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We derive the homogenized model of periodic electrical networks which includes resis-
tive devices, voltage-to-voltage amplifiers, sources of tension and sources of current. On
the one hand, in considering the homogenized problem, general conditions are stated
insuring the existence and uniqueness of the solution. They are formulated in function
of the network topology. On the other hand, the two-scale transformation introduced
by Arbogast, Douglas and Hornung is adapted to the context of electrical networks.
New two-scale convergence results, inspired by the principle of Allaire’s two-scale con-
vergence, are shown in this context. In particular, the two-scale convergence for the
tangential derivative on a network is established. Following these results, two models of
homogenized networks are derived. The first one belongs to a general framework whereas
the second one does not.

1. Introduction

This paper was written in view of the applications of the modelling of Smart Mate-
rials Systems. Let us recall that Smart Materials Systems are mechanical structures
including actuators, sensors and an electronic system. We focus our attention on
the case where they are many transducers and electronical devices and where they
are distributed in the structure. These kinds of systems are useful in acoustics and
fluid mechanics, because the sound and the perturbation in a fluid are distributed
phenomena. Therefore the control needs to be distributed.

On the one hand, we have already derived models for elastic plates and shells
including a great number of periodically distributed piezoelectric transducers and
distributed electronics in specific configurations; see Canon and Lenczner!®!! and
Senouci-Bereksi and Lenczner.?3

On the other hand, a general model for periodically distributed electronic net-
work including resistors, current sources and voltage sources was announced in
Ref. 14. It was based on a variational formulation of the electronical equations and
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on a new concept of two-scale convergence. This concept is inspired by a combi-
nation of ideas by Allaire* and Arbogast, Douglas and Hornung.? In this paper
we state a general model of periodically distributed electrical network including
resistors, voltage sources, current sources and voltage-to-voltage amplifiers.

This paper is divided into three parts: in the first part, the variational for-
mulation of the electrical network equation is stated. The sufficient conditions for
the existence and uniqueness of its solution are stated. In the second part, the
statement of the definition of the two-scale convergence is adapted for electrical
networks. The two-scale limit of the tangential derivative along a one-dimensional
network is derived.

Finally, in the last part, the two-scale model for electrical networks is derived.

Part 1. We will start with the classical equations of electrical network. They are
stated for example in Vlach and Singhal.?* Then, the variational formulation equiv-
alent to these equations is stated. The variational formulation has the form:

a(u’ 'U) + bl<vap) = <f7p> )

b2(ua q) = <qu> ’

where by and bs are different. The bilinear forms a(.,.), b1(.,.) and ba(.,.) are built
with some partial differential operators. The use of such variational formulation for
this problem seems to be new. Necessary and sufficient conditions for the existence
and uniqueness of the solution for such a problem have been derived in Ref. 8.
Sufficient conditions for the existence and uniqueness of the solution are given.
There are graph interpretations of the conditions stated in Ref. 8. There are mainly
related to the location of the various devices in the network: voltage or current
sources, resistors, amplifier inputs and outputs, and earth. They use some very
simple graph theory principles. The statement of the existence and uniqueness, and
the equivalence between the variational formulation and the classical formulation,
are stated in Theorem 1.

This approach in the electrical circuit analysis seems to be new. The results of
existence and uniqueness are normally based on graph and algebra theories, see for
example Recksi.?

In our opinion, there are two points of interest in our work. First, it gives us
the possibility of having a global analysis for mechanical and electrical systems.
Second, it provides the estimated solutions, necessary for the application of usual
asymptotic methods. In particular, these estimates are required for the derivation
of homogenized model.

The methodology which is developed here may be extended to electrical net-
works which includes other devices such as current to current amplifiers, voltage
to current amplifiers, current to voltage amplifiers, diodes, operational amplifiers,
negative resistors, capacitors and inductors. It also allows us to consider the cou-
pling between electrical and mechanical systems in a unified framework based on
graph theory as well as functional analysis.
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Part 2. The two-scale transformation and the two-scale convergence that we use in
this paper, were already introduced in Ref. 5. We reuse them in the one-dimensional
manifold context. We establish, in two different cases, the two-scale limits of the
tangential derivative of a field defined on the periodic network. These two cases
refer to two kinds of field estimates which occur in our electrical network analysis.
The results of two-scale convergence are stated in Theorem 2.

The results stated in Theorem 2 and their proofs are new. In particular, they
were not proved in Ref. 4 or 5.

