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Abstract. — In this paper, we describe minimal presentations of maximal pro-2 quotients
of absolute Galois groups of formally real Pythagorean fields of finite type. For this purpose,
we introduce a new class of pro-2 groups: ∆-Right Angled Artin groups.

We show that maximal pro-2 quotients of absolute Galois groups of formally real
Pythagorean fields of finite type are ∆-Right Angled Artin groups. Conversely, let us
assume that a maximal pro-2 quotient of an absolute Galois group is a ∆-Right Angled
Artin group. We then show that the underlying field must be Pythagorean, formally real
and of finite type. As an application, we provide an example of a pro-2 group which is not
a maximal pro-2 quotient of an absolute Galois group, although it has Koszul cohomology
and satisfies both the Kernel Unipotent and the strong Massey Vanishing properties.

We combine tools from group theory, filtrations and associated Lie algebras, profinite
version of the Kurosh Theorem on subgroups of free products of groups, as well as several
new techniques developed in this work.

A central open problem in Galois theory and number theory is to classify profinite
groups that arise as absolute Galois groups. One natural approach is to study properties
that such groups must satisfy. On the one hand, Artin–Schreier [1] showed that the only
non-trivial finite subgroups of absolute Galois groups are of order 2. On the other hand,
the well known Bloch-Kato conjecture imposes strong restrictions on Galois cohomology.
This conjecture was proved in 2011 by Rost and Voevodsky (see [9] and [42]). For some
other results concerning absolute Galois groups of some special fields and some related
topics in field arithmetic, we refer the interested reader to [6], [3], [12], and [7].
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Positselski [36] proposed a strengthened version of the Bloch–Kato conjecture. Let
us fix a prime p. A profinite group is said to satisfy the Koszul property (at p) if
its cohomology algebra over Fp (with trivial action) is Koszul. This means that the
cohomology algebra is generated in degree 1, with relations of degree 2, and admits a
linear resolution. Positselski conjectured that absolute Galois groups, of fields containing
a p-th root of unity, satisfy the Koszul property. This property has significant applications
in current algebra and geometry. We refer to [35] for a comprehensive exposition.

In [32] and [33], the last two authors proposed further conjectures describing prop-
erties on absolute Galois groups: the Massey Vanishing and the Kernel Unipotent proper-
ties. The Massey Vanishing conjecture has attracted considerable attention. For instance,
Harpaz and Wittenberg [13] proved it for all algebraic number fields. We refer to [23]
for a complete exposition on the Massey Vanishing conjecture and recent results.

This paper focuses on the class P of maximal pro-2 quotients of absolute Galois
groups of formally real Pythagorean fields of finite type (RPF fields). This class is deeply
connected with Witt rings, orderings of fields, and the Milnor conjecture. We refer to the
work of the third author and Spira [24], [30], [26] and [31], Marshall [22], Jacob [14],
Efrat-Haran [6] and Lam [17]. The third author in [24] and [25] described the class P.
It is the minimal class of pro-2 groups containing ∆ – Z{2Z, stable under coproducts and
some semi-direct products. With Spira [30] and [31], they also showed that groups in P
are characterized by finite quotients. Precisely their third Zassenhaus quotients. These
results led to several consequences. A first application was given by the last two authors
with Pasini and Quadrelli. They showed that P satisfies the Koszul property [28]. A
second application was given by Quadrelli [39, Theorem 1.2]. He proved that P satisfies
the Massey Vanishing property.

Building on these results, this work aims to study presentations of groups in P.
As an application, we give several new examples of groups which are not pro-2 maximal
quotients of absolute Galois groups. Our approach relates P to the well-known class of
pro-p Right Angled Artin Groups (RAAGs). We refer to [2] for a general introduction.
This class has recently played an important role in Galois theory. We refer to the work of
Snopce and Zalesski [40, Theorem 1.2] and the work of Blumer, Quadrelli and Weigel [4,
Theorem 1.1].

The class of ∆-RAAGs. — Let us denote by x0 the generator of the multiplicative
group ∆ – Z{2Z. Intuitively, a ∆-Right Angled Artin group (∆-RAAG) is a semi-direct
product of a (pro-2) Right Angled Artin Group (RAAG) by ∆. The action inverts a
"natural" set of generators up to conjugacy.

Let Γ – pX,Eq be an undirected graph with dΓ vertices t1, . . . , dΓu and rΓ edges. We
recall that a pro-2 Right Angled Artin Group GΓ is defined by a pro-2 presentation with
dΓ generators tx1, . . . , xdΓu and relations trxi, xjs – x´1

i x´1
j xixjuti,juPE. Fix z – pziq

dΓ
i“1,

a dΓ-uplet in GΓ. We assume that there exists an action δz : ∆ Ñ AutpGΓq, which is
well-defined and satisfies the condition:

(conj) δzpx0qpxiq – px´1
i q

zi – z´1
i x´1

i zi “ rzi, xisx
´1
i , for 1 ď i ď dΓ.

Set Gz – GΓ ⋊δz ∆. We define the class of ∆-RAAGs as the class of all pro-2 groups
given by Gz where Γ varies along all graphs. As a consequence, the presentation of the
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pro-2 group Gz is given by dΓ ` 1 generators and rΓ ` dΓ ` 1 relations:

(z-Pres) Gz – xx0, x1, . . . , xdΓ | rxu, xvs “ 1, rx0, x
´1
i sx2i rxi, zis “ 1, x20 “ 1,

for tu, vu P E, 1 ď i ď dΓy.

We have explicit examples from [10, Proposition 3.16]: every graph Γ and family z0 –

p1, . . . , 1q gives a well-defined group Gz0 – GΓ ⋊δz0
∆. In that case, the condition (conj)

is defined by:
δz0px0qpxiq – x´1

i , for 1 ď i ď dΓ.

A major innovation of this paper is the introduction of the action δz, in the defini-
tion of ∆-RAAGs. Using the action δz and a profinite version of the Kurosh Subgroup
Theorem, we show that the class of ∆-RAAGs is stable under coproducts. This is The-
orem 2.13. From Proposition 2.11, we also observe that this class is stable under some
specific semi-direct products. As a consequence, we conclude from [24] that P is a sub-
class of ∆-RAAGs. The study of ∆-RAAGs is also motivated by Proposition 1.3, which
allows us to recover the Zassenhaus filtration of a ∆-RAAG from its underlying graph.

Our results. — Let K be a field of characteristic different from 2. Denote by GK the
maximal pro-2 quotient of its absolute Galois group. Define L – Kp

?
´1q. We assume

that K is a formally real Pythagorean field of finite type (abbreviated RPF field). This
means that piq ´1 is not a square, piiq the sum of two squares is a square, piiiq the
group Kˆ{Kˆ2 is finite.

Observe that ∆ » GalpL{Kq and we have an exact sequence of pro-2 groups:

(1) 1 Ñ GL Ñ GK Ñ ∆ Ñ 1.

The following result is analogous to to [40, Theorem 1.2] and [4, Theorem 1.1], and
also relies on graph theory. It gives a new property satisfied by pro-2 maximal quotients
of absolute Galois groups.

Theorem A (Theorems 2.1 and 3.4). — If K is a RPF field, then the exact se-
quence (1) splits. The pro-2-group GL is RAAG, and GK is ∆-RAAG. Conversely, let K
be a field, and assume that GK is a ∆-RAAG. Then K is a RPF field. Moreover, GK is
uniquely determined by its underlying graph.

From presentations of pro-2 groups given by Theorem A, we get new examples of
pro-2 groups in P (Example 2.17). We also infer new examples of pro-2 groups which are
not maximal pro-2 quotients of absolute Galois groups (Example 3.5). Furthermore, if K
is a RPF field, Theorem A shows that the group GK admits a quadratic presentation.
This presentation is given by (z-Pres). This allows us to positively answer a question
raised by Weigel [43] for groups in P. See Proposition 3.6. From [11, Proposition
1] and [19], this question is related to the Positselski conjecture. Let us highlight the
following consequence from the ∆-RAAG theory.

Corollary (Proposition 3.6). — Assume that G is in P. Then the presenta-
tion (z-Pres) of G, given by Theorem A is minimal. Let us denote by Γ the underlying
graph of G. Then:

H‚
pG, tq –

ÿ

n

dimF2 H
n
pGqtn “

Γptq

1 ´ t
.
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Here Γptq –
ř

n cnpΓqtn, with cnpΓq the number of n-cliques of Γ, i.e. maximal complete
subgraphs of Γ with n vertices.

Let us recall that dΓ and rΓ are the number of vertices and edges of Γ. The previous
corollary tells us that the minimal number of generators and relations of G is dΓ ` 1
and rΓ ` dΓ ` 1.

We conclude this paper with the first known example of a pro-2 group which satisfies
the Koszul, the (strong) Massey Vanishing and the Kernel Unipotent properties, but is
not a maximal pro-2 quotient of an absolute Galois group. This example is studied in
detail in Section 4.

Theorem B (Theorem 4.1). — The pro-2 group

G – xx0, x1, x2, x3, x4| rx1, x2s “ rx2, x3s “ rx3, x4s “ rx4, x1s “ 1,

x20 “ 1, x0xjx0xj “ 1, @j P rr1; 4ssy

does not occur as a maximal pro-2 quotient of an absolute Galois group. But it satisfies
the Koszul, the (strong) Massey Vanishing and the Kernel Unipotent properties.
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List of notations

This table summarizes the main symbols and notations used in the paper. Most of
these notations were also used in [10] and [11].

Group and Galois theoretic notations. — We start with some algebraic notations.
All subgroups of a profinite group will be considered closed.

Symbol / Notation Description
K, L K a field of characteristic different from 2, L –

Kp
?

´1q.
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GK , GL The maximal pro-2 quotient of the absolute Galois
group of K, L.

