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Slowness curves and characteristics of surface acoustic waves
propagating obliquely in periodic finite-thickness electrode gratings

Vincent Laudea) and Sylvain Ballandras
Laboratoire de Physique et de Me´trologie des Oscillateurs, CNRS UPR 3203,
associe´ à l’Université de Franche-Comte´, 32 avenue de l’Observatoire, F-25044 Besanc¸on, France

~Received 9 December 2002; accepted 22 April 2003!

The computation of the diffraction of surface acoustic waves~SAWs! on piezoelectric materials is
complicated by the anisotropy of their propagation, and requires their slowness curves to be known
precisely. In addition, in actual devices these slowness curves are strongly affected by the massive
electrodes used for SAW generation. We investigate the characteristics of SAWs propagating
obliquely in periodic finite-thickness electrode gratings, with the mass-loading effect taken into
account. The velocity of the surface waves, as well as the attenuation, piezoelectric coupling and
beam steering are obtained as a function of the propagation angle with respect to the grating axis.
The slowness curves for SAWs propagating under periodic electrode gratings are compared with the
slowness curves for the same SAWs propagating under a thick homogeneous metallic layer.
Numerical examples are presented for the SAWs of 42.75°YX quartz and X112.2°Y lithium
tantalate, and the leaky SAWs of 36°YX lithium tantalate. ©2003 American Institute of Physics.
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I. INTRODUCTION

During the last decade, much work has been devote
the modeling and the numerical simulation of surface aco
tic waves~SAWs! propagating under interdigital transduce
including the mass-loading effect. This effort was especia
useful to understand the wave propagation characteristic
actual SAW filters and devices, and hence are now used
tinely to obtain the basic parameters required for filter
sign. Although a pure finite element analysis~FEA! is
possible,1,2 most approaches are based on a mixed FE
boundary integral method~BIM !,3–6 in which the wave so-
lution in the electrodes and in the substrate are respecti
obtained by FEA and a Green’s function integral solutio
and the two domains are related using a BIM to obtain
strip or harmonic admittance. One limitation of the FE
BIM method is that for computational reasons the problem
generally restricted to two dimensions, with the electrod
assumed infinite in the transverse direction. However,
SAW devices are of finite width, and transverse effects oc
that cannot be taken into account using a two-dimensio
model. Though an exact three dimensional model for fi
design is probably still beyond reach, useful information c
be gained by examining the propagation of slanted acou
waves in periodic gratings. Indeed, diffraction effects cau
by the finite transverse dimension of the electrodes can
principle be addressed by developing the transverse w
structure using the angular spectrum of waves formali
i.e., as a sum over slanted acoustic waves.7 Such an approach
requires their slowness curves to be known precisely.

Hashimotoet al.8 have addressed the problem of com
puting the strip admittance for slanted SAWs propagating
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finite-thickness electrode gratings, and have obtained dis
sion relations for a given propagation direction. In this
ticle, we address the problem of obtaining the slown
curves for surface acoustic waves propagating in perio
finite-thickness electrode gratings. Definingu as the angle of
propagation with respect to the electrodes’ axis, we sh
how the phase velocity can be obtained as a function ou,
including the mass-loading effect, using the harmonic adm
tance~HA! approach.6,9 We discuss the way the HA compu
tation has to be modified to accommodate for slanted pro
gation, and especially the finite element model we have u
The assumptions in this model and their validity range
discussed. Along with the phase velocity, we also disc
how other useful information regarding the propagati
waves can be obtained as a function of the propaga
angle, i.e., the attenuation, the electro-mechanical coupl
the beam-steering angle and its derivative. This derivat
known as the diffraction parameter, is a measure of the
portance of diffraction in a given propagation direction. N
merical simulation results are presented for standard pie
electric substrates widely used for the fabrication of SA
devices, i.e., 42.75°YX quartz and X112.2°Y lithium tant
late ~true SAW!, and 36°YX lithium tantalate~pseudo or
leaky SAW!. The slowness curves for SAWs propagati
under periodic electrode gratings are compared with slo
ness curves for the same SAWs propagating under a t
homogeneous metallic layer. The results are discussed
cording to the nature of the surface wave, and the slown
curves are shown to be strongly dependent on the thickn
of the electrodes.

