
JOURNAL OF APPLIED PHYSICS VOLUME 93, NUMBER 12 15 JUNE 2003
Least action principle for the estimation of the slowness
and the attenuation of pseudo surface acoustic waves
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~Received 15 November 2002; accepted 21 March 2003!

The estimation of the slowness and of the attenuation of pseudo surface acoustic waves~PSAWs!
has been addressed by many authors, but still represents a challenge because of the intrinsic
difficulty to provide a physically consistent representation of their characteristics. In this work, we
propose an alternative approach to the popular use of complex slownesses along the propagation
direction. We introduce in the standard harmonic model an optimal source term exactly
compensating for the energy lost by leakage, by analogy with the problem of the reflection of a bulk
acoustic wave on the surface. This leads us to the minimization of a function whose minimum is the
PSAW slowness and whose minimum value gives the attenuation. The method is found to be stable
and reliable compared to previously published data, without requiring any change in the partial
wave selection rule, and further does not require one to consider waves with increasing energy in the
depth of the substrate, which generally does not correspond to the observed phenomena. ©2003
American Institute of Physics.@DOI: 10.1063/1.1574171#
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I. INTRODUCTION

The problem of the exact estimation of the slowness
intrinsic attenuation of a pseudo surface acoustic w
~PSAW! has been addressed by many authors. A unique d
nition seems difficult to establish as a PSAW is not a t
mode of the piezoelectric substrate, i.e., it does not sat
exactly the free or shorted surface boundary conditions.

The plane wave solution in a piezoelectric material
volves eight partial waves. For a semi-infinite substrate
for an excitation by sources described by real slownes
only four of these must be physically considered, that
either inhomogeneous decreasing or propagative toward
bulk of the substrate~see, e.g., Refs. 1 and 2!. With this
physical partial wave selection rule, a plot of the effecti
permittivity ~EP! in the PSAW region does not reveal a po
on the real slowness axis, which is often interpreted as a
displaced in the complex slowness plane. When compu
the EP with the physical partial wave selection rule and co
plex slownesses, a potential discontinuity appears~see Sec.
III !. Adler3 has proposed to modify this rule by selecting t
propagative partial wave that is least increasing, with
result that a pole can be numerically found in the comp
slowness plane. The slowness and the attenuation of
PSAW are then given, respectively, by the real and imagin
parts of the pole. Boyer, Desbois, and Zhang have obta
the slowness and the attenuation of the PSAW by rely
only on the computation of the EP4 or of the harmonic
admittance5 on the real slowness axis and on a first ord
Taylor expansion of these functions. Biryukov an
Weihnacht1 have discussed how the EP, and more gener
the surface impedance matrix and the spectral Green’s f
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tions, can be analytically continued in the complex plane
slowness. They also have given simple practical formula
obtain the slowness and attenuation of a PSAW.6

In Sec. II, we briefly recall the theoretical procedu
used to derive the partial waves and how they are conne
to the description of acousto-electric fields in piezoelec
materials. A brief account of the complex slowness appro
is provided in Sec. III, where we emphasize partial wa
selection. In Sec. IV, we propose an alternative soluti
avoiding the use of complex excitation slownesses, by a
ogy with the problem of the reflection of a bulk acous
wave on the surface. Specifically, we include an optim
source term exactly compensating for the energy lost
leakage. This leads us to the minimization of a functi
whose minimum is the PSAW slowness and whose minim
value gives the attenuation. Numerical examples are gi
for several well-known shear-type PSAWs.

II. PLANE WAVE SOLUTIONS

Propagation of plane waves with frequencyf is consid-
ered along thex1 axis, with slownesss1 . Assuming
plane wave propagation, the distribution of the elect
mechanical fields in a piezoelectric material is ful
described7,8 using the eight-component state vect
h5(u1 ,u2 ,u3 ,f,T21,T22,T23,D2) t where theui are the me-
chanical displacements,f is the electrical potential,Ti j is the
stress tensor, andD2 is the electrical displacement normal
the propagation surface. This state vector is obtained insi
layer as a superposition of eight partial waves, character
by their eigenvaluess2(n) and their associated eigenvector
for n51,...,8. The eigenvaluess2(n) only depend on the
material constants, and on the slownesss1 . DenotingF the
838 matrix of the vertically arranged eigenvectors, this s
perposition reads
il:
4 © 2003 American Institute of Physics
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h~x1 ,x2!5FD~x2!aexp@ j v~ t2s1x1!#, ~1!

where the dependence of the fields along axisx2 is contained
in the 838 diagonal matrixD(x2) whose elements are

Dnn~x2!5exp~2 j vs2~n!x2!. ~2!

