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By using ramified Hilbert Class Field Towers we improve lower asymptotic bounds
of the number of rational points of smooth algebraic curves over [, and F,. © 2002
Elsevier Science (USA)

0. INTRODUCTION

For a function field F over [, it is natural to compare the number N (F) of
places of degree one of F with its genus. To do this, Thara introduced the
quantity A(g). Let’s recall its definition. Let

N,(9) = max {N(F), F is a function field with constant field F, of genus g},
and define

N,
A(g) = lim sup # .

g— o

By the well-known Hasse-Weil bound N,(9) <gq+ 1+ 2gf, one has
immediately 4(q) < 2\/5. In 1981-1982, Thara [5] showed by using modular
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curves that A(qg) > \/5 — 1if g is a square (in Tsfasman et al. [12] proved the
same lower bound only if g is a second or fourth power of a prime number).

In 1983, Drinfeld and Vladut [2] improved the lower bound by showing
that for all g,

Alg) </q—1,

and so A(q) = ﬂ — 1 for g a square. For other values of g the problem of
determining A(q) is open. We may view the problem has having two direc-
tions: (1) What happens for large ¢? (2) What happens for small values of ¢,
especially for g =2, 3, 57 Much work has been done in the first direction:
Serre [10] proved that there is an absolute constant ¢ such that
A(q) > cloggq. In this paper we are interested in 4(q) for ¢ = 3 and ¢ = 5.

A method for obtaining lower bounds for A(q) is to construct towers of
function fields with restricted ramification and to use the Riemann-Hurwitz
formula. We should mention that by using explicit equations for such towers,
Garcia and Stichtenocth [3] found again that the bound of Drinfeld-Vladut
is optimal for g a square. Subsequently, Elkies has shown that the towers
constructed by Garcia and Stichtenocth are modular.

Recently Niederreiter and Xing [6] provided lower bounds for 4(2), 4(3),
and A(5). They obtained A(2) > 81/317 (the previous best lower bound was
A(2)>2/9 due to Serre [10] and Schoof [9]); A(3) > 62/163 ~ 0.38;
A(5) = 2/3. Their method was to construct unramified Hilbert Class field
towers with decomposition.

Here by constructing class field towers with ramification and decomposi-
tion, we obtain with simple examples that A(3) > 8/17 ~ 047 and
A(5) > 8/11 ~ 0.72. Note that the key Theorem (Theorem 6) is a special case
of a conjecture of Perret [7, Conjecture 17].

In the number fields setting, the analogous problem is to determine the
minimal asymptotic rate of growth of discriminants. For over 20 years, the
best known bound in this case has been that of Martinet. The idea of
considering ramified class field towers has allowed Hajir and the second
author to improve Martinet’s bound [4].

We first recall some results from class field theory. In the second part, we
give relation between tamely ramified extensions and A(g), and then improve
lower bounds for 4(3) and A(5).

1. PRELIMINARIES

Let F,(X) be a rational function field over F;; let F be a finite separable
geometric extension of F,(X) (F, is the constant field of F). Let S and T be two
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finite sets of places of F (S is not empty) such that SN T = §. We then define:

O(S) = {x € F,v(x) = 0, Vv¢S} the ring of S-integers of F;
I(S) the group of fractional ideals of @(S);
I(S, T) the sub-group of I(S) consisting of ideals prime to T;
m=1Ilyer Z,
P,={(x)el(S, T),xeF,x=1(modm)};
E(S) = {x € Op(S), v(x) = 0, Vv¢S} the group of S-units of F;
E(S,m) = {x € E(S), x = 1(mod m)};
and finally the following ray class group:

I(S, T)

ClS, T) ===

If T is empty, CI(S) = CI(S, 0) is the class group of ((S).

DerinITION 1. Let £ be a prime. For a group 4, we denote the dimension
over F, of A4/A’[A, A] by d,A.

ProrosiTioN 2. By the approximation Theorem, CI(S) is quotient of
CI(S, T), and then one has d,CI(S, T) = d,CI(S).

1.1. Dirichlet’s Unit Theorem. Here we give the structure of E(S, m) as
Z-module:

ProposiTION 3. If T is not empty, then E(S, m) ~ 7 1.

Proof. Thanks to Dirichlet’s Unit Theorem, one gets E(S) ~ F; . Z" 1.
Now, if T is not empty then the torsion of E(S,m) is trivial and the
proposition follows. ®

1.2. Artin’s Map. We now recall how CI(S, T) classifies extensions of F in
which S splits and ramified places are restricted to T. For a place £ of F, we
denote by F, the completion of F at 2, U, the unit group of F, and U}, the
group of principal units. Let

Lh(&yr): I] F; II U, II U;-

2eS P¢TUS 2eT

DerinNiTION 4. We define F(S, T) to be the abelian extension of F asso-
ciated to Ug(S, T) by class field theory.