The two-scale convergence defined in Ref. 4 does not apply to networks. In
Ref. 5, only the definitions of a two-scale transformation and a two-scale convergence
were stated. The two-scale convergence for the gradient were not at all established.
We also introduce original proofs for the two-scale convergence of the tangential
derivative. These kinds of proofs may be applied to functions defined on general
periodic (n — p)-dimensional manifolds immerted in R".

Let us recall the definition introduced in Ref. 4, that being the two-scale con-
vergence of functions defined in a domain 2 C R™ (n € N*) and relative to a cell
Y =]—1/2,+1/2[". A sequence (uf)c~¢ in L?(Q), is said to be two-scale convergent
towards a limit u(z,y) € L*(Q x Y) if for any function ¢(z,y) € D(Q;C°(Y)) we
have

e—0

lim [ u®(x)¢ (x, E) dx = / u(z,y)e(z,y)dy dz.
Q € axy

Let us remark that this is a weak convergence. In addition, it requires the function
u® to be defined on the whole domain 2. Thus, this is not applicable for general
electrical networks.

The principle of the two-scale convergence introduced in Ref. 5 is based on a
variable change transforming 2 to €2 x Y. According to our method, the two-scale
convergence is an ordinary one, concerning functions defined on €2 x Y instead of
Q. This point of view presents two main advantages.

First of all, this two-scale convergence concept is more general in the sense that
it is not restricted to LP weak convergence. It can be easily extended to any kind
of convergence concerning functions.

The second advantage being when we need the convergence of functions defined
on a periodic manifold. This method may be easily adapted. In this case, Y is
replaced by the reference cell which is a manifold. This method does not require
any extension of the solution.

Let us also mention that in Ref. 17, the extension of the two-scale convergence?
to a periodic (n — 1)-dimensional manifold was carried out. It was based on an
extension of the solution.

Part 3. The homogenization of the electrical network equations is based on the
results stated in Theorems 1 and 2. Our goal is not to provide a general approach
of electrical network homogenization. Many different models may be derived de-
pending on the behavior of different coefficients with respect to the length € of
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the period. We make some assumptions about solution estimates. This choice is
led by its interest in applications and by its relative simplicity. In particular, we
assume that the amplifier’s coefficients are of zero order with respect to . The gen-
eral model related to this framework is stated in Theorem 3. Finally, a particular
example with coefficients at the order £~ ! is treated in Theorem 4.

Let us note that a homogenized model of two-dimensional electrical networks
made of resistors have already been derived in Ref. 25. The method developed by
Vogelius was based on an extension of the solution to an open set, which includes the
electrical network. The proofs were based on some finite element techniques. The
technical difference between our approach and that of Ref. 25 is that, no extension
of the solution is required, and the proofs are valid for a network imbedded in an
n-dimensional Euclidean space where n > 1. In addition, voltage sources, current
sources and voltage-to-voltage amplifiers are taken into account in our approach.
This was not the case in Ref. 25.

The two-scale convergence described in this paper may be applicable for the
homogenization of trusses equations. Different approaches have already been pro-
posed for the modelling of periodical trusses or nets, see Abrate,! 3 Renton,20-2!
Cioranescu and Saint Jean Paulin,'>!? Caillerie and Moreau,” Bakhalov and
Panasenko,’ Panasenko!'® and Maz’ya and Slutsky.!® The approach of Refs. 12 and
13 is based on an asymptotic analysis where both the beam thickness and the truss
period lengths vanish. D. Caillerie and Al. introduced the discrete homogenization
method for the same problem. In this approach, the unknown are displacement of
vertices and tensions of the edges. The model derivation is based on an asymptotic
expansion of the solution.

The paper is divided into eight sections. In Sec. 2, we will consider an electrical
network including resistors, tension sources, current sources and voltage-to-voltage
amplifiers. We will provide a set of conditions on the network topology under which
the problem is well-posed. In Sec. 3, two-scale convergence results concerning func-
tions defined on electrical networks will be explained. In Sec. 4, a general framework
for the homogenization of electric network based on the results of Secs. 2 and 3 will
be detailed. Then, a particular example of electric network not belonging to the gen-
eral framework will be described, and its homogenized model stated. In Secs. 58
the proof of Theorems 14 will be explained.