The terma is the vector of the eight amplitudes of the part
waves, whose values are obtained when the boundary co
tions are specified. The matrixF of eigenvectors can also b
written as

F5S U
T(2)D , ~3!

whereU andT(2) are 834 matrices containing, respectivel
the generalized displacements and the generalized cons
parts of the eigenvectors. The components of the genera
stress tensor that are not involved in the state vector
linearly dependent on the displacements and there is
38 matrix T( i ) such that

t( i )~x1 ,x2!5T( i )D~x2!aexp@ j v~ t2s1x1!# ~4!

for i 51,...,3 andwheret( i )5(Ti1 ,Ti2 ,Ti3 ,Di)
t.

III. COMPLEX SLOWNESSES AND PARTIAL MODE
SELECTION

As we have recalled in the previous section, the pla
wave solution in a piezoelectric material involves eight p
tial waves. These eight partial waves can be classified in
groups of four partial waves, which we term reflected (1) or
incident (2), with reference to the upper interface of th
substrate. In the case of a semi-infinite substrate, refle
partial waves are just those selected by the physical pa
wave selection rule. The principles for this classificati
have been given in detail, for instance, in Refs. 1, 2, 9,
10, in the case of purely real excitation slownesses, and
generally well agreed on. The extension of the partial wa
selection rule to complex slownesses has been a matte
some controversy and it has been shown that different
proaches are possible.1,3 In this section, we wish to empha
size that the process of extending the physical partial w
selection rule to complex slownesses can lead to a disco
nuity. In order to be descriptive and to make analytic co
putations possible, let us consider the simple case of
spherical slowness curve

s1
21s2

25S2. ~5!

Whens1 is restricted to the real axis,s2 is readily obtained as

s25eAS22s1
2 ~6!

if s1<S and

s252e jAuS22s1
2u ~7!

if s1>S. In these equations,e51 for reflected partial waves
and e521 for incident partial waves. The reason for th
choice is that the semi-infinite substrate is assumed to ex
in the half planex2>0; then homogeneous~propagative!
partial waves must enter the substrate and the amplitude
inhomogeneous~evanescent! partial waves must decrease
the depth of the substrate. In the case of an arbitrary pie
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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electric, and hence anisotropic, material, the rule for reflec
homogeneous partial waves is that the component of t
Poynting vector along axisx2 be positive; the rule for inho-
mogeneous partial waves is unchanged.

When s1 is allowed to be complex, we writes15a
2 jb. The minus sign is consistent with an attenuating wa
s2 then satisfies

s2
25~S22a21b2!12 jab. ~8!

We wish to examine whether the selection of partial wave
continuous asb continuously increases fromb50, while re-
maining very small. Let us first eliminate the caseS5a.
Then s256Ab212 jab and the choice of the sign can a
ways be made continuous sinces250 for b50.

If a.S, then we choose 0,b!Aa22S2, and we define
c5Aa22S22b2. Then we have

s2'2eS jc1
ab

c D . ~9!

This choice is continuous as a comparison with Eq.~7! re-
veals.

If a,S, then we choose 0,b!AS22a2, and we define
c5AS22a21b2. Then we have

s2'2eS c1 j
ab

c D . ~10!

A comparison with Eq.~6! shows that this time the partia
wave selection is discontinuous, since a reflected homo
neous partial wave is selected forb50, while the reflected
inhomogeneous partial wave selected forb infinitesimally
greater than zero originates from an incident homogen
partial wave whenb50.

This property has been demonstrated for an isotro
slowness curve only, but it generalizes straightforwardly
any slowness curve in a piezoelectric medium by conside
a local approximation of the slowness curve. As an exam
Fig. 1 displays the slowness curves for bulk acoustic wa
in Y142 lithium tantalate, in the sagittal plane. The PSA
slowness lies in between the slow and fast shear slown
curves. Whens1 is real in this region, two homogeneou
partial waves are slow shear bulk acoustic waves, one
flected and one incident. Whens1 is allowed to become com
plex, they change from reflected to incident, and vice ver

The above discussion shows that the EP cannot be
analytic function ofs1 if the physical partial wave selectio
rule is strictly employed, but that the modified partial wa
selection rule of Adler3 is continuous in the complex plane
Also, assuming that the EP is analytic implies the Adler p
tial wave selection rule is implicitly selected in the PSA
region. This implies that the estimation methods in Refs
and 4 must give equivalent results. We have indeed estim
the slowness and attenuation of PSAWs on various s
strates, as reported in Table I, and have obtained iden
results, but for numerical differences. The material consta
used for the computations were the same in both cases.

We remark that the use of complex excitation slownes
to represent the attenuation of a PSAW might well not
firmly grounded. Indeed, complex wave vectors naturally
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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cur when friction-type terms are added to the wave equa
~see, e.g., Refs. 11 and 12!. However, the leakage phenom
enon of PSAWs cannot directly be accounted for by fricti
terms, as the materials considered are not themselves l
To avoid this possible issue, we propose in the next sec
an alternative solution to the problem of the determination
the slowness and the attenuation of a PSAW.