II. SLOWNESS CURVES

We consider SAW propagation in the (x1 ,x3) plane, as
depicted in Fig. 1. Axisx2 is then normal to the substrate
il:
5 © 2003 American Institute of Physics
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and directed inward. We first discuss here how the kno
edge of the slowness dependence on the propagation a
can be exploited to obtain the beam-steering and the diff
tion parameter in a periodic electrode grating. In the cas
a free or shorted surface, and also in the case of a unif
metallic layer deposited on the piezoelectric substrate,
beam steering is best obtained by directly computing
Poynting vector, which is known to be normal to the slo
ness curve. In the case of propagation in a periodic electr
grating, it is more practical to numerically differentiate th
slowness curve. Let us assume that we can compute
slowness as a function of the propagation angle, i.e.,
functions(u) in polar coordinates is known, with the angleu
expressed in radians. The coordinates of a running poin
the slowness curve, as shown on Fig. 1, is then

S x~u!

y~u!
D 5S s~u!cos~u!

s~u!sin~u!
D , ~1!

from which the tangent at that point is

S x8~u!

y8~u!
D 5S s8~u!cos~u!2s~u!sin~u!

s8~u!sin~u!1s~u!cos~u!
D . ~2!

The beam steering, or power-flow, anglec is defined as the
angle between the normal to the slowness curve and
phase direction. Expressing this condition and after so
simple algebra, we arrive at

S cosc

sinc D 5
1

d~u! S 1

2g~u!
D ~3!

with the definitions

g~u!5
d

du
logs~u!5

s8~u!

s~u!
~4!

and

d~u!5A11g2~u!. ~5!

From Eqs.~3!–~5!, the beam-steering angle can be compu
by evaluating the first derivative of the slowness curve.
definition, the diffraction parameter is

G~u!5
dc~u!

du
. ~6!

FIG. 1. Slowness curve definitions.
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Since the beam-steering angle is obtained as a first de
tive, the diffraction parameter is obtained as a second der
tive of the slowness curve, and can be expressed as

G~u!5
2g8~u!

11g2~u!
. ~7!

The derivation in this section is indeed elementary, and si
lar expressions can be found in the literature.10 However, our
derivation does not rely on any approximation such as
parabolic approximation often used in the diffraction theo
of SAWs.

III. ESTIMATION OF SAW PARAMETERS

In the process of computing slowness curves for surf
waves, it is necessary to locate the slowness as a functio
the propagation angleu in the surface plane. The actual a
gorithm employed will depend on the nature of the propa
tion problem. On a free or shorted surface, the wave cha
teristics are functions of the material constants only, and
not dispersive. Under a metallic grating, however, the wa
characteristics are dispersive. Figure 2 illustrates the n
tions used for describing the electrode grating. The gratin
periodic with periodp. The width and height of the elec
trodes are denoteda andh, respectively. Because of the pe
riodicity, the wave characteristics depend on the freque
period productf p and on the metallization ratioa/p, but in
addition they also depend on the electrode’s shape, which
a rectangular electrode is scaled by the form factorh/(2p).
A metallization ratio of 0.5 is assumed for all computation
but of course the value of this coefficient may influence
results. For propagation under a thick metallic layer dep
ited upon the piezoelectric substrate, the wave characteri
are also dispersive, and depend on the frequency thick
product f h, whereh is now understood as the layer thick
ness.

In the case of a homogeneous surface with either fre
shorted boundary conditions, it is well known that the slo
ness is given, respectively, by a zero or a pole of the

FIG. 2. Geometry for slanted SAW propagation in a periodic meta
grating.
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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called effective permittivity. Such an approach has been u
routinely to obtain maps of surface wave parameters.11 The
effective permittivity is a restriction of the Green’s functio
of the semi-infinite substrate to its electrical componen9

The practical computation of the surface Green’s function
the spectral domain has, for instance, been described in
12.