RPF fields Formally real Pythagorean fields of finite type.
P The class of maximal pro-2 quotients of absolute Ga-

lois groups of RPF fields.
∆ – Z{2Z Multiplicative group with two elements, generated

by x0.
F pdq, F Free pro-2 group on d generators; written as F when

d is clear.
R Normal closed subgroup of F generated by the rela-

tions l1, . . . , lr.
G – F {R A finitely presented pro-2 group presented by gener-

ators tx0, x1, . . . , xdu and relations tl1, . . . , lru.
xy – y´1xy Conjugation of x by y.
rx, ys – x´1y´1xy Commutator of x and y.
rH,Hs Normal closure of the subgroup generated by commu-

tators of elements in H, a subgroup of G.
H2 Normal closure of the subgroup generated by all

squares in H, a subgroup of G.
H1H2 Normal closure of the subgroup generated by ab,

for a P H1, b P H2 and H1 and H2 subgroups of G.
Un Group of n ˆ n upper triagular unipotent matrices

over F2.
In Identity matrix of size n ˆ n over F2.
HnpGq The n-th continuous cohomology group of the trivial

G-module F2.
H‚pGq –

À

nPNH
npGq Graded cohomology ring.

H‚pG, tq –
ř

n dimF2 H
npGqtn Poincaré series of G. It is defined when dimF2 H

npGq

is finite for every n in N.
EpGq Completed group algebra of G over F2.
EnpGq The n-th power of the augmentation ideal of EpGq,

for n in N.
Gn – tg P G | g ´ 1 P EnpGqu Zassenhaus filtration of G.

Lie algebras associated to filtrations. — We continue with some notations on Lie
algebras coming from the Zassenhaus filtrations:

Symbol / Notation Description
L pGq –

À

nPN LnpGq Graded Lie algebra where LnpGq – Gn{Gn`1.
E pGq –

À

nPN EnpGq Graded algebra where EnpGq – EnpGq{En`1pGq.
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gochapG, tq –
ř

nPN cnpGqtn Gocha series of G, where cn – dimF2 EnpGq{En`1pGq.
This name comes from Golod and Shafarevich.

L , E, E Restricted free graded Lie algebra, algebra of non-
commutative polynomials, and noncommutative se-
ries algebra on tX0, . . . , Xdu over F2, where each Xi

has degree 1.
ψ : EpFd`1q Ñ E Magnus isomorphism sending xi ÞÑ 1 ` Xi.
l, nl We denote by l an element in F and nl is the least

integer n such that l is in FnzFn`1.
I, I and J Ideal (closed, graded and Lie-graded) generated by

tψplq ´ 1 | l P Ru, the image of ψplq ´ 1 in Enl
{Enl`1

for l in R and the image of l in Fnl
{Fnl`1.

ψG : EpGq Ñ E{I It comes from the Magnus isomorphism. Observe that
we have: E pGq » E {I and L pGq » L {J .

r‚, ‚s Lie bracket of a Lie algebra.

Graph theoretical notations. — We finish by notations from graph theory:

Symbol / Notation Description
Γ – pX,Eq An undirected graph with set of vertices set X and

set of edges E.
Γ0 The graph with one vertex.
Γ1 » Γ2 We say that we have a graph isomorphism between Γ1

and Γ2, if we have a bijection between the vertices
of Γ1 and Γ2 which preserves the edges.

dΓ, rΓ Numbers of vertices and edges of Γ.
Γf ,Γc The graphs Γf and Γc are the free and the complete

graphs on dΓ vertices. The graph Γf does not have
edges and the graph Γc has dΓpdΓ´1q

2
edges.

∇ Join of two graphs.
š

Either coproduct of pro-p groups or disjoint union of
graphs.

cnpΓq Number of n-cliques (maximal complete subgraphs
with n vertices), for a positive integer n.

Γptq –
ř

nPN cnpΓqtn Clique polynomial.
GΓ Pro-2 RAAG (Right Angled Artin Group) associated

to the graph Γ.
EΓ, LΓ, EΓ Quotients of (Lie, noncommutative) algebras E ,

L and E by the (Lie) ideal generated by
trXu, Xvsutu,vuPE. We denote the gradation of EΓ

by tEΓ,nunPN and the gradation of LΓ by tLΓ,nunPN.
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z P GdΓ
Γ , and δz : ∆ Ñ AutpGΓq A dΓ-tuple z – pz1, . . . , zdΓq, and an action δz satis-

fying the equality (conj).
Gz – GΓ ⋊δz ∆ ∆-RAAG defined by an underlying graph Γ and the

action δz. These groups are presented by (z-Pres).
χ0, ψ1, . . . , ψdΓ χ0 and ψi are the characters in H1pGzq associated

to x0 and xi, for 1 ď i ď dΓ.
GrpPq The class of underlying graphs coming from P. This

is justified by Theorem A. Precisely the graph Γ lies
in GrpPq if and only if there exists a RPF field K
such that GΓ “ GL, with L – Kp

?
´1q.

1. Introductory results on ∆-RAAGs

In this section, we study the Zassenhaus filtration on ∆-RAAGs.

1.1. Filtrations on ∆-RAAGs. — Let Gz be a ∆-RAAG. We start this section by
studying the subgroup Gz,2 “ G2

zrGz, Gzs which is also known as the Frattini subgroup
of Gz.

Lemma 1.1. — We have rGz, Gzs “ Gz,2 “ GΓ,2 “ G2
Γ.

Proof. — Let us first notice that GΓ is an open subgroup of Gz. Thus GΓ,2 is an open
subgroup of Gz,2. From now, we need the following equalities:

piq rx, ys “ x´2
pxy´1

q
2y2, and piiq rx0, x

n
i s “ x0x

´n
i x0x

n
i ” x2ni pmod rGΓ, GΓsq,

where n is an integer. The identity piq is well-known and shows that rG,Gs Ă G2 for
every group G. From piq and piiq, we observe that rGz, Gzs “ GΓ,2 “ G2

Γ, and Gz,2 “ G2
z.

To conclude, let us show that Gz,2 Ă GΓ,2. Take x P Gz,2 and N an open subgroup
of Gz. There exists elements u1, . . . , uk, positive integers n1, . . . , nk and elements xjl in
tx0, . . . , xd, x

´1
1 , . . . , x´1

d u, such that:

xN “ u21 . . . u
2
kN, for ui “ xj1 . . . xjni

.

Consequently, xN “
ś

i x
2
j1
. . . x2jni

uN for some u P rGz, Gzs Ă GΓ,2. Let us observe
that

ś

i x
2
j1
. . . x2jni

is in GΓ,2. Then for every open subgroup N of Gz, we have x P GΓ,2N .
Since GΓ,2 is open in Gz, we conclude that x is an element in GΓ,2.

As a consequence of the three-subgroup lemma ([5, §0.3]), we have the following
result:

Lemma 1.2. — Let n be a positive integer. We have the following equality:

rGz, GΓ,nsGΓ,n`1 “ rGΓ, GΓ,nsGΓ,n`1 “ GΓ,n`1.

Proof. — Let G be a pro-2 group. We introduce tγnpGqunPN the lower central series of G.
It is defined by γ1pGq – G and γnpGq – rG, γn´1pGqs, for every positive integer n ě 2.

From an inductive argument and the three-subgroup lemma ([5, §0.3]), we observe
that for every positive integer n, we have rx0, γnpGΓqs ď GΓ,n`1. Thus using Lazard’s
formula [5, Theorem 11.2], we infer rx0, GΓ,ns Ă GΓ,n`1. Consequently

rGz, GΓ,nsGΓ,n`1 “ rGΓ, GΓ,nsGΓ,n`1 “ GΓ,n`1.
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Let us now compute the Zassenhaus filtrations of ∆-RAAGs.

Proposition 1.3. — For every integer n ě 2, we have: GΓ,n “ Gz,n.
As a consequence, we infer that for every positive integer n ě 2:

LnpGzq – Gz,n{Gz,n`1 » LΓ,n.

Proof. — The proof is done by induction. Lemma 1.1 gives us Gz,2 “ GΓ,2.
Assume n ě 2 and let us state our induction hypothesis: GΓ,n “ Gz,n. Then from

[5, Theorem 12.9], the induction hypothesis, and Lemma 1.2, we infer:

Gz,n`1GΓ,n`1 “ G2
z,rn`1

2
s

ź

i`j“n`1

rGz,i, Gz,jsGΓ,n`1

“ G2
Γ,rn`1

2
s

ź

i`j“n`1

rGΓ,i, GΓ,jsGΓ,n`1

“ GΓ,n`1.

Therefore Gz,n`1 ď GΓ,n`1. Furthermore, the group GΓ is a subgroup of Gz, so for every
positive integer n, we have GΓ,n ď Gz,n. Thus, for every integer n ě 2, Gz,n “ GΓ,n.

From [41, Theorem 2.4], we infer L pGΓq » LΓ. This allows us to conclude.

Let us recall the following result:

Lemma 1.4. — Let Γ1 and Γ2 be two graphs. The following assertions are equivalent:
piq GΓ1 » GΓ2.
piiq EΓ1 » EΓ2.
piiiq H‚pΓ1q » H‚pΓ2q.
pivq Γ1 » Γ2.

Proof. — Clearly, pivq implies piq.
The first author showed in [11, Proposition 3.4] that E pGΓq » EΓ. Thus piq im-

plies piiq.
Since EΓ » E pGΓq, the assertion piiq gives us E pGΓ1q » E pGΓ2q. These two algebras

are Koszul. We refer to [2, Theorem 1.2]. Therefore from [11, Proposition 3.4], we
infer H‚pGΓ1q » H‚pGΓ2q. So piiq implies piiiq.

We conclude piiiq implies pivq using [41, Corollary 2.14]. We also refer to [15].

As a consequence:

Corollary 1.5. — Let us consider two graphs Γ1 and Γ2, and two vectors z1 P G
dΓ1
Γ1

and z2 P G
dΓ2
Γ2

. If we have an isomorphism of ∆-RAAGs, Gz1 » Gz2, then Γ1 » Γ2.