The following proposition is then immediate:

ProrosiTion 5. (1) F(S, T) is the maximal abelian extension of F such that:
e all places of S are decomposed,
e all places outside T are unramified,
o the ramification for 2 € T is tame.
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(2) The Artin map induces the following isomorphism:
CI(S, T) ~ Gal(F (S, T)/F).

1.3. The T-Tamely Ramified and S-Decomposed Hilbert Tower. Define
by induction (F;); a sequence of Galois extensions of F: Fy=F and
F;. 1 = F(S;, T;) where S; (resp. T;) is the set of places of F; above S (resp. T').
Put F (S, T) = (J;F;.

DEermNiTiON 6. F_ (S, T) is called the T-S-Hilbert tower of F. For a prime
/, F. (S, T)(/) is the maximal /-extension of F included in F_ (S, T). It is the
T-S-Hilbert /-tower of F.

We now make two observations:
(1) if /|q, then F(S, T)(Z) = F(S, 0)(/);
(2) if (g, /) = 1, then the ramification in /-extension is always tame.
We work with the /-tower as opposed to the bigger extension because we
know a criterion for F (S, T)(/)/F to be infinite, namely the Theorem of
Golod-Shafarevich.

1.4. Theorem of Golod-Shafarevich. We now give the key theorem:

THEOREM 7.  Let F be a geometric extension of F,(X ) and S and T two finite
sets of places of F, S# 0. Let ¢/ be a prime with (q,/) = 1. Denote by
F (S, T)(/) the maximal (-extension of F, S-decomposed and unramified
outside T.

If F (S, T)(¢)/F is finite then

d,CIS, T) <2 + 2 /d,E(S, m) + L.

In particular if T is not empty, one gets (thanks to Proposition 2)

4,CIS, T) < 2 + 2./IS|.

Remark. There are two benefits in the introduction of tame ramification:
(1) Asd,CI(S, T) = d,CI(S), the inequality in Theorem 6 may be true for
CI(S) but false for CI(S, T'); as a consequence we may not be able to determine
what’s happening for F (S)/F, in many cases where we can prove F, (S, T)/F
to be infinite.
(2) If /(¢ — 1) then d,E(S, m) = d,E(S) + 1, and so the result of The-
orem 6 is better for T not empty than for T empty. For this reason, we will try
to find examples with /|(g — 1).

Proof. Denote by L = F (S, T)(/) and G the Galois group of L/F; G is
a pro-/ group. As we have defined U(S, T), E(S, m), etc., for F, we define
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U.(SL, Ty1), Er(Sy, mp), etc., for L where the S;, (resp. T;) are the places of
L above S (resp. T'). The following proposition is the crucial point of the proof
of Theorem 7:

ProposITION 8. For all i € Z, H(G, Uy(S;,Ty)) = 1.
Thanks to Shapiro’s lemma [1], one has

H{(G, UL(SL, Tr) = [[ (G, F,*) T] H(G,, U, [] B(G,, Ub),

2eS 2¢S0T 2eT

where G, is the decomposition group of 2 in L/F. Now for Z € S,

Hi(G% F, ) =1

because G is trivial. For other 2 we have the following lemma:

LEMMA 9. Let k be a complete field with respect to a discrete valuation. Let
F be the residue field of k. Assume that F is finite; char(F) = p > 0. Let K/k be
a finite Galois extension; G = Gal(K/k). Denote by U the group of units of
K and by U?! the group of principal units of K. Then:
(1) If K/k is unramified, H(G, U) = 1, Vi€ Z;
(2) If K/k is tamely ramified, H/(G, U') = 1, Vie Z.

Proof. The first point is a well-known result [ 1, p. 131]. Using a criteria of
trivial cohomology (see [1, p. 113]) to prove (2) it suffices to show that for all
prime ¢ and for one /-sylow G, of G, one has

H(G,UY=1, Vix>1. (1)
First suppose (p, /) = 1. Then for j > 1,
H (G, U/ ) =1,

because U//U’*! is a finite p-group. Using the fact that U' = lgn v/juitt

and that U’ is a decreasing sequence of G,-modules then a result ojf Serre (see
[1, p. 132]) implies (1).