In the case of periodic electrode gratings, two additio
phenomena have to be accounted for, namely the freque
dependence arising from the periodic perturbation of the
face and the periodic electrical excitation of waves alo
axis x1 , and the so-called mass-loading effect of the el
trodes. The first phenomenon is adequately described~at
least as regards the electrical part of the problem! using the
notion of the strip admittance,13 extended to the notion o
harmonic admittance in Ref. 9. The occurrence of a pie
electrically coupled surface wave is then given by a pole
the HA. There have been many approaches to the comp
tion of the mass-loading effect, with most of them relying
a FEA of the acoustical propagation in the electrodes.2–6 In
this work, we have used the approach described in Re
which is a combination of a FEA for the electrodes with
BIM relying upon the Green’s function of the semi-infini
substrate. For the practical computation of the HA we ha
enriched the original software described in Ref. 6. One
provement is the computation of spectral Green’s function
a function of slownessess1 and s3 instead of assumings3

50 as was originally done. Our procedure for computing
spectral Green’s function is similar to the one described
Peach in Ref. 12. A second improvement is the definition
a special finite element suited to the problem considered.
describe in the next section how the classical finite elem
approach can be modified to accommodate for slanted pr
gation.

One difficulty arising with the propagation of a slante
surface acoustic wave in an electrode grating is the requ
ment that the potential satisfies aV exp(2jk3x3) transverse
dependence, for an assigned transverse slownesss3 and
transverse wave vectork352p f s3 .8 Indeed, in the frame of
the quasistatic approximation, one would expect the poten
along any ideally conducting electrode to have a uniq
value at any time. The model considered in this work c
indeed be viewed as describing two different physical pr
lems. First, as we argued in the introduction, the operation
a finite width SAW transducer can be modeled using
angular spectrum of waves approach, in which case the e
trical excitation is expanded in Fourier components along
transverse direction. It is then possible to consider the s
tion for each of these Fourier components, which hav
V(k3)exp(2jk3x3) transverse dependence. Obviously, on
the superposition of these elementary solutions can be
sidered as having a physical existence, and it will satisfy
quasistatic approximation by construction. Stated differen
the superposition will satisfy the boundary condition of ze
tangential field in the region of the electrodes while the
ementary Fourier components will not. Second, our mo
also physically describes the propagation of a slanted S
under a shorted electrode grating, but rigorously only at re
nance. By resonance, we mean that conditions, i.e., slow
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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as a function of frequency and grating parameters, for wh
a pole in the HA is obtained. For, in this case, charges e
under the electrodes although the potential vanishes on t
(V50). Then the boundary condition of zero tangential fie
in the region of the electrodes will be satisfied while at t
same time all other fields, i.e., mechanical displaceme
stresses and electric displacement, will have a exp(2jk3x3)
transverse dependence.

We next describe how the SAW parameters are estima
from the HA. It has been shown9 that the contribution of a
SAW to the HA takes the following approximate form:

Ys~g!5
jY0

tan~fs/2!

12cos~2pg!

cos~fs!2cos~2pg!
, ~8!

whereg is the driving parameter of the harmonic excitatio
potential, which on electrode numbern is imposed to be

Vn~g,x3!5V0 exp~22 j png!exp~2 jk3x3!. ~9!

Note that the transverse harmonic dependence exp(2jk3x3)
in the excitation potential also appears in the expression
the currents that are created by charges under the electro
and thus does not appear in the expression of the HA, s
an admittance is a current to potential ratio. In Eq.~8!, fs is
the phase delay per grating period, from which the slown
at resonance is estimated as

ŝ5
fs

2p f p
. ~10!