Proof. — Since Gz1 » Gz2 , we observe that dΓ1 “ dΓ2 . In particular, we infer that:

GΓ1{GΓ1,2 » GΓ2{GΓ2,2.

Moreover, from Proposition 1.3, we infer for every integer n ě 2, that GΓ1,n “ GΓ2,n.
Thus EΓ1 » E pGΓ1q » E pGΓ2q » EΓ2 . We conclude using Lemma 1.4.
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1.2. Third Zassenhaus quotient of ∆-RAAGs. — In this section, we study the
group Gz – Gz{Gz,3. When G is a pro-2 group, we denote by G4 the normal closure of
the subgroup of G generated by the 4-th powers. Observe that we have the equality G3 “

G4rG2, Gs. Let us recall that the third Zassenhaus quotient G{G3 plays a fundamental
role in the study of the maximal pro-2 quotients of absolute Galois groups of RPF fields.
In that context, it is called the Witt group of G. We refer to [30] and [31] for further
details.

Lemma 1.6. — Let Gz be a ∆-RAAG. For every integer n ě 1, we have δzpx0qpGΓ,nq Ă

GΓ,n. Consequently δz induces an action δz of ∆ on GΓ{GΓ,3.

Proof. — Let us consider two elements x and z in GΓ. Recall that [11, Proposition 1.7]
and the Magnus isomorphism gives us an isomorphism ψGΓ

: EpGΓq Ñ EΓ. Let us
write ψGΓ

pxq – 1 ` X and ψGΓ
pzq – 1 ` Z in EΓ. We infer:

ψGΓ
pxzq “ 1 ` X ` rX,Zs ˆ

1

1 ` Z
.

Thus for every positive integer n, we deduce δzpx0qpGΓ,nq Ă GΓ,n, and so δz induces an
action δz on GΓ{GΓ,3.

Corollary 1.7. — We have Gz » GΓ{GΓ,3 ⋊δz
∆.

Proof. — From Proposition 1.3, we infer:

GΓ X Gz,3 “ GΓ X GΓ,3 “ GΓ,3.

Consequently, we obtain an exact sequence:

1 Ñ GΓ{GΓ,3 Ñ Gz Ñ ∆ Ñ 1.

Furthermore, x0 is not in Gz,3. Thus the previous exact sequence splits and the action
of ∆ on GΓ{GΓ,3 is given by δz.

Corollary 1.8. — We have G 2
z “ rGz,Gzs.

Proof. — Since Gz is a 2-group, we have the inclusion rGz,Gzs Ă G 2
z . We also have:

rGz,Gzs “ rGz{Gz,3, Gz{Gz,3s

“ rGz, GzsGz,3{Gz,3

“ G2
zGz,3{Gz,3

“ G 2
z .

Remark 1.9. — Similar results to the previous parts were already known for some
groups in P. We refer to [29, Corollary 4.8 and Lemma 4.12].
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1.3. Gocha series and associated graded algebras. — Now, we aim to compute
the algebras E pGzq and L pGzq as a quotient of E and L . The main tools are the
Magnus isomorphism and restricted Lie algebras techniques. We refer to [18, Chapitre II,
Partie 3] and [5, §12.1] for further detail. We first observe that E pGq is the universal
envelope of L pGq. From the Magnus isomorphism, we also have the following chain of
morphisms of F2-vector spaces GΓ{GΓ,2 ãÑ F pdΓ ` 1q{F pdΓ ` 1q2 » E{E2 ãÑ L ãÑ E .

We define Iz (resp. Jz) the two-sided ideal of E (resp. L ) generated by:

tX2
0 , rXu, Xvs, and rX0, Xks ` rXk, ϵks ` X2

kutu,vuPE and 1ďkďd,

where ϵk is the image of zk in GΓ through the previous chain of maps. Let us observe
that ϵk “ 0 if and only if zk has degree nzk larger than or equal two. Moreover, since zk
is in GΓ, then ϵk can be seen as an element in LΓ. We introduce

Ez – E {Iz, and Lz – L {Jz.

Theorem 1.10. — For every ∆-RAAG Gz, we have the following isomorphisms of
graded-F2 Lie algebras:

E pGzq » Ez, and L pGzq » Lz.

Proof. — As vector spaces, we have from Proposition 1.3:

L1pGzq » F2

à

L1pGΓq, and for n ě 2, LnpGzq » LnpGΓq.

From the relations satisfied by restricted Lie algebras (see for instance [5, Equa-
tion p7q in §12.1]) and relations X2

0 “ 0 and rX0, Xks ` rXk, ϵks `X2
k “ 0; we observe for

every n ě 2 that Lz,n Ă LΓ,n. Thus dimF2 Lz,n ď dimF2 LΓ,n.
Furthermore we have graded surjections Ez Ñ E pGzq and Lz Ñ L pGzq.

Thus dimF2 LnpGzq ď dimF2 Lz,n. Consequently, from Proposition 1.3 and the pre-
vious discussion, we deduce for every n ě 2 that:

dimF2 LnpGzq ď dimF2 Lz,n ď dimF2 LΓ,n “ dimF2 LnpGzq.

This implies that Lz » L pGzq. Since Ez is the universal envelope of Lz and E pGzq

is the universal envelope of L pGzq, we infer Ez » E pGzq.

Remark 1.11. — Following the terminology of [28, Definition 7.7], Theorem 1.10 shows
that the presentation (z-Pres) is quadratically defined.

Corollary 1.12. — We have

gochapGz, tq “
1 ` t

Γp´tq
.

Proof. — Proposition 1.3 gives us L1pGzq » F2

À

LΓ,1, and for ně 2, LnpGzq » LΓ,n.
Then, from Jennings-Lazard formula [18, Proposition 3.10, Appendice A], we obtain:

gochapGz, tq “ p1 ` tq ˆ gochapGΓ, tq “
1 ` t

Γp´tq
.
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1.4. Example: δz0-action. — We take z0 – p1, . . . , 1q in GdΓ
Γ . From (conj), the

action δz0 : ∆ Ñ AutpGΓq is defined by δz0px0qpxiq – x´1
i . By [10, Proposition 3.16], this

action is well-defined. Let Γf be a free graph on dΓ vertices and Γc be the complete graph
on dΓ vertices. We observe the following facts.

‚ We have an isomorphism:
dΓ`1
ž

i“1

∆ » F pdΓq ⋊δz0
∆ – GΓf ⋊δz0

∆.

‚ Every z in GdΓ
Γf defines a ∆-RAAG Gz.

‚ Every z in GdΓ
Γc defines a ∆-RAAG Gz. Since GΓc is commutative, we infer:

Gz » ZdΓ2 ⋊δz0
∆ » GΓc ⋊δz0

∆.

Definition 1.13 (SAP and superpythagorean groups). — Let us define z0 –

p1, . . . , 1q P GdΓ
Γ . We say that a ∆-RAAG Gz is:

– a SAP group, if Gz » GΓf ⋊δz0
∆,

– a superpythagorean group, if Gz » GΓc ⋊δz0
∆.

The previous definition is motivated by Definition 2.3. As we see in the next section,
these groups play a fundamental role in the study of the RPF fields. Let us recall that
SAP is the acronym for Strong Approximation Property. We refer to [17, pages 264
and 265] for further details.

2. Pythagorean fields

Let K be a RPF field and L – Kp
?

´1q. We consider GK (resp. GL) the maximal
pro-2 quotient of the absolute Galois group of K (resp. L). We denote by Kˆ (resp. Kˆ2)
the group of invertible elements (resp. invertible squares) of K, and |Kˆ{Kˆ2| the
cardinality of the F2-vector space Kˆ{Kˆ2. The main goal of this section is to show the
following result:

Theorem 2.1. — Let K be a field. We have the following equivalence:
piq there exists a ∆-RAAG Gz such that Gz » GK,

piiq the field K is RPF.
Furthermore, if K is a RPF field, then the group GK is uniquely determined by an un-
derlying graph Γ with dΓ vertices and an element z in GdΓ

Γ .

We introduce several results before proving Theorem 2.1.

2.1. Semi-direct product and the class P. — First, we show that we can write GK

as a semi-direct product of GL by ∆. For this purpose, let us recall [24, Proposition]:

Proposition 2.2. — There exists a unique morphism ϕ : GK Ñ ∆ such that ϕpσq “ x0
for every involution σ in GK. Furthermore, kerpϕq “ GL.

To conclude that GK is a semi-direct product, it is sufficient to show that the mor-
phism ϕ defined in Proposition 2.2 admits a section. For this purpose, we will use [29,
Proposition 4.9]. Before, let us recall the following definition:

Definition 2.3 (SAP and superpythagorean fields). — We say that K is

11



– a SAP field if GK is a SAP group, i.e. GK » GΓf ⋊δz0
∆,

– a superpythagorean field if GK is a superpythagorean field, i.e. GK » GΓc ⋊δz0
∆.

Example 2.4. — We give here a few examples of RPF fields. We refer to [17, Chapter
8, section 4] for more examples and further details.

‚ As a first example, we can take K – R. Then R is a RPF field and both a SAP
and a superpythagorean field. Indeed, we have GR » GH ⋊δz0

∆, where H is the empty
graph.

‚ As a second example, let us take K – Rppx1qq . . . ppxdqq, the field of iterated
Laurent series overK. Then, the fieldK is RPF and superpythagorean, i.e. we haveGK »

GΓc ⋊δz0
∆.

Let us recall [29, Corollaries 4.2 and 4.11]:

Proposition 2.5. — For every integer dΓ ě 0, there exists two RPF fields N and C such
that: piq |Cˆ{Cˆ2| “ |Nˆ{Nˆ2| “ 2dΓ`1, piiq the field N is SAP, and piiiq the field C is
superpythagorean.

Furthermore, we fix K a RPF field with |Kˆ{Kˆ2| “ 2dΓ`1. Then there exists N
and C as before, such that the following commutative diagram, with exact rows, holds:

1 F pdΓq » GΓf GN ∆ 1

1 GL GK ∆ 1

1 ZdΓ2 » GΓc GC ∆ 1

ϕN

πN id

ϕK

πC id

ϕC

In addition, the columns are all epimorphisms, and the first and last rows split.

