z,\pZ,, and integers ki, --- , k; such that 2’ :=
T —agy — - - - a,ptiy is of valuation k + k; 11, but such that 2’ ¢ (phi+1y) + pkthisitlg,
By abuse we note = by 2/, pFi+1y by y, and k + k; by k. Thus, we may assume that
and y are in g with the same valuation k, that they generate ., and that {x,y} is free
in pFg/p*tlg ~ g, ~ (F,)¢, where d is the dimension of G.

Set g = exp(x) and ¢’ = exp(y). Then by the previous observations one has: g ¢ (¢ )G 1.
Let H = {g,¢") be the closed subgroup of G generated by g and ¢’. The pro-p group
H is p-adic analytic as closed subgroup of a p-adic analytic group; let U be an open
uniform subgroup of H. Then for r » 0, ¢ and (¢')?" are in U. Hence the Z,-Lie
algebra £, = log(U) of U contains p"z and p"y, and then Q, ® £y = £. Thus, U and
G are locally isomorphic and even locally the same (due to the fact that U < G), see for
example [23, Part II, Chapter V, §2, Corollary 2], or [6, Chapter 9, §9.5, Theorem 9.11].
In other words, G and H are locally the same. ]

The two next examples make explicit Theorem 2.10.

Ezxzample 2.13. — Take m = 2. Set © = E15(p) + E21(p), and y = E11(p) — E22(p).
Observe that (z,y) = 2p(E2,1(p) — Elyg(p)), hence x and y generate the Lie algebra



sl5(Q,). Set g = exp(x) and ¢’ = exp(y), and H = {(g,¢’). Then H has SI? as open
subgroup.

Exzample 2.14 ([5] or [3]). — Take m > 3. The Lie algebra sl,, is simple. Set z =
ZZ’l‘f Eii1(p), and
| Enailp) m odd,
y= { En—11(p) + Em2(p) m even.
Observe that {(x,y)z, < sl,. Thanks to [5, Proposition 2.5 and Proposition 2.6] and [3,
Example 2] one has (z,y) = s[,,(Q,). Put g = exp(x), ¢’ = exp(y) and H = {g,¢') = GI}.
Observe that wg(g) = wa(g') = 1. Then H has SI*) as an open subgroup for some & » 0.

3. Lifting in uniform pro-p groups

To simplify we take p > 2. The goal of this section is to give lifting criteria for uniform
groups including the well-known conditions when G = SI} of GI}, (see [17, §1.6]).

3.1. Compatible actions. — Let ¢ be a pro-p group of p-rank > d, and let A <
Aut(¥) be finite of order coprime to p. Set I' = ¢4 x A.

Let 9P .= 4/49P|4 4] be the maximal abelian p-elementary quotient of ¢; observe
that 97 is a F,[A]-module.

Let M be a sub-F,[A]-module of 97! and let py : A — Gl,,,(Z,) be a representation of A
such that ker(pg) acts trivially on M. Put A" = pg(A). Hence M is also a A’-module by
po(s) -m :=s-m.

Let Pry 1 9 — 9P — M be the projection of & on M.

Let H < Gl,,,(Z,) be a pro-p group such that d,H = d,M. Suppose that py(A) acts on H
by conjugation. Hence HP becomes a A-module via pg, by s-¢’ := po(s)-g’. We suppose
now that the action of A on M is compatible with that of A on H?¢: in other words,
x(HPe) = x (M), as A-modules. Hence there exists a A-isomorphism 3 : HP< = M
(which is equivalent to be an isomorphism of A’-modules).

3.2. Embedding problem. — Let G = GI! be a uniform pro-p group of dimension d.
Set g := log(G) < gl,. Given 1 < s < dand k > 0, let 2z;,---,2, € p*g be some
independent elements in pFg/p**tg ~ (Z/p)?. Set g; = exp(z;). Then for i = 1,--- , k,
one has wg(g;) = k.

Let us consider the closed subgroup H of G generated by the g;’s. The group H is p-adic
analytic. Observe that H < Gy < GI%) = ker(Gl,,(Z,) — Gl,(Z/p")). Recall that (G,,)

is the p-central descending series of G.