The attenuation can also be estimated via Eq.~10! if the
phase delay is considered complex. Note that the HA,
hence parametersfs andY0 , are implicitly dependent on the
parametersf p, s3 , a/p, and h/2p. The static capacitance
contribution to the HA is taken to be of the form9

Yc~g!5C sin~pugu! ~11!

and the total HA is modeled for the estimation process as
sum

Ye~g, f p!5Ys~g!1Yc~g!. ~12!

Thereby the contribution of bulk waves is neglected in t
estimation of the parameters, although it is naturally includ
in the FEA/BIM computation. The unknown parametersfs ,
Y0 andC are estimated via a mean squares fit of the mode
Eq. ~12! to the numerical simulation of the HA obtaine
using the extended FEA/BIM method. Most quantities th
can be estimated are rather well defined, i.e., the velocit
resonance~the inverse of the slowness!, the attenuation, the
beam-steering angle and the diffraction parameter, but th
not true for the coupling strength. It is customary to empl
the K2 definition for this purpose, however this is define
solely for propagation on either a free or a shorted surfa
and is moreover adequate only for a lossless SAW, i.e
does not apply to a leaky SAW.9,14 The coupling strength
used to plot Figs. 6, 10 and 14 is the ratioY0 /C, and should
be considered to have a relative significance only. In
equivalent electrical circuit representation, this quant
would be understood as the ratio of the motional capacita
to the static capacitance.
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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As will be shown in the next section, the result of th
FEA depends on both the frequency period productf p and
the transverse slownesss3 . The Green’s functions appearin
in the BIM are dependent ons1 ands3 ; g in Eqs.~8!–~12! is
related tos1 by the relationg5 f ps1 modulo 1. When gen-
erating a slowness curve at fixedf p, it would be incorrect to
set the value ofs3 and to search for a value ofs1 correspond-
ing to a pole of the HA; although the position of the po
would be correctly located, the remaining parameters wo
not be correctly estimated. Instead, the propagation angu
should be considered a constant, and the search shou
upon the slownesss defined by

s15s cosu; s35s sinu. ~13!

We emphasize that the slowness that is determined u
the method described in this article is the slowness at re
nance, i.e., the slowness of the pole of the HA, and is
properly speaking the slowness of the SAW in the grat
since it includes reflection effects. It is well known that
there are no reflections on the electrodes then these two s
ness’ are equal, but that if reflections are not negligible th
the slowness of the resonance pole is shifted.15

IV. FINITE ELEMENT FOR SLANTED PROPAGATION

The finite element that we use was derived from a cl
sical two-dimensional triangle with 3 degrees of freedo
originally intended for isotropic acoustic problems. Mo
precisely, for an infinitely long electrode, the displaceme
and constraints are usually assumed not to depend on
transverse coordinatex3 ~hence the two-dimensional ele
ment!, but the three components of the displacement mus
taken into account~hence the 3 degrees of freedom!. Another
possible representation of the finite element is an infinit
long cylinder with a triangular section. To take into accou
slanted propagation inside the electrodes, we assume in
dition a sinusoidal dependence of the displacements on
transverse coordinate with a given wave-vector compon
k352p f s3 according to

u5sin~k3x31w!@P~x1 ,x2!#$u%T , ~14!

wherew is an arbitrary phase,T stands for the finite elemen
considered,P is the polynomial interpolation inside the ele
ment, and$u%T is the vector of the nodal values of the di
placement field. It is worth noting that the arbitrary anglew
needs not be the same for all components of the displ
ments; it will, however, drop in the formulation of the FEA
Following the usual procedure of FEA, a variational proble
is constructed, which can be given the following line
form:16

~@K#2v2@M # !$u%5$B%, ~15!

where K is the stiffness matrix,M is the mass matrix,v
52p f is the angular frequency and$B% represents the exci
tation forces applied to the nodes. Using the notations@P# for
the polynomial interpolation matrix,@DP# for the matrix of
the polynomial derivatives,@C# for the stiffness tensor in
contracted notation,r for the mass density, and the consta
matrices
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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@D#5S 1 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 1 1 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