We are now able to prove the following result.

Theorem 2.6. — There exists a unique morphism ϕK : GK Ñ ∆ such that:
piq for every involution σ P GK, we have ϕKpσq “ x0,

piiq the kernel of ϕK is GL,
piiiq the morphism ϕK admits a section ψK.

Proof. — By Proposition 2.2, the morphism ϕK satisfies piq and piiq. Let us show that ϕK
satisfies piiiq. The map ϕN introduced in Proposition 2.5 admits a section ψN . We
define ψK – πN ˝ψN . From Proposition 2.5 we have ϕK ˝ψKpx0q “ ϕK ˝πN ˝ψNpx0q “ x0.
Thus ψK is a section of ϕK .

Consequently, if K is a RPF field, we can write:

GK – GL ⋊ψK
∆.

Corollary 2.7. — We have GK{G2
K » GL{G2

L ˆ ∆.

Proof. — Let us use the notations from Proposition 2.5. Since GN and GC are ∆-RAAGs
and G2

K Ă GL, we deduce from Proposition 2.5 that G2
K “ G2

L. Consequently,

GK{G2
K » pGK{GLq ˆ pGL{G2

Lq » ∆ ˆ GL{G2
L.

12



2.2. Structural results. — In this part, we recall structural results on P. Let H be
a pro-2 group and let ψ be a morphism of groups ψ : ∆ Ñ AutpHq. We consider the
semi-direct product G – H ⋊ψ ∆.

Definition 2.8 (Semi-trivial action). — Let n be a positive integer. We use the mul-
tiplicative notation for the product of the abelian pro-2 group Zn2 . We define an action in
of G on Zn2 , that we call semi-trivial, by:

‚ for every h P H and v P Zn2 , inphq.v – v,
‚ for every v P Zn2 , inpx0q.v – v´1.

Remark 2.9. — Observe that:

Zn2 ⋊in G » pZn2 ˆ Hq ⋊inˆψ ∆,

where the action in ˆ ψ of ∆ on Zn2 ˆ H is defined by:
‚ pin ˆ ψqpx0q.h – ψphq for every h P H,
‚ pin ˆ ψqpx0q.v – inpx0q.v “ v´1 for every v P Zn2 .

Let us recall [24, Theorem] (we also refer to [28, §6.2]):

Theorem 2.10. — The class P is exactly the minimal class of pro-2 groups satisfying
the following conditions:

piq the group ∆ is in P,
piiq if G1, . . . , Gm are in P, then G1

š

G2

š

. . .
š

Gm is also in P,
piiiq if n is a positive integer and GK is in P, then Zn2 ⋊in GK is in P.

2.3. Structure of GL. — Theorem 2.6 allows us to write GK » GL ⋊ψK
∆. From

Theorem 2.10, we study the structure of GL.

2.3.1. Semi-direct products. — Let us consider the ∆-RAAG defined by Gz – GΓ⋊δz ∆.
Take Γc the complete graph on n vertices. We show that G – GΓc⋊inGz is also ∆-RAAG.

Proposition 2.11. — The pro-2 group G is ∆-RAAG. Precisely:

G » GΓ∇Γc ⋊δz1 ∆,

where ∇ denotes the join operation of graphs and z1 – pz, 1, . . . , 1q in GdΓ`n
Γ∇Γc

Proof. — From Remark 2.9, we infer a pdΓ ` nq-uplet z1 – pz, 1, . . . , 1q in GdΓ`n
Γ∇Γc such

that:
G » Zn2 ⋊in pGΓ ⋊δz ∆q » pGΓc ˆ GΓq ⋊δz0ˆδz ∆ » GΓ∇Γc ⋊δz1 ∆.

The action δz1 is well-defined since Zn2 commutes with GΓ inside GΓ∇Γc .

Assume there exists a group GK1 in P, and a positive integer n such that GK »

Zn2 ⋊in GK1 . Let us compare GL and GL1 :

Corollary 2.12. — We have GL » Zn2 ˆ GL1.

Proof. — Remark 2.9 gives us:

GK » Zn2 ⋊in

`

GL1 ⋊ψK1
∆

˘

» pZn2 ˆ GL1q ⋊ψK1
ˆin ∆.

From Theorem 2.6, the group GL1 does not have an involution, then GL1 ˆ Zn2 also does
not. So by Theorem 2.6, we conclude that GL » GL1 ˆ Zn2 .
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2.3.2. Coproducts. — Here we assume that there exists two fields K1 and K2 such
that GK » GK1

š

GK2 . We study GL from GL1 and GL2 .
First, we need to introduce a technical result, which will also be useful later. Let Γ1

and Γ2 be two graphs. We denote by tx1i, . . . , x1dΓi
u a canonical system of generators

of the RAAG GΓi
for i P t1, 2u. We denote by Γ0 the graph with one vertex, and z a

generator of GΓ0 » Z2.

Theorem 2.13. — The class of ∆-RAAGs is stable under finite coproducts.
Precisely, we have

`

GΓ1 ⋊δz1
xx10y

˘

ž

`

GΓ2 ⋊δz2
xx20y

˘

» GΓ1
š

Γ2
š

Γ0 ⋊δz xx10y.

Through the previous isomorphism, z is sent to x10x20. A (canonical) system of generators
of the pro-2 RAAG GΓ1

š

Γ2
š

Γ0 is tx11, . . . , x1dΓ1
, x21, . . . , x2dΓ2

, zu and the vector z is
given by:

z – pz11, . . . , z1dΓ1
, z ˆ z21, . . . , z ˆ z2dΓ2

, 1q P pGΓ1
š

Γ2
š

Γ0q
dΓ1

`dΓ2
`1.

The vector z defines an action δz : ∆ Ñ GΓ satisfying (conj).

Theorem 2.13 is a consequence of [34, Theorem p4.2.1q], which is a profinite version
of the Kurosh subgroup Theorem:

Theorem 2.14. — Let G1, . . . , Gn be a collection of finitely generated pro-p groups. As-
sume that G “

šn
i“1Gi and H is an open subgroup of G. Define Si –

Ťni

j“1tsi,ju,
where 1 ď i ď n and ni “ |Si|, a system of coset representatives satisfying for ev-
ery 1 ď i ď n:

G “

ni
ď

j“1

Gisi,jH.

Then

H “

n
ž

i“1

˜

ni
ž

j“1

G
si,j
i X H

¸

ž

F pdq,

where F pdq is a free pro-p group of rank

d “

n
ÿ

i“1

prG : Hs ´ niq ´ rG : Hs ` 1, and G
si,j
i “ si,jGis

´1
i,j .

Let us now prove Theorem 2.13

Proof Theorem 2.13. — We write G –
`

GΓ1 ⋊δz1
xx10y

˘
š

`

GΓ2 ⋊δz2
xx20y

˘

, and we de-
fine a map ϕ : G Ñ ∆ by:

‚ ϕpxq “ 0 for every x P GΓ1 ,
‚ ϕpyq “ 0 for every y P GΓ2 ,
‚ ϕpx10q “ x10 and ϕpx20q “ x10.

We introduce H – kerpϕq. This subgroup is closed and of index 2 in G. So H is
normal and open in G. We apply Theorem [34, Theorem p4.2.1q] by taking G1 – Gz1 ,
G2 – Gz2 and S1 “ S2 – t1u.

The groups G1 and G2 are not included in H. Thus G “ G1 ˆS1 ˆH “ G2 ˆS2 ˆH.
Note that G – G1

š

G2. Moreover S1 and S2 satisfy the hypothesis of Theorem [34,
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Theorem p4.2.1q]. Additionally, G1 X H “ GΓ1 and G2 X H “ GΓ2 . Therefore from
Theorem [34, Theorem p4.2.1q], we conclude that:

H » GΓ1

ž

GΓ2

ž

GΓ0 » GΓ1
š

Γ2
š

Γ0 .

Through the previous isomorphism, the element z is sent to x10x20. The map ψ : ∆ Ñ G,
which maps x10 to x10 defines a section of ϕ, and induces an action of ∆ – xx10y on H.
This action is precisely defined by δz.

Remark 2.15. — More generally, from [34, Theorem p4.2.1q], we deduce the following
result. Let δ1 (resp. δ2) be an action of ∆ – xx0y (resp. ∆ – xy0y) on a pro-2 group A
(resp. B) generated by xi (resp. yj). Then

pA⋊δ1 xx0yq
ž

pB ⋊δ2 xy0yq »

´

A
ž

B
ž

GΓ0

¯

⋊δ1˚δ2 xx0y.

A generator z of GΓ0 is sent to x0y0 through the previous isomorphisms. The action δ1 ˚δ2
of ∆ on A

š

B
š

GΓ0 is defined:
‚ on A by δ1,
‚ on B by δz2 : B Ñ Bz; yi Ñ δ2pyiq

z, where Bz is the group generated yzj ,
‚ on GΓ0 by inversion.

We now deduce results on the structure of GL.

Corollary 2.16. — We have GL » GL1

š

GL2

š

GΓ0 .

Proof. — Theorem 2.6 gives us GK » GL ⋊ψK
∆. Remark 2.15 allows us to conclude

that GK » pGL1

š

GL2

š

GΓ0q ⋊ψK1
˚ψK2

∆. We observe that GL1 , GL2 and GΓ0 do not
contain involutions. Thus GL1

š

GL2

š

GΓ0 does not contain involutions. Therefore, we
conclude from Theorem 2.6 that GL » GL1

š

GL2

š

GΓ0 .