For n > 1, put Hy,) := H N Gqx—1. Hence Hpyp = H.

Lemma 3.1. — (i) The pro-p group H is of p-rank s, and H?*' ~ H/Hjy).

(it) For each n > 1, Hpy) < H, the quotient Hyn)/Hin 1y is p-elementary abelian, and H
acts trivially (by conjugation) on Hpny/Hipny1y-

(ii1) The Hp,) are open in H, and ﬂH[n] = {1}.

n
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Proof. — (i) One has the commutative diagram:

H/Hjy)—— Gy/Grn ——p"a/p" g

H/HP[H, H]

Hence the family {g1 Hya), - - - , gsH[2} is free in H /H[y), showing that d,H > d,H/H3 > s.
But H is generated by the g;’s. Thus d,H = s, and P is an isomorphism.
(i) Clearly Hp,) <t H. Since Gp41 = GP[G, G| one has:

H[n]/H[n+1] = Hn Gn/H M Gn+1
(H n G,)G2[G, G,]/GE[G, G,).

Hence Hyp,)/Hjpq1) is p-elementary abelian, and G and then H acts trivially on

Hip)/ Hypy.
(4i7) Point (ii) shows that the GY,; are of finite index in H, and then open since H is pro-p

finitely generated. Regarding the intersection, that is obvious since ﬂ G, ={1}. [

We now summarize conditions of Section 3.1.

Via 3 and pg, suppose that HP¢ can be seen as a sub-A-module of 47 or equivalently,
HP is A'-isomorphic to a subspace M of &P,

Hence there exists a surjective morphism f : I' = H/Hy x A’, such that

(1) (fo)g = 871 o Pry,
(i) (f2)1a = po.
Recall that H/Hpp = HP.

More generally, suppose that for some n > 2, there exists a surjective morphism f,, : I' —
H/Hp,) x A’ where (f,)|a = po. Then let us consider the embedding problem (&;,):

I'=9xA

1 HH[n]/H[nJrl] E— H/H[n+1] x A QT» H/H[n] x A

where g, is the natural map (in particular Gnias is the identity).

Thanks to the criteria of Hoechsmann (see for example [19, Chapter III, §5]), (&,) has
some solution when H*(T', Hp,)/Hpns1)) = 0, where the action of T' on Hy,)/Hpe1) is
induced by conjugation via f,. See for example [19, Chapter III, §5, Proposition 3.5.9].
In fact we need more:

Proposition 3.2. — If (&,) has a solution 1, then 1, is an epimorphism (the solution
is called proper).

Proof. — The question is to see if the map 1), is surjective. Since H/H[, 1 and H /Hpy

are p-groups, it is equivalent to see if these two groups have the same minimal number
of generators: that is Lemma 3.1, (7). O
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3.3. Main Theorem. — We can now state the key theoretical result of our paper.
Let us write 9% ~ 7 @ Z;, where .7 is the torsion part of 4%. Let us keep the
notations of the previous sections. In particular GG is a uniform group of dimension d, H
is a closed subgroup of G, 3 is a A-isomorphism from H?¢ to a sub-A-module of &P
po: A — Gl,,(Z,) is a representation of A, and A’ = py(A). We suppose moreover that
A’ acts by conjugation on G. Hence, via pg, the group A acts also on g := log(G) < gl,,
and on g, := g/pg (see §2.2.3).

Theorem 3.3. — With the above notations, suppose given f : I' = 4 x A —»
H/HP[H, H| x A" where fin = po, such that: (i) H*(¢Y,Q,/Z,) = 0; and (ii) T [p] L g,.
Then the embedding problem

=9 x A

W

H x A/T»H/H[Q] X A/
has a (proper) continuous solution 1.