IV. OPTIMAL GENERATION OF PSEUDO SURFACE
ACOUSTIC WAVES

A PSAW is not a true surface mode but needs to
sustained by an external energy source, e.g., an interdi
transducer~IDT!.1 An optimal source is one that will use a

FIG. 1. Slowness curves for slow shear~SS!, fast shear~FS!, and longitu-
dinal ~L! bulk acoustic waves in Y142 lithium tantalate, in the saggita
plane. The slowness of the PSAW is between the slowness of the FS an
SS bulk acoustic waves propagating along the surface.
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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less power as possible to sustain the PSAW. For this exte
energy source to be efficient, it needs to be in phase with
wave. Since the wave is periodic, the source should be p
odic, and its Fourier series should match that of the wa
When the PSAW is excited by a source located on the s
face of the piezoelectric substrate, then the net power
through the surface vanishes, and if the source is adapte
the PSAW, then the equilibrium equation is

wsource1wPSAW50, ~11!

wherew is the flux of the Poynting vector through the su
face.

Let us consider the analogy with the problem of to
internal reflection of an incident bulk acoustic wave wh
the slownesss1 lies between the two shear slowness curv
In this region, only two partial waves are homogeneous~one
incident and one reflected! and the remaining six partia
waves are inhomogeneous. Then, the incident bulk acou
wave is the incident homogeneous partial wave, which is
principle reflected into a combination of the four reflect
partial waves. For the following computations, the three
flected inhomogeneous partial waves are numbered 1–3
reflected homogeneous partial wave is numbered 4; and
incident homogeneous partial wave is numbered 5. The th
incident inhomogeneous partial waves, numbered 6–8,
not considered in this problem since they do not radi
acoustic power through the surface.wsourceis linked to inci-
dent partial waves, whilewPSAW is linked to reflected partia
waves. We postulate that an optimal source is one that
ates generalized surface constraints that mimic that of
incident partial wave, while minimizing the dissipate
power. We next discuss how this postulate can be use
obtain the slowness and attenuation of the PSAW.

In the case of a mechanically free surface, the norm
constraints atx250 must vanish, which results in three lin
ear boundary conditions. We then distinguish between

the
of the

2 40
8 54

8 77
1 98

1 85
1 67

6 50
0 06

80 22
23 91
TABLE I. Comparison of PSAW slowness and attenuation estimations obtained using complex poles
effective permittivity, either by fit from the real axis of slowness~see Ref. 4! or by a direct search in the
complex plane~see Ref. 3!, and using the least action principle~LAP! in this work, for several cuts of lithium
tantalate~LT!, lithium niobate~LN!, and quartz~QTZ!.

Cut

Method of Ref. 4 Method of Ref. 3 LAP

Slowness
(104 s/m)

att.
~mdB/l!

Slowness
(104 s/m)

att.
~mdB/l!

Slowness
(104 s/m)

att.
~mdB/l!

Y136 LT
free 2.365 739 59 0.204 953 01 2.365 739 42 0.204 935 05 2.365 739 42 0.051 01

shorted 2.433 584 23 0.263 392 44 2.433 584 23 0.263 390 77 2.433 584 25 0.009 26
Y142 LT

free 2.365 822 33 0.754 350 78 2.365 820 95 0.754 273 02 2.365 820 94 0.188 27
shorted 2.429 986 52 12.371 696 42 2.429 985 25 12.367 737 26 2.429 986 24 1.385 39

Y141 LN
free 2.103 931 30 0.243 616 71 2.103 931 24 0.243 550 98 2.103 931 23 0.061 05

shorted 2.283 694 05 14.163 903 53 2.283 693 30 14.145 821 32 2.283 697 09 1.905 40
Y164 LN

free 2.130 830 86 52.292 367 33 2.130 796 33 52.043 856 54 2.130 948 13 3.890 27
shorted 2.246 521 66 3.710 201 85 2.246 521 61 3.709 219 83 2.246 521 36 0.301 39

Y142.75 QTZ
free 1.967 794 57 78.392 572 60 1.967 570 14 78.297 195 10 1.967 677 76 16.162 7

shorted 1.968 118 59 78.875 692 28 1.967 896 53 78.766 046 19 1.968 003 04 16.307 0
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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cases of an electrically free or shorted surface. For a sho
surface, the surface potential vanishes; for an electrically
surface, surface charges are not allowed to exist. Summ
ing both cases, we can write the boundary conditions giv
the reflected partial wave amplitudes,a1 through a4 , as a
function of the incident partial wave amplitudea5 in the
form

MS a1

a2

a3

a4

a5

D 50, ~12!

whereM is the 435 matrix constructed, forj 51,...,5, as

M ~ i , j !5F~ i 14,j !, i 51,2,3, ~13!