2.4. Conclusion. — We are now able to prove Theorem 2.1.

Proof Theorem 2.1. — We show piiq implies piq. If GK is ∆-RAAG then, from Theo-
rem 2.6, the actions ψK and δz coincide. Indeed GΓ does not have an involution, so
GL “ GΓ also does not. Proposition 2.11 and Theorem 2.13 show that the class of ∆-
RAAGs satisfies the conditions of Theorem 2.10. Thus, by Theorem 2.10, we conclude
that P is a subclass of ∆-RAAGs.

Conversely, let us show piq implies piiq. Assume that there exists a graph Γ and an
element z in GdΓ

Γ such that GK » Gz. Let Kp3q be the compositum of all Galois extensions
of degree dividing 4 of K. From [31, Proposition 2.1], we infer that GK,3 “ GKp3q . From
[30, Theorems 2.7 and 2.11] and Corollary 1.8, we deduce that K is RPF.

The last part of our result is given by Corollary 1.5.

Example 2.17. — Let us give a few examples.
‚ For every integer dΓ, the groups GK – GΓc ⋊δ0 ∆ (superpythagorean) and GK –

GΓf ⋊δ0 ∆ (SAP) are in P.
‚ From Theorem 2.10, the group Gz0 is in P for every graph Γ with at most 3

vertices.
‚ The following graph Γ, described by four vertices and two disjoint edges, gives the

group G – GΓ ⋊δz0
∆ » pZ2

2

š

Z2
2q ⋊δz0

∆:
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x1 x3

x2 x4
From the results in the subsection 2.3, the previous group is not in P. However,

[40, Theorem 2] shows that the group GΓ is realizable as a group GL, for some field L
containing a square root of ´1.

Remark 2.18. — If K is a RPF field, then the group GK is uniquely determined by
an underlying graph Γ and an element z in GdΓ

Γ . In the next section, we prove a result
stronger than Theorem 2.1: Theorem 3.4. This Theorem shows that the element z in GdΓ

Γ

is uniquely determined by the graph Γ for RPF fields.

3. ∆-RAAG theory and Pythagorean fields

This section investigates GrpPq. This is the class of graphs which are underlying
graphs of groups in P. Let Γ be in GrpPq. From [40, Theorem 1.2], the graph Γ does
not contain as subgraphs the square graph C4 and the following line L3:

i1 i2 i3 i4
It is also shown that H‚pGΓq is (universally) Koszul, and GΓ is absolutely torsion-free.

However, this condition is not sufficient to characterize GrpPq. We refer to Example 2.17.

3.1. Structure of GrpPq. — We start this section by giving examples of graphs
in GrpPq.

Corollary 3.1. — Let pn,mq be a couple of positive integers. We define Γcn the complete
graph on n vertices, and Γfm the free graph on m vertices. Then Γcn

š

Γfm and Γcn∇Γfm

are both in GrpPq.
Precisely, the following groups are realizable as groups in P:

piq GpΓcn
š

Γfmq,z0,
piiq GpΓcn∇Γfmq,z0, where ∇ denotes the join of two graphs.

Proof. — The groups GΓcn,z0 and GΓfm,z0 » ∆
š

. . .
š

∆ are realizable as pro-2 quo-
tients of absolute Galois groups over superpythagorean and SAP fields. Observe from
Theorem 2.13 and Proposition 2.11 that:

GpΓcn
š

Γfmq,z0 » ∆
ž

. . .
ž

∆
ž

GΓcn,z0 , and GpΓcn∇Γfmq,z0 “ pGΓcnˆGΓfmq⋊inˆδz1
0
∆,

with z1
0 – p1, . . . , 1q P Gm

Γfm . We conclude using Theorem 2.10.

We now study the structure of GrpPq. Consider Γ in GrpPq. We denote by m0

and m the number of isolated vertices and nontrivial connected components of Γ. We
introduce Γi, the nontrivial connected components of Γ, with 1 ď i ď m. Then from
Corollary 2.16, we can write:

Γ –

m
ž

i“1

Γi

m0
ž

j“1

Γ0,

with Γ0 a graph with one vertex. This gives us: GΓ »
šm

i“1GΓi

šm0

j“1GΓ0 .
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Lemma 3.2. — Assume that Γ is in GrpPq. Then for every 1 ď i ď l, the graph Γi is
in GrpPq. Additionally m0 ě m ´ 1.

Concretely, there exists RPF fields Ki with underlying graphs Γi, for 1 ď i ď m, such
that:

GK »

m
ž

i“1

GKi

m0´m`1
ž

j“1

GΓ0 ,

where K is in P and has underlying graph Γ.

Proof. — Assume that Γ is disconnected. Then from Theorem 2.10 and Corollary 2.16,
there exist two RPF fields Ka and Kb with underlying graphs Γa and Γb such that:

GK » GKa

ž

GKb
, GΓ » GΓa

ž

GΓb

ž

GΓ0 .

From Lemma 1.4, we can write Γ » Γa
š

Γb
š

Γ0. Applying the previous argument
to Γa and Γb, we can find RPF fields Ku1 , . . . , Kum1 with underlying connected graphs
Γu1 , . . . ,Γum1 such that:

GK »

m1
ž

i“1

GKui
GL “

m1
ž

i“1

GΓui

m1´1
ž

j“1

GΓ0 .

Applying Lemma 1.4, this gives us the decomposition:

Γ »

m1
ž

i“1

Γui

m1´1
ž

j“1

Γ0.

We observe that m is the number of graphs Γui with more than two vertices. So m1 ě m.
Thus m0 – 2pm1 ´ mq ` m ´ 1 ě m ´ 1. This allows us to conclude.

Lemma 3.3. — Assume that Γ is connected and in GrpPq. Then there exists an inte-
ger uΓ and a RPF field K 1 with a unique disconnected underlying graph Γ1 such that:

GK » GΓcuΓ ⋊iuΓ
GK1 ,

where ΓcuΓ is the complete graph on uΓ vertices. Consequently, the underlying graph
of GK is Γ – ΓcuΓ∇Γ1.

Proof. — From Proposition 2.11 and Corollary 2.12, there exists a RPF field Ka with
underlying field Γa such that:

GK » GΓ0 ⋊i GKa , GΓ » GΓ0 ˆ GΓa .

Applying the same argument to GKa . We infer an integer uΓ and a RPF field K 1 with
disconnected underlying graph Γ1 such that:

GK » GΓcuΓ ⋊iuΓ
GK1 , GΓ » GΓcuΓ ˆ GΓ1 .

From Lemma 1.4, we infer Γ » ΓcuΓ∇Γ1.

From Lemmata 3.3 and 3.2, we can show the converse of Theorem 2.1. This allows us
to conclude the proof of Theorem A.

Theorem 3.4. — Let us consider two RPF fields K1 and K2, with underlying graphs Γ1

and Γ2. If Γ1 » Γ2, then GK1 » GK2. Consequently, ∆-RAAGs in P are uniquely
determined by their underlying graphs.

17



Proof. — We define Γ the underlying graph of GK1 and GK2 . We show by induction
on dΓ that GK1 » GK2 .

If dΓ “ 0, then GK1 » GK2 » ∆.
If dΓ “ 1, then GK1 » GK2 » GΓ0 ⋊z0 ∆. Both groups are SAP and superpythagorean.
If dΓ ą 1, we distinguish two cases:
‚ Assume that the graph Γ is connected. Then from Lemma 3.3, there exists an

integer uΓ ą 0 and two RPF fieldsK 1
1 andK 1

2 with same disconnected underlying graph Γ1

such that:
GK1 » GΓcuΓ ⋊iuΓ

GK1
1
, GK2 » GΓcuΓ ⋊iuΓ

GK1
2
.

Since dΓ1 ă dΓ, we deduce, by induction hypothesis, that GK1
1

» GK1
2
. Thus GK1 » GK2 .

‚ If we are not in the previous case, then the graph Γ is disconnected. Following
Lemma 3.2, there exist RPF fields K1i and K2i with underlying graphs Γi, for 1 ď i ď m
such that:

GK1 »

m
ž

i“1

GK1i

m0´m´1
ž

j“1

GΓ0 , and GK2 »

m
ž

i“1

GK2i

m0´m´1
ž

j“1

GΓ0 .

Since for every 1 ď i ď m we have dΓi
ă dΓ, we deduce by induction hypothesis

that GK1i
» GK2i

. Thus GK1 » GK2 .

Example 3.5. — Let us consider the groups

G1 – pZ2
2 ⋊δz0

∆q
ž

pZ2
2 ⋊δz0

∆q, and G2 – pZ2 ⋊i pF p2q ⋊δz0
∆qq

ž

∆
ž

∆.

These groups are ∆-RAAGs, and in P. We can represent them with the following graphs:
x5 x5

x1 x3 x1 x3

Γ1 – Γ2 –

x2 x4 x2 x4
Precisely, if we define

z1 – p1, 1, x5, x5, 1q P G5
Γ1
, and z0 – p1, 1, 1, 1, 1q P G5

Γ2
, and z1

0 – p1, 1, 1, 1, 1q P G5
Γ1
.

we infer G1 – GΓ1 ⋊δz1
∆ and G2 – GΓ2 ⋊δz0

∆. We observe that G1 and G2 have the
same Poincaré and gocha series, but are not isomorphic, since Γ1 and Γ2 are not. We
refer to Theorem 2.1.

Let us now consider the group G3 – GΓ1 ⋊δz1
0
∆. We observe that G1 and G3 are not

isomorphic. Thus from Theorem 3.4, the group G3 is not in P. But of course G3 has
the same gocha series as G1 and G2.

3.2. Koszulity, cohomology and gocha series for groups in P. — Let Γ be
in GrpPq. In this subsection we study Γptq. Let us also refer to [44] for a study of clique
polynomials in other contexts.

We start this subsection by answering to a question asked by Weigel in [43] for the
class P. If G is in P, is E pGq Koszul?
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Proposition 3.6. — If G is in P, then E pGq is Koszul. Consequently, there exists a
graph Γ and a vector z P GdΓ

Γ such that G » Gz. Furthermore, the presentation (z-Pres)
is minimal and

dpGq – dimF2 H
1
pGq “ dΓ ` 1 and rpGq – dimF2 H

2
pGq “ dΓ ` rΓ ` 1.