Proof. — We proceed step by step.

e First, for n > 2 suppose we are given a surjective morphism f,, : I' — H/Hp, x A/,
where (f,)ja = po. And consider the embedding problem (&,).

e Observe now that

H[n]/H[n+1] —Gn Gn/H M Gn+1 % (H N Gn)Gn+1/Gn+1

Gn/Gn+1 AU — GnGn+1/Gn+1

Since G is uniform, G,/G,+1 ~ g,, and this isomorphism is also compatible with the
action of A. In particular, Hy,)/H,41] is a sub-A-module of g,,.

e Since f,(¥) ¢ H/H[,), by Lemma 3.1 the group ¢ acts trivially (via f,,) on Hyy/Hpp41].
By Theorem 1.12 we get

A
H?(T, Hyy/Hpp 1) =~ <<7[p]A ®H[n]/H[n+1]>

e But by hypothesis 7 [p| L g,. Then as Hy,)/Hpuq1) < 8y, one has 7 [p] L Hyy/Hpnga)-
By Lemma 1.11 we finally get H*(T, H,)/Hnt1)) = 0: the embedding problem (&) has
some proper solution v,, thanks to Proposition 3.2.

Put fn+1 = wn

e By hypothesis f; is given. Hence by the previous computation one deduces that (&3) has
a proper solution, which gives the existence of one f3. Then (&3) has a proper solution,
etc. To conclude, it suffices to take the projective limit of a system of compatible solutions

¥, and to remember that ﬂ Hp,y = {1} O

Remark 3.4. — Observe that H x A" < Gl,,(Z,). Hence the continuous map v induces
a continuous Galois representation p : I' — Gl,,(Z,) with image containing H as open
subgroup. Moreover for 0 € A, one has () = po(0); thus pja =~ po. In other words, p
is a lift of pg. Finally observe that changing the map S (which is possible since p > 2),
changes the representation p.
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4. Applications

Before developing the arithmetical context, let us make a quick observation.

Proposition 4.1. — Let k be a number field such that ro > 0. Suppose the Leopoldt and
Gras conjectures for k at p. Take p » 0. Then for every p-analytic group G for which the
Lie algebra is semisimple, there exist continuous Galois representations p : Gal(k/k) —
Gl (Z,) with image locally the same as G.

Proof. — Here we assume that the pro-p group Gy, is free of p-rank 7, +1. Let U < ¢
be a uniform subgroup of G. The group U is pro-p. We can assume that U < GI} , and
we conclude with Corollary 2.12 (as consequence of Theorem 2.10). ]

When k is totally real, one strategy is to start with a residual Galois representation of
Gal(k/k) of order coprime to p (typically of order 2) in which at least one real place is
ramified.

4.1. The principle. — We apply Section 2.2.3 in our arithmetical context as developed
by Greenberg [11], Ray [21], etc.

e Let us start with a Galois extension K /k with Galois group A of order coprime to p.
Recall that A acts on G, etc. Set I' = Gal(K,/K) ~ Gk, x A.

Suppose ker(ti,) trivial (equivalently, assume Leopoldt’s conjecture for K at p). Then
H*(Gkp, Qy/Z,) = 0 by Proposition 1.5.

e Let po : A — Gl,,,(Z,) be a Galois representation of Gal(K /k).

Fori =1,---,s, let L;/K be cyclic degree p extensions in K,/K. Let L be the com-
positum of the L;’s and set M = Gal(L/K). We suppose that A acts on M but also
that ker(po) acts trivially on M as in Section 3.1. Hence A’ := py(A) acts on M by
po(s)-m :=s-m.

e Let G < GI}, be a uniform group, and let H be an open subgroup of G as in Section
3.2. Recall that H = (g1, -, gs) where the g;’s are in Gx\G11. In particular H < Gj.
Observe that Gy 1 = G**"" by Theorem 2.3. Write G/p*™ := (G mod G*"'").

We suppose now that po(A) acts by conjugation on H, such that there exists a A-
isomorphism 3 : HP*! — M (which is equivalent to say that is a A’-isomorphism).
Hence, we also get Gal(L/K) x po(A) ~ HP x A’. By Lemma 3.1 recall that

HP ~ H/HP[H,H]| ~ H/Hp ~ HGj11/Gr1.
We then have a continuous Galois representation
p1: Gal(K,/k) — G/p"*! x A
such that:

(1) (p1)\Gai(r, /) = B~ o Pray,
(i) Pl Gaacm) :k Pos
(731) pp mod GP" ~ py.
The Galois representation p; plays the role of the function f of Theorem 3.3.

e As A’ (or A) acts by conjugation on H, we assume moreover that it also acts on G.
Set g := log(G) < gl,,. Hence g, becomes a A-module (via py).