2. Variational Formulation of Electrical Networks

In this section, we state the general variational formulation which is satisfied by the
electrical potential in the electrical network. The network includes resistors, current
sources, voltage sources and voltage-to-voltage amplifiers. The conditions posed on
the network for the existence and the uniqueness of the solution are stated. They
are based on the conditions stated in Ref. 8 and are interpreted in terms of the
conditions posed on the electrical network. The case of purely resistive networks
was already explained in Ref. 14.
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2.1. Notations

We use the definitions and the properties relative to electrical networks presented
in Ref. 24, see Fig. 1. An electrical network is composed of vertices (or nodes) and
edges (or branches). Vertices are linked by edges. The set of edges is denoted by ©.
Mathematically, © is a network in R™ where n € N*. We denote by o the subset
of vertices linked to the earth (i.e. where the electrical potential is equal to zero).
The network © is divided into five disjoint parts: ©¢, ©1, O3, O3 and O4. They
are occupied respectively by the voltage sources, the current sources, the resistors,
the input and the output of the amplifiers. The edges included in these sets are
denoted respectively by el, e\, €}, €} and €. Here, [ is an index varying from one
to the number of edges belonging to the respective sets.

The network O is assumed to be parametrized. This parametrization defines a
positive sense for each edge. s; and s_ represent the vertices belonging to an edge
e C O such that sT — s in the positive sense. The set of edges arriving at a
positive (respectively negative) sense at a vertex s is denoted by ©F (respectively
©7 ). The length of an edge e is denoted by |e|. The function L is distributed on ©.
It is constant on each edge, and L(x) = |e| for all x € e. The tangent vector to ©
at point x is denoted by 7(x).

2.2. Statement of equations

In this section, the equations of electrical networks in their classical form are re-
called. We also introduce the necessary notations in order to write their variational
formulation.

Let us define the sets P°(©) or (P°(Ok))k—o,... 4 (respectively P! (©)) of functions
constant on each edge e C © or (e C Og)g=o,....4 (respectively affine on each edge
e C © and continuous on O). The current ¢ and the voltage u are some distributed
fields belonging to P°(©). The electrical potential is also a distributed field, it
belongs to P1(©). The tangential derivative of a function 1 defined on © is denoted
by V..

An example of the network described below is represented in Fig. 1.

Fig. 1. An example of electrical network.
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The voltage Kirchhoff law is stated on each edge e C © as follows, uj. = p(sF)—
©(s. ), or equivalently

—LV,p=uon0o. (1)

The current Kirchhoff law is stated for each vertex s as > g+ ije =Y .co- fje = 0.
It can be equivalently written under a weak formulation:

/ Li(x)V,(x)dl(x) =0 for all 1) € P*(©) such that ¢ =0 on oy . (2)
o

The values of voltage, current and electrical potential are imposed respectively on
Oo, ©1 and ¢ to be equal to the voltage source uy € P°(0g), the current source
iq € P°(©1) and 0 on 0y:

u=1ugonBy i=igon0BO; and ¢ =0o0nogg.

Let us remark that the sign of u4 and of 74 on an edge e depends on the orientation
of e.

An impedance 1/g € P°(02) is associated to ©2, which means that u and i are
linked by the constitutive linear equation on ©s:

i =guon Os. (3)

We assume that g > gmin > 0.

We can recall that a voltage-to-voltage amplifier is a device which imposes two
equations between currents and voltages of two edges. The set O3 and ©4 are
respectively the sets of amplifier’s inputs and outputs. Each input edge e € O3 is
associated to a unique output edge e}, € ©4 where [ varies from one to the number
of amplifiers used.

The constitutive relations of the voltage-to-voltage amplifier are for each I:

u‘ei —klu‘eé =0 and 'L"eé ZO, (4)

where k; € R* is the amplification coefficient. The edges €} and €} are respectively
called the input and the output of the amplifier. Since Eq. (4) applies for each
amplifier, we consider that k € P°(03) and we write the amplifier constitutive
equations as follows:

Uo, — klu‘gs =0 and i\93 =0. (5)

2.3. The variational formulation

In this section, the variational formulation equivalent to the above equations, is
introduced. Some sufficient conditions for the existence and uniqueness of the so-
lution of the equations are also formulated. Finally, the existence and uniqueness
theorem associated with the above problem is stated. This theorem is proved in
Sec. 5.

The conditions stated in this section for the existence and uniqueness of the
solution are graph theory interpretations of the conditions stated in Ref. 8. The
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conditions stated in Ref. 8 are mainly four inf-sup conditions and the continuity
on the right-hand side of the variational formulation. Graph theory interpretation,
means to interpret in terms of the location of the various devices such as resistors,
amplifier inputs and outputs, current and voltage source and earth.