Additionally, the Poincaré series of G is given by:

H‚
pG, tq –

ÿ

n

dimF2 H
n
pGqtn “

Γptq

1 ´ t
.

Proof. — Take G in P. From [27, Theorem F, p3q] or [28, Theorem D, pgq], we observe
that H‚pGq is Koszul. From Theorem 2.1, there exists z and Γ such that Gz » G. Then
from Remark 1.11 and [28, Theorem F ], we conclude that H‚pGq is the quadratic dual
of E pGq. Consequently E pGq is also Koszul. We infer from Corollary 1.12 that:

H‚
pG, tq –

ÿ

n

dimF2 H
n
pGqtn “

Γptq

1 ´ t

“ p1 ` dΓt ` rΓt
2

` . . . qp1 ` t ` t2 ` . . . q “ 1 ` pdΓ ` 1qt ` prΓ ` dΓ ` 1qt2 ` . . .

Thus dpGq “ dΓ ` 1, and rpGq “ dΓ ` rΓ ` 1.

We conclude this subsection by using results from [26] to characterise which polyno-
mials Γptq are realizable, for Γ in GrpPq.

Theorem 3.7. — Let Γ be an undirected graph. The graph Γ is in GrpPq, if and only
if there exists integers s and a0, . . . , as´1 satisfying all of the following conditions:

piq 0 ď a0, . . . , as´2,
piiq 1 ď as´1, s,
piiiq a0 ` ¨ ¨ ¨ ` as´1 ` s “ dΓ,
pivq Γptq “ p1 ` tqs´1 ` t pp1 ` tqs´1as´1 ` p1 ` tqs´2as´2 ` ¨ ¨ ¨ ` a0q .

Proof. — The Poincaré series of GΓ is given by:

H‚
pGΓ, tq –

ÿ

nPN

dimF2 H
n
pGΓqtn “ Γptq.

Let Γ be in GrpPq. From [26, Theorem 11], we conclude that Γptq “ p1 ` tqs´1 `

t pp1 ` tqs´1as´1 ` ¨ ¨ ¨ ` a0q for some integers s, a0, . . . , as´1 satisfying piq ´ piiiq.
The converse is a consequence of [26, Theorem 11].

4. An interesting example

We conclude this paper with an example of a pro-2 group which is not a maximal
pro-2 quotient of an absolute Galois group, but satisfies the Koszul, the strong Massey
Vanishing and the Kernel Unipotent properties. Let us first recall these properties for a
general pro-p group G.

‚ We say that a pro-p group G satisfies the Koszul property if the cohomology
ring H‚pG;Fpq is Koszul. Positselski [36] formulated the following conjecture. All
maximal pro-p quotients of absolute Galois groups over fields, containing the primitive
p-th roots of unity, satisfy the Koszul property.
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‚ We recall the Kernel Unipotent property. We fix a positive integer n, and define:

Gxny –
č

ρ : GÑUnpFpq

kerρ.

We easily observe that Gn Ă Gxny, and we say that G satisfies the n-Kernel Unipotent
property if Gxny “ Gn. If G satisfies the n-Kernel Unipotent property for every n, we
say that G satisfies the Kernel Unipotent property. Efrat and the last two authors [32,
Appendix] gave, for every integer n ě 3, examples of groups which are not maximal pro-p
quotients of absolute Galois groups and do not satisfy the n-Kernel Unipotent property.
The last two authors also formulated the following conjecture [32, Conjecture 1.3]. All
maximal pro-p quotients of absolute Galois groups over fields, containing the primitive
p-th root of unity, satisfy the Kernel Unipotent property.

‚ We recall the strong Massey Vanishing property. Let n be a positive integer. Let α
be a family of characters α – tαi : G Ñ Fpuni“1 in H1pG;Fpqn checking αi Yαi`1 “ 0. We
say that a group G satisfies the strong Massey Vanishing property if for every n and α,
there exists a morphism ρ : G Ñ Un`1pFpq such that for every g in G, we have

ρi,i`1pgq – ρpgqi,i`1 “ αipgq.

The strong Massey Vanishing property does not hold for all maximal pro-p quotients
of absolute Galois groups of fields containing a p-th root of unity. We refer to Harpaz-
Wittenberg’s counterexample [8, Example A.15]. However, Ramakrishna and the last
three authors [21, Theorem 1] showed this property for maximal pro-p (tame) quotients
of absolute Galois groups of number fields, which do not contain a primitive p-th root of
unity. Quadrelli [39]-[38] showed the strong Massey Vanishing property for Elementary
pro-p groups and the class P. Observe also that the strong Massey Vanishing property
implies the Massey Vanishing property stated by the last two authors. We refer to [23]
for further details.

This section aims to prove Theorem B. Let us define the pro-2 group G by the presen-
tation:

(z0-Pres) G – xx0, x1, x2, x3, x4| rx1, x2s “ rx2, x3s “ rx3, x4s “ rx4, x1s “ 1,

x20 “ 1, x0xjx0xj “ 1, @j P rr1; 4ssy

Theorem 4.1. — The group G is not a maximal pro-2 quotient of an absolute Galois
group but satisfies the Koszul, the Kernel Unipotent and the strong Massey Vanishing
properties. Furthermore, the presentation (z0-Pres) is minimal and E pGq is Koszul.

We introduce several pro-2 groups which will play a fundamental role in the study
of G and the proof of Theorem 4.1. Let G13 and G24 be the subgroups of G generated
by tx0, x1, x3u and tx0, x2, x4u. We also introduce F13 and F24 the subgroups of G gen-
erated by tx1, x3u and tx2, x4u. We define G0 – xy1y

š

xy2y
š

xy3y » ∆
š

∆
š

∆, where
y2i “ 1, for 1 ď i ď 3. The group G0 is a quotient of G and has an easy structure. It is
SAP, so in P.

Furthermore, we easily observe that we have natural surjections π13 : G0 Ñ G13

and π24 : G0 Ñ G24 defined by:

π13py1y2q – x1, π13py1y3q – x3, π24py1y2q – x2, π24py1y3q – x4 π13py1q “ π24py1q – x0.
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4.1. First properties of the group G. — We observe that G is a ∆-RAAG given
by G – pF p2q ˆ F p2qq ⋊δz0

∆. The underlying graph of the ∆-RAAG G is the square
graph Γ “ C4:

x1 x2

x4 x3
And the action is defined by the vector z0 – p1, 1, 1, 1q in G4

Γ. Thanks to the ∆-RAAG
theory, we infer the following result:

Lemma 4.2. — The group G is not a maximal pro-2 quotient of an absolute Galois
group.

Proof. — The group GΓ is not realizable as a maximal pro-2 quotient of an absolute
Galois group of a field containing a second root of unity. We refer to [40, Theorem 1.2]
or [37, Theorem 5.6]. Thus G is not in P. Alternatively, we observe from Lemmata 3.3
and 3.2 that Γ is not in GrpPq. Thus G is not in P, and so not a maximal pro-2 quotient
of an absolute Galois group.

Remark 4.3. — We observe that Γ is the only graph with clique polynomial Γptq –

1`4t`4t2. Thus from Theorem 3.7, we conclude that there exists no ∆-RAAG G1 in P
with underlying graph Γ1 such that Γptq “ Γ1ptq.

Despite not being in P, the group G contains subgroups in P.

Lemma 4.4. — The groups G13 and G24 are isomorphic to G0. The groups F13 and F24

are pro-2 free on tx1, x3u and tx2, x4u. Additionally, we have the decomposition

G » F24 ⋊δF G13 » F13 ⋊δF 1 G24,

where the action δF and δF 1 are defined by:

δF px0qpxiq “ x´1
i , δF pxjqpxiq “ xi, for i P t2, 4u, and j P t1, 3u,

δF 1px0qpxjq “ x´1
j , δF 1pxiqpxjq “ xj, for i P t2, 4u, and j P t1, 3u.

Proof. — Let F p2q be the pro-2 group on two generators a and b. We define an action ψ0

of G0 on F p2q by ψ0pyiqpaq – a´1 and ψ0pyiqpbq – b´1 for 1 ď i ď 3. Similarly to
Remark 2.9, we observe that G » F p2q ⋊ψ0 G0. Therefore, we obtain two injections φ13

and φ24 from G0 to G defined by:

φijpy1y2q “ xi, φijpy1y3q “ xj, and φijpy1q “ x0.

We also introduce the natural injections ι13 : G13 Ñ G and ι24 : G24 Ñ G. We infer the
following commutative diagram:

G24

G0 G

G13

ι24

π13

φ13

π24

φ24

ι13
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Since φ13 and φ24 are both injective, the maps π13 and π24 are isomorphisms. Similarly,
we show that F13 » F24 » F p2q. This allows us to conclude.

As a consequence, we infer that the subgroup of G generated by tx1, x2, x3, x4u is
isomorphic to F13 ˆ F24, which is exactly GΓ.

4.2. Cohomological results on G. — We now study the cohomology ring H‚pGq.

Lemma 4.5. — The algebra E pGq is Koszul. As a consequence, the presenta-
tion (z0-Pres) is minimal and the group G satisfies the Koszul property.

Proof. — Let us consider E the noncommutative polynomials on tX0, X1, X2, X3, X4u

over F2 where each Xi has weight 1. A graded F2-basis of E is given by monomials,
and we endow them with an order induced by x0 ą x1 ą x3 ą x2 ą x4. To show
that the algebra E pGq is Koszul, it is sufficient to show that it is PBW. This property
comes from Poincaré-Birkhoff-Witt, and we recall it briefly. We refer to [20, §4.1] or [28].
From Theorem 1.10, we have E pGq » Ez0 . Thus E pGq is presented by 5 generators
tX0, X1, X2, X3, X4u and 9 relations R – tX2

0 , rXu, Xvs; rX0, Xis ` X2
i u, with u P t1, 3u,

v P t2, 4u and 1 ď i ď 4. The leading monomials of these relations are given by:

MpRq – tX2
0 , X1X2, X3X2, X3X4, X1X4, X0X1, X0X2, X0X3, X0X4u.