As consequence of Theorem 3.3 and Remark 3.4, we get:
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Corollary 4.2. — Ifker(tx,) =1 and Tk ,[p] L gp, then the representation pg lifts to
a Galois representation p : Gal(K,/k) — Gl,,(Z,) with image containing H as an open
subgroup.

4.2. Galois representations via imaginary quadratic fields. — We start with
an imaginary quadratic extension K/Q. Let p > 2 be a prime number. Put A =
Gal(K/Q) = {s), and let ¢ be the nontrivial character of A.

e Suppose that p { |Clk|. For p = 3, we assume moreover that %,/uk ,(Ek) is torsion
free; typically K = Q(+/—3). The pro-p group G, is free (see Example 1.9), and
X(G‘}gp/p) = 1 + ¢ by Proposition 1.14. Take M = G]I’f;) = (hy,hy) ~ (Z/p)?, such that
s-hy = h ands-hgzhz_l.

e We recall observation of Example 2.14 from [3] and [5].

Take m > 3, and consider z; = F15(p) + Ea3(p) + - + Em—1.m(p) € g, and

Ena(p) m odd
29 = ’
Em-11(p) + Ena2(p) m even.

- and H = {g1,ge). Take the uniform
group G := SI}. Of course H ¢ G. As seen in 2.14 (thanks to Corollary 2.12), the
analytic groups H and SI,,(Z,) are locally the same.

Set A=Y ,(—1)""'E;,. By conjugation, A-z; = —z; and A- 25 = 25, and then A acts by
—1 on g; and by +1 on go. Of course A acts also on SI,,(Z,).

Let py : Gal(K/Q) — Gl,,(Z,) be the Galois representation defined by po(s) = A.
Here ker(pg) = 1, and the map 3 : M — HP defined by B(hy) = giHP[H, H] and
B(hg) = goHP[H, H| is an isomorphism of A-modules.

For m = 2, consider Example 2.13 and take z; = E11(p) — Ea2(p), 22 = E12(p) + E21(p),
g1 = exp(r1), g2 = exp(x2), and A = Eyy — Epp.

Set g1 = exp(z1) € GI}, and gy = exp(zy) € GI}

In conclusion, the principle of Section 4.1 allows us to lift py to a Galois representation
of Gal(K,/Q) — Gl,,(Z,).

Theorem 4.3. — Given p > 3, and m > 1. Let K/Q be an imaginary quadratic
extension such that p 1 |Clk|. Then there exist continuous Galois representations p :

Gal(K,/Q) — Gl,,(Z,) with open image.

Proof. — Here the field K is p-rational and Ex = 1; then apply Corollary 4.2. Hence
there exists a continuous Galois representation p' : Gal(K,/Q) — SI}, x po(A) — Gl,n(Z,)
with image containing SI¥ for some k > 0, as open subgroup.

Let w' : Gg — Z, be the cyclotomic character. Now, recall that since S,,(Q,) is
semisimple, every open subgroup of SI! has finite abelianization. Hence the image of the
Galois representation p := p @ w' : Gal(K,/Q) — Gl,,(Z,) has p-adic dimension m?; in
conclusion the image of p is open in Gl,,(Z,). O

As a corollary, we obtain:

Corollary 4.4. — There exist continuous Galois representations p : Gal(Q/Q) —
Gl (Zy,) with open image satisfying:

(1) p is unramified ouside {p, 0} if p=—1 mod 4,

(73) p is unramified ouside {2, p, 0} if p =1 mod 4.
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Proof. — Take K = Q(y/—p). Thanks to an explicit version of Brauer-Siegel (see for
example [16]), p 1 |Clk|. (For p = 3, the number field Q(1/—3) is 3-rational). Apply
Theorem 4.3. [

Remark 4.5. — Observe that ramification at 2 only occurs in Q(,/—p)/Q.