D ~16!

and

@D3#5S 0 0 0

0 0 0

0 0 1

0 0 0

0 1 0

1 0 0

D ~17!

the elementary stiffness and mass matrices16 can be written,
respectively, as

@MT#5E
T
@P# tr@P#dx ~18!

and

@KT#5

E
T
~@D#@DP# ! t@C#~@D#@DP# !dx

1k3
2E

T
~@D3#@P# ! t@C#~@D3#@P# !dx,

~19!

where the upper-scriptt stands for matrix transposition. In
the derivation, the sinusoidal dependence has dropped
integration along thex3 axis, together with the dependenc
on the phase originw. By comparison with the usual case o
normal propagation,k350, it is seen that only the stiffnes
matrix is affected, and that a positive matrix has to be ad

FIG. 3. Velocity of the SAW of 42.75°YX quartz under an aluminum lay
for some values off h, and in a periodic grating withf p51000 m/s,a/p
50.5 and for some values ofh/(2p); f is the frequency,p the period,a the
width, andh the thickness.
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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to it, weighted by the square of the transverse wave vecto
particular, it is seen that terms proportional to the first pow
of k3 vanish. Physically, this is supported by the fact th
since propagation is isotropic inside the electrode, the s
tion must be symmetric with respect tok350. Mathemati-
cally, this guarantees that the stiffness matrix retains its p
tive definite character; otherwise the problem could not
guaranteed to be solvable.

The modified FEA is then used to compute the relat
between the displacements and the stress components n
to the electrode-substrate interface, following the method
Ref. 6, but with the extra dependence onk3 included.

FIG. 4. Beam steering of the SAW of 42.75°YX quartz under an alumin
layer for some values off h, and in a periodic grating withf p51000 m/s,
a/p50.5 and for some values ofh/(2p).

FIG. 5. Diffraction parameter of the SAW of 42.75°YX quartz under
aluminum layer for some values off h, and in a periodic grating withf p
51000 m/s,a/p50.5 and for some values ofh/(2p).
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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V. SIMULATION EXAMPLES

All results presented in this section are obtained for
infinite periodic electrode grating on a semi-infinite piez
electric substrate. The zero propagation angle refers
propagation along the grating axis. All parameters given
those obtained for a pole or pseudo pole of the harmo
admittance, i.e., for the resonance condition, with the f
quency period product set to 1000 m/s, i.e., far from the s
band in all cases.

The 42.75°YX cut of quartz considered in Figs. 3–6
also known as~YX,!/42.75 in the IEEE 1949 piezoelectri
standard.17 The dependence of the resonance slowness, b
steering, diffraction parameter and piezoelectric coupling
the SAW on this cut are depicted in Figs. 3, 4, 5 and
respectively, for three values of the electrode aspect r
h/(2p) ~0%, 5% and 10%!. In these figures, we have adde

FIG. 6. Coupling strength of the SAW of 42.75°YX quartz in a period
grating with f p51000 m/s,a/p50.5 and for some values ofh/(2p).

FIG. 7. Velocity of the SAW of X112°Y lithium tantalate under an alum
num layer for some values off h, and in a periodic grating withf p51000
m/s, a/p50.5 and for some values ofh/(2p).
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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for comparison the case of a homogeneous layer of alu
num deposited on the substrate, with thicknesses equiva
to those of the gratings. The resonance slowness is seen
rather strongly affected by the mass-loading effect, and
assume a symmetrical and mostly parabolic shape. The s
ing down of the resonance velocity is mostly attributable t
sharp increase in the reflection coefficient per electrode. T
behavior is quite different from what is usually observed
the first stop band, in which the slowing down of the SAW
much less effective. This is an indication that the reflect
coefficient per period strongly depends on the excitation
quency. The beam steering remains limited, while the c
pling increases with the propagation angle. It should
noted that no attenuation was found to occur at any ang

FIG. 8. Beam steering of the SAW of X112°Y lithium tantalate under
aluminum layer for some values off h, and in a periodic grating withf p
51000 m/s,a/p50.5 and for some values ofh/(2p).