The result stated in this section is a basis for the derivation of the two-scale
model stated in Secs. 4 and 5.

For ug € P%(Og), let us define the admissible functions set for the variational
problem:

Toa(ug) = {(1,§) € PL(O) x P*(O4),% = 0 on 0 and — |e|V,1) = ug on Op},
and the following variational formulation. Consider (g,i) € ¥qq(uq) solution of:

/ LgV-,—gDV-,—Qﬁdl(X)-i—/ iV dl(x) =—/ 1aV- 0 dl(x)
[SD}

@4 61

/ kY, jdl(x)—/ LV, ) di(x) = 0
@3 @4

for all (¢, 7) € Waq(0). (6)

Let us remark that j € P°(©,) is used on ©3. We adopt the rule that j takes the
same value on the input e} and on the output €} of an amplifier.
This variational formulation has the form: (p,) € ¥aq(uq)

a(e,¥) + 011, 9) = 1(¥),

b2(j7 @) = 07
for all (¢, ) € ¥4q(0). Here by(.,.) and ba(.,.) are different.

Definition. (i) A path is a sequence of edges where the end of an edge is connected
to the beginning of the following one.

(ii) A circuit is a path where the beginning of the first edge is connected to the
end of the last one. For this definition, all vertices belonging to o (the earth) are
considered as one. The circuits are denoted by the letter 5.

In order to check the conditions in Ref. 8, we will introduce the following linear
system. For v € P?(©3) such that

/ vdl(x) = 0 for each circuit § of OgU B3 U Oy, (7)
BNO3
we need to construct a solution u € P°(© — ©1), relative to v, of the linear system:
u’|E = Oa
Upe, — kujer = v for every I, (8)

/ udl(x) = 0 for each circuit 8 of © — 04,
B

where = is a subset of © — ©1.
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Consider the class of subsets X C © — O; such that equations in (8) are inde-
pendent when 2= (0 — 0;) — X.

Definition. We say that X is minimal for the independency of equations in (8)
if for any X* C X (with X* # X), equations in (8) are not independent when
E=(©0-0) - X*.

Remarks. (i) For a given set of Egs. (8), the minimal set X is not unique.
(ii) Every minimal set have the same cardinal (see Recksi?).
(iii) There exist algorithms for building up such minimal set X. See Recksi.'®

Assumptions.

(H1) There exist ©; C O and O, = Oy — O, such that the following two conditions
are fulfilled:

(i) There exists a minimal set X = éz U©O3U B4 for the independency of equations
in (8) such that 2 = (@ — @1) - X = @0 U@Q.

(ii) For every v € PY(03) verifying the compatibility condition (7), the linear system
(8) has at most one solution u € P%(© — ).

Remark. It will be proved later that (H1)(i) is equivalent to the existence of the
solution of (8). Therefore, (i) and (ii) imply that (8) has one and only one solution.
That is, the system (8) has as many equations as the unknowns.

Let us consider such a minimal set X. Fore € X, X* = (X —e) is not a minimal
set, i.e. Egs. (8) are not independent when = = (0 — 01) — X*. After deleting some
equations in (8) (except the equation Ule = 0), the remaining equations can be
independent.

Definition. (i) One says that a subset E of dependent equations of (8) with E =
(6 — ©;) — X*, is minimal with respect to e, when, after deleting any equation,
the remaining equations are independent and when the number of equations in E
is equal to the number of edges involved in E plus one.

(i) The set of edges involved in a minimal set of dependent equations is called the
minimal set of edges linked with e and is denoted by Z(e).

Remarks. (i) In the above definition (i), the subset necessary contains the equation
uje = 0, otherwise equations would be independent.

(if) The definition of minimal subset of dependent equations leads to the existence
of solution of system E. When the number of equations in F is equal to the number
of edges involved in E plus one, the solution is unique.

(iii) The definition of Z(e) implies that u|. is a unique linear combination of
(ujer)erez(e)—{e}- Therefore, ule < Clu|z(e)—{e}-
(H2) Let us consider ag € R. One can choose a function a € P°(0), constant on

each circuit g, such that for each e € (:)2, there exists a minimal set Z(e) of edges,
linked with e, such that o|z()ne, = @o and ) 7(e)nBs = 1.
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There is an example of the partition of @, = ©, U ©, in Fig. 2. Relative
to this example, Z(e3) = {eo,eu,e3,€3}, Z(es) = {eo,eq,e3,€63} and Z(€2) =
{eo, eq,e3,€3, €5, €3}

®y = €2 ®, = ¢}

Fig. 2. The partition ©2 = O, U BO,.