4.3. Galois representations via K = Q((,). — The study of Galois representations
through Q(¢,) allows us to realize, for many primes p = 1 mod 4 and large m, Galois
representations p : Gg — Gl,,(Z,) unramified outside {p, oo}, and with open image.

Take k = Q, K = Q((,). Let s be a generator of A = Gal(K/Q). Recall that tx,, is
injective, and by Proposition 1.14, x(Zk,/p) = 1+ w +w? + - +wP™2 where w : Gg —
) < Z, is the mod p reduction of the cyclotomic character.

Take m > 3. Let g; and g» be the elements of SI! as in the previous section. Set

H = <91,92> @ Sl}n
Given an odd integer a, set A,( Zw E; ;. Consider the Galois representation

po : Gal(K/Q) — Gl,,,(Z,) defined by po( ) = Aa(s).
Then A,(s) - 21 = w™%(s) z; and

Au(s) 20 = {

Put g1 = exp(z1) and gy = exp(zz). The action of A,(s) is odd on g, and even on go. Of
course A,(s) acts also on Si} .

w*m=D(s) z, m odd
w*m=2)(s) z, m even.

Thanks to the decomposition of x(Zk p/p) we can find hy and he in Fg, such that
wa(m— 1)

s-hy =R and s hy = RS ) if a(m — 1) = 0 mod p — 1 for m odd, and
5-hy = h“;a(m i a(m —2) = 0 mod p — 1 for m even; there is no condition for the odd
character, but the even character must be trivial.

Put M = Fphy + Fphe < G%5 ! Then A acts on M, ker(py) = ker(w®) acts trivially on
M, and the two A-modules M and HP¢ are isomorphic.

Here it is not difficult to see that the character x (gl ) of gl (via pg) contains only
characters of the form w7 with 4,5 € {1,--- ,m}.

We can apply the previous techniques. As before, the representation pg lifts when w®
does not appear in x(Tx,[p]) = x*(Clk[p]), for every o’ € {£1,+2,--- +m} (in fact
class modulo p — 1 of).

Let a be the odd part of p — 1; in other words, p — 1 = a2* with 24 a; so A = vy(p — 1).
We obtain the first condition (regardlng the existence of h; and hy): for m odd we must
have vy(m —1) = ve(p—1); for m even we must have vy(m —2) = vy(p —1). For a regular
prime p, that is the only condition.

Regarding the condition so that Jx, L gl,,: Let us start with a character w* that
appears in x(Clk[p]), that is equivalent to say that w!=* appears in x( Tk ,[p]); if w' ="
appears in x(gl,,) then a divides k; — 1.

Let us look at the p =3 mod 4 case; here a = (p — 1)/2.

There is no condition on m, and the condition regarding J , becomes r m-1)2(Tk,p) =
0. Observe that r,e-12(Tkp) = ro(Tk,p), Wwhere Ky = Q(y/—p) and where ¢ is the
nontrivial character of Gal(K,/Q). Hence since r,7k,, = 0 (see the proof of Corollary
4.4), we get that there is no obstruction for the embedding problem. In fact, observe
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that in this case the representation we obtain through Q((,) can be deduced by the one
of Corollary 4.4.

We have proved:

Theorem 4.6. — Let p =1 mod 4 be a prime number, and let m > 3. Writep — 1 =
2 a where 2  a. Let {w* .- Wk} be the characters corresponding to the nontrivial
components of the p-Sylow of the class group of Q((,). Suppose that:

(1) va(m — 1) = ve(p — 1) if m is odd, and vo(m — 2) = ve(p — 1) if m is even;

(i) at(k;—1) fori=1,--- e.
Then there exist continuous Galois representations p : Gg — Gl (Z,) unramified outside
{p, 0}, and with open image.

Corollary 4.7. — Let p = 1 mod 4 be a reqular prime. Then there exist continuous
Galois representations p : Gg — Gl (Z,) unramified outside {p, 0} and with open image,
for every odd m such that ve(m—1) = vy(p—1), and for every even m such that vo(m—2) >

va(p —1).
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