FIG. 9. Diffraction parameter of the SAW of X112°Y lithium tantalate und
an aluminum layer for some values off h, and in a periodic grating with
f p51000 m/s,a/p50.5 and for some values ofh/(2p).
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The X112.2°Y, or~XY t!/112.2, cut of lithium tantalate is
considered in Figs. 7–10. The dependence of the reson
slowness, beam steering, diffraction parameter and pie
electric coupling for this cut are depicted in Figs. 7, 8, 9 a
10, respectively, for three values of the electrode aspect r
h/(2p) ~0%, 5% and 10%!, and again for an equivalent alu
minum layer deposited on the substrate. The curves are
symmetrical around the 0° angle, as is expected for this
without symmetry. Interestingly, it is seen that the veloc
under a homogeneous aluminum layer is increasing with
thickness, while at the same time the velocity in the grat
is decreasing. This is an indication that the slowness s
caused by the increasing reflection coefficient is the do
nant effect.

FIG. 10. Coupling strength of the SAW of X112°Y lithium tantalate in
periodic grating with f p51000 m/s,a/p50.5 and for some values o
h/(2p).

FIG. 11. Velocity of the leaky SAW of 36°YX lithium tantalate under a
aluminum layer for some values off h, and in a periodic grating withf p
51000 m/s,a/p50.5 and for some values ofh/(2p).
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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The 36°YX, or~YX,!/36, cut of lithium tantalate is con
sidered in Figs. 11–14. This cut is famous for its leaky,
pseudo, SAW. The dependence of the resonance slown
attenuation, beam steering and piezoelectric coupling for
pseudo SAW are depicted in Figs. 11, 12, 13 and 14, res
tively, for three values of the electrode aspect ratioh/(2p)
~0%, 5% and 10%!, and again for an equivalent aluminu
layer deposited on the substrate. The resonance slowne
seen to be much less affected by the mass loading effect
is that of the SAW of 42.75°YX quartz, but to assume
parabolic shape again. The beam steering varies ra
largely with the propagation angle. The coupling is ma
mum along the grating axis, while at the same time the
tenuation is at a minimum. As a consequence, in suc
grating on~YX,!/36 lithium tantalate, the preferred directio

FIG. 12. Attenuation of the leaky SAW of 36°YX lithium tantalate under
aluminum layer for some values off h, and in a periodic grating withf p
51000 m/s,a/p50.5 and for some values ofh/(2p).

FIG. 13. Beam steering of the leaky SAW of 36°YX lithium tantalate und
an aluminum layer for some values off h, and in a periodic grating with
f p51000 m/s,a/p50.5 and for some values ofh/(2p).
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of propagation is on axis; this is not the case for~YX,!/42.75
quartz.

As the above examples demonstrate, propagation un
uniform films and periodic gratings are not comparable. T
implies that diffraction models in which gratings are replac
by equivalent homogeneous metal layers should be sys
atically avoided, especially when extracting diffraction coe
ficients. Furthermore, when looking for minimal diffractio
cuts, not only should the electromechanical properties of
substrate be taken into account, but also the actual thick
of interdigital transducers.

VI. CONCLUSION

The characteristics of surface acoustic waves propa
ing obliquely in electrode gratings have been investigat
with the mass-loading effect taken into account. The slo
ness of the surface waves, as well as the attenuation, pi
electric coupling and beam steering have been obtained
function of the propagation angle with respect to the grat
axis. The method is based on the monitoring of poles in
harmonic admittance, which is computed using a FEA/B
approach. A modification of classical finite element analy
was derived to account for slanted propagation. Examp
were presented for 42.75YX quartz, X112.2Y lithium tant
late and 36YX lithium tantalate.
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