Now suppose p = /. Let k, = K. As K/k, is a tamely ramified p-extension
then K/k, is unramified and so H(G (G,, U) =1 by first point. Moreover
)ig (G,, U/ Ul) is trivial because U/U" is pr1me to p. So these remarks with the
followmg exact sequence of G,-modules

1-U'-U->U/U' > 1,

show (1). m
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The proof of Theorem 6 is then classical. One has two exact sequences,

U S, T
1 > Ey(Sp, mp) — Uy(Sp, Ty) » 20Ty @
EL(SL: mL)
U, (S, T J
1QJL£JL»Laawbnyq, 3)

EL(SLs mL) L>

where J; is the group of ideles of L. The second sequence comes from
the Approximation Theorem. Next, remark that, since the tower ends at L,
the order of Cl;(Sy, T) is not divisible by /, and so H(G, Cl.(S., Ty)) = 1.
Also by Proposition 8, H (G, U.(Sy, T1)/EL(S, my)) is isomorphic
to H°(G, E(Sy, my)) which is isomorphic to H™ (G, J;/L*), which is isomor-
phic to H,(G, Z) (cf. [1]). But the Theorem of Golod-Shafarevich [8] says
that

1
746> —d,G <dH(G.2)

and this establishes the theorem. W

1.5. Genus Theory. Using classical result about genus theory, we give
a lower bound of the /-rank of Clg(S, T):

THeoreM 10.  Let F/k be a cyclic Galois extension of degree ¢ of geometric
function fields over Fy; let Sy be a finite set of places of k (not empty) and let S be
the set of places of F above S;.. Denote by p the number of places of k which are
ramified in F/k. Then

d,Clg(S, T) = p — |Si| — 9,
where 6 = 1 if /|(q — 1) and 0 otherwise.
Proof. We use the remark of Theorem 7 and a result of Schoof [9] =
The following corollary is a consequence of Theorems 7 and 10.
CoroLLARY 11.  Let F/k be a cyclic Galois extension of degree ¢ of geometric

function fields over F,; assume that /|(q — 1). Let Sy be a finite set of places of
k (not empty) and S the set of places of F above Sy. Denote by p the number of

places of k which are ramified in F/k. If p >3 + |S;| + 2./|S|, then for all
non-empty sets T of places of F, F (S, T)(£)/F is infinite.
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2. MAIN RESULT

We now show how an infinite tamely ramified extension gives a lower
bound for A(g).

2.1. The Riemann-Hurwitz Formula

ProposiTION 12, Let F be a function field with constant field F,. Let S be
a set of places of F of degree one; assume that S is not empty. Let T be a finite
set of places of F with ST = (. Assume now that F ,,(S, T)/F is infinite. Then

S|

A= )y, deg 7

where ¢ is the genus of F.

Proof. We use the notation of Section 1.3. Let g; be the genus of F,.
Remark first that the constant field of F; is F, because F;/F is S-decomposed.
Denote by N; the number of places of F; of degree one. Then

N; = |S|[F;: F].

But one has, thanks to the Hasse-Weil Theorem,

Ni<q+1+26./4

so g; tends to infinity because F,, (S, T)/F is infinite. Let i be large enough so
that g; > 2. Using the Riemann-Hurwitz formula with the fact that the
ramification is tame, one gets

29; —2=[Fi:F129 —2) + } (e(?) — 1)fi(P)deg 2,

2eT

where e;(2) (resp. fi(Z)) is the ramification index (resp. residue degree) of 2
in F;/F. So

- |S| PeT

Si
2gi—2>u<2g—2+ Y deg#?),

and

gi—1 9 1+ (1/2)Y . rdeg 2
1S~ IS] '
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Remark that g — 1 +Y ,_;deg 2 > 0. So one gets

ISi S|
=17 =1+ (2%, .1deg 7’

and finally

N, N
A(g) > liminf — > .
(@)= limin = )5, deg 7

2.2. Quadratic Case. Let q#2, and F =F,(X,Y) with Y satisfying
Y? = D(X), D(X) e F,[ X] square free. We want to use Corollary 11 with
(=2, k=F(X),(¢q,2) =118 =2, |S| =4, and T = {#2}. The places of S,
should be decomposed in F/k. Moreover we want that Z is a place of degree
one which is ramified in F/k. Let p be the number of places of k ramified in F.
With these conditions using Proposition 12, we obtain:

ProrostTion 13.  With the above assumptions, if p > 9 then

A(q)zg_l/z.

ProrosiTION 14. We have:

8
o A(5) ZH

8
o A(3)> 7

Proof. We apply Proposition 13, with S, = {X; 1/X}.

For ¢g=3, we take DX)=(X-1DX—-2)(X>+1)(X*+X +2)
X2 +2X + )X+ 2X + DX +2X + )(X* + X2+ 2)( X’ + X* + X
+ 2), and 2 the place of F above X — 1. Then g = 9.

For g = 5, we take D(X) = (X — (X — 2)(X —3)(X — (X2 + X + 1)
(X2 4+ 3)(X? +2)(X* 4+ X + 2)(X* 4+ 2X + 3), and 2 the place of F above
X—1.Theng=6. m
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