A monomial is said to be reduced if it does not contain any leading monomial as a
submonomial. We define critical monomials by monomials of the form XuXvXw where
XuXv and XvXw are in MpRq. In our example, the critical monomials are exactly

CpRq – tX2
0Xi, X0XuXv, 1 ď i ď 4, and u P t1, 3u, v P t2, 4uu.

Each relation in R can be interpreted as a reduction rule which substitutes its leading
monomial in MpRq to a sum of lower monomials. There are two ways to write a critical
monomial as a sum of reduced monomials, with respect to reduction rules. This is
technical; however, we can at least say that the first way is to reduce it from the left
to the right, and the second way is to reduce it from the right to the left. For instance,
we refer to [28, §2.4] or [20, §4.3.5] for further details. These reductions allow us to
construct, for each critical monomial, a diagram. This diagram starts with a vertex given
by a critical monomial and ends with at most two vertices. Each ending vertex is given by
a sum of reduced monomials. We say that a critical monomial is confluent if its associated
diagram finishes with one vertex, i.e. the two sums of reduced monomials coincide. The
algebra E pGq is PBW if every critical monomial is confluent.

In our example, we observe that every critical monomial is confluent, so E pGq is PBW.
For instance, we apply the previous reduction rules to the critical monomial X0X1X2.
We infer the following diagram:
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X0X1X2

pX1X0 ` X2
1 qX2 X0X2X1

pX2X0 ` X2
2 qX1

X1pX2X0 ` X2
2 q ` X2

1X2 X2pX1X0 ` X2
1 q ` X2

2X1

X2X1X0 ` X2
2X1 ` X2X

2
1

From [11, Proposition 1] or [19], we deduce that the group G satisfies the Koszul
property. As a consequence of Corollary 1.12, the gocha and Poincaré series of G are
given by:

gochapG, tq –
1 ` t

1 ´ 4t ` 4t2
, and H‚

pG, tq –
ÿ

n

dimF2 H
n
pGqtn “

1 ` 4t ` 4t2

1 ´ t
.

Therefore the presentation (z0-Pres) is minimal.

Let us denote by χ0 (resp. ψi) the character associated to x0 (resp. xi).

Lemma 4.6. — The algebra H‚pGq is the quadratic dual of E pGq. Concretely, the al-
gebra H‚pGq is generated by the generators χ0 and ψi for 1 ď i ď 4, and relations:

χ0 Y ψi ` ψi Y χ0, ψi Y ψj ` ψj Y ψi, χ0 Y ψi ` ψ2
i , ψ1 Y ψ3, ψ2 Y ψ4,

with 1 ď i ă j ď 4. Thus a basis of H2pGq is given by:

χ2
0, χ0 Y ψi “ ψ2

i , ψ1 Y ψ2, ψ1 Y ψ4, ψ3 Y ψ2, ψ3 Y ψ4.

Proof. — In Lemma 4.5, we showed that the algebra E pGq is Koszul. Thus H‚pGq is the
quadratic dual of E pGq. We refer to [11, Proposition 1]. We compute the quadratic dual
of E pGq. We refer to [20, Chapter 3, §3.2.2] for further details.

By a dimension argument, we observe that the set

tχ0 Y ψi ` ψi Y χ0, ψi Y ψj ` ψj Y ψi, χ0 Y ψi ` ψ2
i , ψ1 Y ψ3, ψ2 Y ψ4u

defines all relations for the quadratic dual of E pGq. We conclude that the quadratic dual
of E pGq has a presentation with generators χ0, ψi and relations defined above.

Lemma 4.6 allows us to infer:

Corollary 4.7. — We have the following isomorphisms

H1
pGq »H1

pG13q
à

H1
pF24q » H1

pG24q
à

H1
pF13q,

H2
pGq »H2

pG13q
à

`

H1
pG13q Y ψ2

˘
à

`

H1
pG13q Y ψ4

˘

,

where we identify
‚ H1pGijq and H1pFijq with the subgroups of H1pGq generated by tχ0, ψi, ψju

and tψi, ψju,
‚ H2pG13q with the subgroup of H2pGq generated by χ2

0, χ0Yψ1 “ ψ2
1 and χ0Yψ3 “ ψ2

3.
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4.3. The Kernel Unipotent property. — In this subsection, we show thatG satisfies
the Kernel Unipotent property. It is strongly inspired by [32, §2].

We begin with the following lemma:

Lemma 4.8. — The group G0 satisfies the Kernel Unipotent property.

Proof. — For every positive integer n and every g P G0,n´1zG0,n, we construct a
map ρg : G0 Ñ Un such that ρgpgq ‰ In.

Let us recall that G0 » ∆
š

∆
š

∆ – xy1y
š

xy2y
š

xy3y, where yi denotes an involu-
tion. Let us define E by the set of noncommutative series on F2 over Y1, Y2 and Y3, and I
the closed two-sided ideal of E generated by tY 2

1 , Y
2
2 , Y

2
3 u. Here, every Y1, Y2 and Y3 have

weight 1. From the Magnus isomorphism, we infer the isomorphism ψG0 : EpG0q » E{I,
which maps yi to 1 ` Yi. In particular, if g P G0,n´1zG0,n, then we can write:

ψG0pgq – 1 `
ÿ

W

ϵW pgqW ` Wěn,

for ϵW pgq in F2, W – Yi1Yi2 . . . Yin´1 words satisfying ij ‰ ij`1 with 1 ď j ď n ´ 2,
and Wěn`1 a series of degree larger than n ` 1. The previous form is unique.

We introduce Mn, the set of n ˆ n matrices with coefficients in F2. We denote by δi,j
the elementary n ˆ n-matrix, which is equal to zero everywhere except in pi, jq. Let us
define a morphism ρW from EpG0q to Mn satisfying ρW pW q “ δ1,n.

We fix a word W – Yi1Yi2 . . . Yin´1 in EpG0q satisfying ij ‰ ij`1. And for every 1 ď

i ď 3, we define a map ψi : rr1;n ´ 1ss Ñ F2 by:

ψipjq – 1, if Yij “ Yi, else ψipjq – 0.

We introduce the matrix

Mi –

n´1
ÿ

j“1

ψipjqδj,j`1.

Since for every j, we have Yij ‰ Yij`1
, we observe for every 1 ď i ď 3 the equality M2

i “ 0.
Thus we define a morphism ρW by ρW p1q “ In and ρW pYiq – Mi. If W 1 – Yu1 . . . Yun´1

is a word also satisfying uj ‰ uj`1, then we have:

ρW pW 1
q “ ψu1p1q . . . ψun´1pn ´ 1qδ1,n.

In particular ρW pW 1q “ δ1,n only if W 1 “ W , else ρW pW 1q “ 0.
Let us now fix a nontrivial element g in G0,n´1{G0,n. Then there exists a word W of

degree n ´ 1 such that ϵW pgq ‰ 0. We define ρg the map induced by ρW , i.e. ρgpyiq –

In ` Mi. We observe that ρgpyiq2 “ I2n ` M2
i “ In, and ρgpYiq “ ρW pYiq. Thus we have:

ρgpgq “ In `
ÿ

W 1

ϵW 1pgqρgpW
1
q “ In ` ϵW pgqρW pW q “ In ` δ1,n ‰ In,

where the sum is indexed by all monomials W 1 in E of degree n.

Remark 4.9. — Without loss of generality, we can expand the proof of Lemma 4.8 and
show that if G is a SAP group, then G satisfies the Kernel Unipotent property.

We can now prove the Kernel Unipotent property for G.

Proposition 4.10. — The group G satisfies the Kernel Unipotent property.
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Proof. — From Lemma 4.4, we observe that for every positive integer n we have semi-
direct product decompositions:

G{Gn » F24{F24,n ⋊δF
G13{G13,n » F13{F13,n ⋊δF 1

G24{G24,n.

Let us consider x – uh with u P F24{F24,n and h P G13{G13,n, a nontrivial element
in G{Gn. We need to construct a map ρx : G{Gn Ñ Un such that ρxpxq ‰ In. For this
purpose, we distinguish two cases:

piq Assume that h ‰ 1. By Lemma 4.8, the group G13 satisfies the Kernel Unipotent
property, thus we have a map ηh : G13{G13,n Ñ Un such that ηhphq ‰ In. Let us define ρx
by:

ρx|G13{G13,n – ηh, and ρx|F24{F24,n – 1.

This map is well-defined, and we have ρxpxq – ρxpuhq “ ηhphq ‰ In.
piiq Now assume that h “ 1. Then x – u is in F24{F24,n, and not trivial. Additionally,

Proposition 1.3 gives us the injection F24{F24,n Ă G24{G24,n. Since G24 » G0, we apply
the same argument as piq, replacing G13 by G24 and F24 by F13.

Remark 4.11. — Expanding the previous proof, we can show that if G1 and G2 check
the Kernel Unipotent property, then G1 ˆ G2 also satisfies it.

Observe that F p2q also satisfies this property. We refer for instance to [32, Theorem
2.6]. Thus the group GΓ » F13 ˆ F24 satisfies the Kernel Unipotent property. This
group is not a maximal pro-2 quotient of an absolute Galois group. We refer to [40,
Theorem 1.2].

4.4. The strong Massey Vanishing property. — In this subsection, we show thatG
satisfies the strong Massey Vanishing property. This subsection is heavily inspired by [38,
§4.3] and we mostly use the same notations. Let us also recall that the structure of H‚pGq

is given by Lemma 4.6 and Corollary 4.7.

Lemma 4.12. — Assume that α and α1 are nontrivial elements in H1pGq satisfying αY

α1 “ 0. We have the following alternative. Either:

‚ α and α1 are in H1pG13q and different from χ0,
‚ α and α1 are in H1pG24q and different from χ0,
‚ α and α1 are neither in H1pG13q nor in H1pG24q, but they check the equality:

α1
“ α ` χ0.