The aim of the third assumption is to interpret the following condition: there
exists a positive constant C' such that for any (1,0) € ¥,4(0) satisfying B;(¢) =0
we have |V ¢]e, < C|V,9lg,,

(H3) Every edge e € O3 belongs to a circuit 3 C {e} UGy U Oy U Oy.

The following assumption (H4) means that there exists a positive constant C'
such that for every (1, 0) € ¥,4(0) we have |V v¥le, < C|V,¢|o-o,. It implies the
continuity of the linear form I(¢)) = fel 1V dl(x) with respect to the semi-norm
V-ile-e-

(H4) Every edge e € O belongs to a circuit 8 C {e} U (0 — Oy).

The assumption (H5) means that there exists a positive constant C' such that
for every (¢,0) € U,q(0) we have |[¢|o—o, < C|V,¢|e. It leads to a kind of
Poincaré inequality. Combined with the assumption (H4), it insures that the semi-
norm |V, ¢|e is a norm on ¥,4(0).

(H5) In each connected component of © — ©1, there is a vertex belonging to oy.
The assumption (H6) is a compatibility condition between the various voltage
sources (the amplifier’s outputs are generally called active voltage source).

(H6) There is no circuit solely made up of edges belonging to ©4 U ©y.
The assumption (HT7) is equivalent to the following assertion. For every j €
P°(©4) there exists a function (,0) € ¥,4(0) such that V.1 = j on O4.
Consider the circuits 3 included in © satisfying 3N©,4 # ). There exists a subset
©* C O of edges such that the network © — ©* does not contain such a circuit (.
The set ©* is said to be minimal if for any ©*! C ©* (©*! # ©*), © — ©*! contains
at least one circuit 3 satisfying 3N ©4 # 0 (see Recskil?).

(H7) There exists such a minimal set ©* verifying ©* N (09 U ©4) = 0.
Now we are ready to state the theorem of existence and uniqueness.
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Theorem 1. If the assumptions (H1-HT7) are fulfilled, then the variational formu-
lation (6) has a unique solution.

3. Two-Scale Convergence on One-Dimensional Periodic Manifold

In the previous section, we have derived the variational formulation for an electrical
circuit. In view of the modelling of composite structures which includes periodically
distributed electrical circuits, we will assume that the length of the period is small.
The homogenization process consists of passing to the limit in the equations when
this length vanishes. The set of equations derived from this asymptotic method is
called the homogenized problem.

In this section, we describe a mathematical tool: the two-scale convergence based
on the two-scale transformation introduced in Ref. 5. This tool is well-suited for
the derivation of the homogenized model for electrical circuits.

3.1. Definition of two-scale convergence

Now ©°¢ is indexed by € because it is a periodic network. Its period length in each
direction is assumed to be equal to ¢. It is assumed that ¢ € N™! = {1/N, N € N*
such that N > 2}, and that ©° C Q = [0,1]* (see Fig. 3). For N = 1/e, the
square Q and the circuit ©° are divided into N™ cells indexed by i € I = {i =
(41,...,9n) € {0,..., N —1}"} denoted by Y;* and T;. The center of Y;* is denoted
by x§. A translation and an expansion by 1/¢ of Y;® and T7 give Y =] —1/2,1/2["
and T' C Y (see Fig. 3 for an example). Remark that every x € T¢ may be expressed
as: X = x; +¢cy wherey € T

T T
T T
T T

Fig. 3. The periodic network.

6’

K
A

The Lebesgue measures on 2 X T and on ©¢ are denoted by di(y) dz and dI(x).

Definition. (Arbogast, Douglas and Hornung) For a function v € L(©°¢), the two-
scale transformation o¢ of v is defined on Q x T by 9°(z,y) = v(x) where x,y and
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z are linked by the following relation: for any i € I°* and any y € T, x = x{ + €y
where z is any point belonging to Y;°.

Remark. The map which transforms ©° into 2 X T' defined by x — (z,y) is called
the two-scale transformation.
The basic property of the two-scale transformation is:

Proposition 3.1. If v € L*(67), then o° € L'(Q x T) and €' ~"(|0%|| proxr) =
||UE||L1(@s).