M ~4,j !5F~4,j ! ~14!

for a shorted surface, and

M ~4,j !5F~8,j !2 j vs1e0F~4,j ! ~15!

for an electrically free surface. From the linear Eq.~12!, the
reflected partial wave amplitudes can be computed as a f
tion of a5 , according to

MrS a1

a2

a3

a4

D 52a5m5 , ~16!

whereMr is the matrix composed of the first four columns
M , andm5 is the vector equal to the fifth column ofM .

The Poynting vector of thenth partial wave can be com
puted as

Pi~n!5ReH (
j 51

4

uj* ~n!Ti j ~n!J ~17!

or using Eqs.~1!–~4!,

Pi~n!5ReH (
j 51

4

U jn* Tjn
( i )Dnn* ~x2!Dnn~x2!J . ~18!

Writing

s2~n!5b2~n!1 j a2~n! ~19!

we have

Dnn* ~x2!Dnn~x2!5exp~2va2~n!x2!. ~20!

Inhomogeneous reflected partial waves (a2(n),0) transport
power along the surface; the total power flux crossing
arbitrary section normal to the surface is

w1~n!5E
0

`

dx2P1~n!5
21

2va2~n!
ReH (

j 51

4

U jn* Tjn
(1)J .

~21!

Propagative partial waves have a nonvanishing power
through the surface; the total power flux crossing a sectio
the surface one wavelength long is
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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w2~n!5E
0

2p/(vs1)

dx1P2~n!5
2p

vs1
ReH (

j 51

4

U jn* Tjn
(2)J .

~22!

We choose to normalize, respectively, propagative par
waves~numbered 4 and 5 here! by Aw2(n), and inhomoge-
neous reflected partial waves~numbered 1–3 here! by
Aw1(n). With this normalization, Eq.~11! implies that

ua4u25ua5u2 ~23!

which states the equilibrium of power loss by radiation in
the substrate to the power brought by the source. Furt
more, the total power transported by the surface wave al
the surface isua1u21ua2u21ua3u2, and the attenuation pe
wavelength is given by

z~s1!5
ua4u2

ua1u21ua2u21ua3u2
. ~24!

Using Eq.~16! we have

ua1u21ua2u21ua3u21ua4u25ua5u2iMr
21m5i2 ~25!

with

iMr
21m5i25~Mr

21m5!†~Mr
21m5! ~26!

and † stands for transpose and conjugate of a complex ve
or matrix. The final expression for the attenuation per wa
length then becomes

z~s1!5
1

iMr
21m5i221

~27!

and the criterion for locating the PSAW slowness is to finds1

that minimizes z(s1), or equivalently that maximizes
iMr

21m5i . This constitutes the least action principle~LAP!
referred to by the title of this article.

As an illustration of this procedure, Fig. 2 shows fun
tions z(s1) for Y142 lithium tantalate and electrically fre
and shorted boundary conditions. Minima can clearly be

FIG. 2. Plot of attenuation functionz(s1) defined by Eq.~27! for Y142
lithium tantalate, as a function of slownesss1 . The PSAW is located by the
two minima for free surface~label F! and shorted surface~label S! boundary
conditions. Another minimum~label NC! appears simultaneously for bot
free and shorted boundary conditions, indicating the presence of a no
ezoelectrically coupled PSAW.
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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served, indicating the location of the classical PSAW of
142 lithium tantalate, plus an additional nonelectrica
coupled PSAW which cannot be revealed by an EP sear

Table I shows a comparison of PSAW slowness and
tenuation estimations obtained by searching for the comp
poles of the EP3,4 and the LAP. It can be observed that th
slownesses are very close, but that the attenuations pred
by the LAP are about 5–10 times smaller than that predic
using the EP. However, the figures are correlated.

V. CONCLUSION

We have shown that the consideration of complex ex
tation slownesses in the search for PSAWs leads to a dis
tinuity in the usual partial wave selection rule used in t
description of the propagation of plane waves in piezoe
tric media. We argue that the implicit hypothesis that t
attenuation can be represented by the imaginary part of
slowness is questionable, as the leaking mechanism
PSAWs is not equivalent to the friction loss mechanism t
underlies this hypothesis. Observing that a PSAW is no
true mode of the substrate and must be sustained by an
ternal energy source to exist, e.g., by an interdigital tra
ducer, we have proposed an optimal excitation condition
a PSAW, by analogy with the total reflection of a bulk acou
tic wave. From the derived least action principle, we ha
computed the attenuation as a function of slowness for s
eral widely used PSAW cuts. The numerical values we fi
Downloaded 28 May 2004 to 195.83.19.253. Redistribution subject to AI
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for the slowness are very close to those given by other m
ods based on a search in the complex plane. However,
attenuations we obtain are substantially smaller.
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