Proof. — In this proof, we use the following fact coming from Corollary 4.7 and Lemma 4.6.
If α is in H1pG13q, then α Y ψ2 “ α Y ψ4 “ 0 if and only if α “ 0.

Let us take nontrivial elements α and α1 in H1pGq such that α Y α1 “ 0. We write

α – aχ0 ` β ` bψ2 ` cψ4, and α1 – a1χ0 ` β1
` b1ψ2 ` c1ψ4,

with β, β1 in the vector space generated by ψ1 and ψ3, that is identified with H1pF13q Ă

H1pG13q. Recall that we have the decomposition:

H1
pG13q – H1

pF13q
à

χ0F2.
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Using the relations from Lemma 4.6, we get the following expression for α Y α1:

α Y α1 – aa1χ2
0 ` aχ0β

1
` a1βχ0 ` ββ1

`

pbβ1
` b1β ` pab1

` a1b ` bb1
qχ0q Y ψ2`

pcβ1
` c1β ` pac1

` a1c ` cc1
qχ0q Y ψ4.

Then, solving αYα1 “ 0, we identify the last two right-hand terms to infer the following
system:

$

’

’

’

’

&

’

’

’

’

%

bβ1
` b1β “ 0

ab1
` a1b ` bb1

“ 0

cβ1
` c1β “ 0,

ac1
` a1c ` cc1

“ 0.

We distinguish several cases:
paq If we assume pb, b1q “ p1, 0q, then β1 “ 0 and a1 “ 0. So c1 “ 1. Thus either piq

c “ 0 or piiq c “ 1. In the case piq, we have α1 “ ψ4, and α “ ψ2. In the case piiq, we
have c “ 1. Thus β “ 0 and a “ 1 so α “ χ0 ` ψ2 ` ψ4, and α1 “ ψ4.

pbq The case pb, b1q “ p0, 1q is symetric to the case paq. Consequently, in cases paq

and pbq, we always infer that α and α1 are in H1pG24q.
pcq We assume that pb, b1q “ p1, 1q. This case imposes that β “ β1 and a1 “ a ` 1. We

distinguish two cases. If piq β “ 0, then α and α1 are both in H1pG24q. If piiq β ‰ 0, then
c “ c1, so we infer that α1 “ α ` χ0, and α, α1 are neither in H1pG13q nor in H1pG24q.

pdq We assume that pb, b1q “ p0, 0q. Since α and α1 are nontrivial, we infer that c “ c1.
We have two case: either piq c “ c1 “ 0 or piiq c “ c1 “ 1. If piq then α and α1 are both
in H1pG13q. Else piiq gives us β “ β1 and a “ a1 ` 1.

We distinguished all cases. To recap:
‚ in the cases paq, pbq and pc, iq we have α and α1 both in H1pG24q,
‚ in the case pd, iq we have α and α1 both in H1pG13q,
‚ in the cases pc, iiq and pd, iiq, we have α1 “ α ` χ0, and α and α1 are neither in

H1pG13q nor in H1pG24q.

Let us recall a result from Quadrelli [38, Lemma 4.2]:

Lemma 4.13. — For n ą 2, there exist matrices A1, A2, B1, B2 P Un`1 such that: piq
the pi, i ` 1q-entries of both A1 and A2 are equal to 1, for 1 ď i ď n, piiq B1 and B2 are
given by

B1 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 ˚

0 1 0

1 1

1 0
. . .

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

, B2 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 ˚

1 1

1 0

1 1
. . .

1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

and piiiq they satisfy rB1, A1s “ A´2
1 and rB2, A2s “ A´2

2 .

We conclude this subsection.
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Theorem 4.14. — The group G satisfies the strong Massey Vanishing property.

Proof. — Let us take a family tα1, . . . , αnu of characters in H1pGq satisfying αiYαi`1 “ 0
for every 1 ď i ď n ´ 1. We construct a morphism ρ : G Ñ Un`1 such that ρi,i`1 “ αi.
From [39, Proposition 2.8], we can assume that αi ‰ 0 for every i. Then from Lemma 4.12,
we are in one of the following cases. Either:

paq for every i, the character αi is in H1pG13q,
pbq for every i, the character αi is in H1pG24q,
pcq for every i, the character αi is neither in H1pG13q nor in H1pG24q, but satisfies the

relation:
αi`1 “ αi ` χ0.

We study the case paq. We observe that G13 is in P. So G13 satisfies the strong Massey
Vanishing property. Consequently, there exists a morphism η13 : G13 Ñ Un`1 such that
η13,i,i`1 “ αi|G13 . Then we define:

ρpx1q “ η13px1q, ρpx3q “ η13px3q, ρpx0q “ η13px0q, and ρpx2q “ ρpx4q “ In`1.

The case pbq is similar, since G24 is also in P.
For the case pcq, we infer that α2i “ α1 ` χ0, and α2i`1 “ α1. We consider A1, A2, B1

and B2 the matrices defined in Lemma 4.13. If α1px0q “ 1, we take A – A1 and B – B1.
Else we take A – A2 and B – B2.
Let us define ρpx0q – B. Then we have

ρpx0q2i´1,2i “ α1px0q, and ρpx0q2i,2i`1 “ α2px0q.

If 1 ď j ď 4, we observe that for every 1 ď u, v ď n, we have αupxjq “ αvpxjq. Thus if
α1pxjq “ 0, we define ρpxjq – In`1. If α1pxjq “ 1, we define ρpxjq “ A. We obtain a
morphism ρ : G Ñ Un`1 which satisifes ρi,i`1 “ αi.

4.5. Product of free groups. — Let us again consider Γ the square graph. The pro-2
group GΓ » F13 ˆF24 is already known not to be a maximal pro-2 quotient of an absolute
Galois group. Quadrelli [37, Theorem 5.6] showed that this group is not Bloch-Kato, i.e.
there exists a closed subgroup of GΓ with non quadratic cohomology.

From Remark 4.11, the group GΓ satisfies the Kernel Unipotent property. Furthermore,
a presentation of GΓ is given by:

xx1, x2, x3, x4| rx1, x2s “ rx2, x3s “ rx3, x4s “ rx1, x4s “ 1y.

This presentation is minimal. In fact, it is mild. We refer to [16] for definitions. Further-
more the first author [11, Proposition 1.7] showed that E pGΓq » EΓ. Consequently, the
group GΓ satisfies the Koszul property. A presentation of H‚pGΓq is given by generators
tψ1, ψ2, ψ3, ψ4u and relations:

tψ2
i , ψ1 Y ψ3, ψ2 Y ψ4, ψu Y ψv ` ψv Y ψu| 1 ď i ď 4, 1 ď u, v ď 4u.

In particular, a basis of H2pGΓq is given by tψ1 Y ψ2, ψ2 Y ψ3, ψ3 Y ψ4, ψ1 Y ψ4u.
We recall that we denote by F13 and F24 the subgroups of GΓ generated by tx1, x3u

and tx2, x4u. Let us also recall that these groups are pro-2 free on two generators. Thus
they satisfy the strong Massey Vanishing property. Furthermore, we can identify H1pF13q

with the vector space generated by tψ1, ψ3u and H1pF24q with the vector space generated
by tψ2, ψ4u. We also observe that H1pF13q YH1pF13q “ H1pF24q YH1pF24q “ 0. Further-
more, if we take α in H1pF13q, we observe that α Y ψ2 “ α Y ψ4 “ 0 ðñ α “ 0.
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Similarly to Lemma 4.12, we have the following result.

Lemma 4.15. — Let us take α and α1 two nontrivial characters in H1pGΓq such that αY

α1 “ 0. We have the following alternative. Either:
piq α and α1 are in H1pF13q,
piiq or α and α1 are in H1pF24q,
piiiq or α “ α1.

Proof. — The assertions piq and piiq are clear. Let us show piiiq. We assume that α is
neither in H1pF13q nor in H1pF24q. Thus there exists β in H1pF13q different from zero
and a couple pa, bq ‰ p0, 0q in F2

2 such that α – β ` aψ2 ` bψ3.
Let us write α1 – β1 ` a1ψ2 ` b1ψ4 with β1 P H1pF13q. Then from α Y α1 “ 0, we infer:

α Y α1
“ β Y β1

` paβ1
` a1βq Y ψ2 ` pbβ1

` b1βq Y ψ4 “ 0.

Thus aβ1 “ a1β and bβ1 “ b1β. Since pa, bq ‰ p0, 0q, we infer:

a “ a1, b “ b1, β “ β1, so α “ α1.

Consequently, as Theorem 4.14, we can show that GΓ checks the strong Massey Van-
ishing property.

Proposition 4.16. — Let Γ be the square graph. Then the pro-2 RAAG GΓ is not the
maximal pro-2 quotient of an absolute Galois group, but satisfies the Koszul, the Kernel
Unipotent and the strong Massey Vanishing property.

Proof. — It remains to show that GΓ checks the strong Massey Vanishing property. Let
us consider a family α – tα1, . . . , αnu of characters such that αi Yαi`1 “ 0 for every 1 ď

i ď n ´ 1. We construct a map ρ : GΓ Ñ Un`1 such that ρi,i`1 “ αi for 1 ď i ď n.
If α1 is either in H1pF13q or H1pF24q, we conclude using the fact that F13 and F24 are

free so check the strong Massey Vanishing property.
Assume that α1 is neither in H1pF13q nor in H1pF24q. Then for every 1 ď i ď n ´ 1,

we have αi “ αi`1. Let us define A – In`1 `
řn
i“1 δi,i`1 where δi,i`1 is the matrix which

is zero everywhere except in pi, i ` 1q.
If α1pxiq “ 1, we define ρpxiq – A. Else ρpxiq – In`1. Since A and In`1 commutes, the

morphism ρ is well-defined. Thus GΓ checks the strong Massey Vanishing property.
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