For p €]0, oo], let us introduce the definition of the two-scale convergence in LP.

Corollary 3.2. For every p €]0,00], if v° € LP(©%), then ©° € LP(1 x T') and
||UE||z£p(@s) = El_n”ﬁE”IL);l(QxT)-

Definition. If (v°).cy-1 is a sequence of functions defined on ©° such that its
two-scale transformation (9°).cn-1 converges for the LP(Q2 x T') topology, when &
vanishes, towards some function v € LP(Q2 x T'), then the sequence (v¢).en-1 is said
to be two-scale LP convergent towards v. This convergence is strong if 0¢ converges
strongly and weak if 9° converges weakly.

3.2. Two-scale convergence of a derivative

In this section, we give the expression of the limit of the tangential derivative of a
function defined on ©°%. It is useful because it allows one to pass to the limit in the
variational formulation of the electrical network.

In each point x € ©° or y € T', the tangential derivatives of a function 1) on ©°
and T are denoted by the same notation V..

Let us define some functional spaces:

HY(6°) = { € L*(6°), V.4 € L*(©°)},
L H(T)) = {¢ € L*(Qx T),V,9 € L*( x T), 4 is Y-periodic} .

The subset TV C T is composed of all paths ' going through Y from one side to
the opposite one and being periodic. The complementary set of 7" in T is denoted
by T" = T — T'. The subsets ©%', ©¢" of ©° are such that @ x T/ and Q x T”
are the ranges of ©¢ and ©°” by the two-scale transformation. We denote by i the
index of the normal direction of the faces Y where T’ meets Y. The ith component
of the external normal ng to 9 is denoted by ng;. The path T” is such that its
extremities do not belong to 9Y. For an example of such paths, see Figs. 3 and 4.

L E t, . ]
Y= L\I/ 1
t”

Fig. 4. The reference cell.
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Let us define:
HXQ,T") = {t € L*(Q2 x T') such that on each path t' C T,

A\ ’Tﬁ/ € L?(Q x ') and % is independent of y on t'}
where t' crosses Y from one side to the opposite side and is periodic, and Tﬁ, =
Jom(y) di(y).

Theorem 2. (i) Consider a sequence (¢).cn-1 defined on ©F such that
e" M@ |[Fn(oey < C,
then there exists an extracted subsequence (¢°)e such that:
p° =
and on each path t' C T’ which crosses Y and is periodic
Ve Tl 7+ Vagly
where the convergences are two-scale weak in L*(Q x T"). Here ¢° € HX(,T') and
ot e L*(Q; HY(t")).
(ii) Consider a function @4 € L?(0Q). Moreover if
©° = g on 00 NI,
then
0%z, y)nai = va(z)nq; for (z,y) € 00 x T".
(iii) Consider a sequence (N°).cn-1 defined on O such that
" eVl 2@y + " I [72(@em)een—1 < C.
There exists an extracted subsequence (n°). such that
(1°)e =" and (eV:n®)e = Vo1,

where the convergences are two-scale weak in Q x T”. Here n° € L*(Q; HY(T")).
(iv) Moreover, if

T'NT" #0, and o° = n° on O N O
then
P =n"on Qx(T'NT").

4. Homogenization of Electrical Network Equations

We now consider that the electrical network is periodic and that its period is small.
Different classes of assumptions leading to different classes of models may be dis-
cussed. It is out of our scope to derive all the possible models. We consider first
a class of assumptions formulated in a general framework. We derive the general
homogenized model related to this general class. Secondly, we consider a partic-
ular case which does not belong to the preceding general class, and we derive its
homogenized model. Both models are based on results stated in previous sections.
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4.1. A general model

In this section, we will consider some electrical circuits fulfilling the assumptions
required for the existence and uniqueness of the solution stated in Sec. 2. We will
formulate additional assumptions in order to insure that the solution is bounded
in the sense of Theorem 2. Thus, using Theorem 2, we will pass to the limit in the
variational formulation and will derive the homogenized model.

Let us assume that the network © and the subnetworks (Ok)x=o,.. 4 are €Y-
periodic. They are denoted by ©¢ and (0% )x=o,... 4. All the notations stated in Sec. 2
are now attached with an index €. We also use the notations of Sec. 3 relative to
two-scale convergence. Voltage sources, current sources, resistors, amplifier’s inputs
and outputs in T' are denoted by (T%)k=o,... 4.

The set of of nodes linked to the earth is also assumed to be periodic. In
addition, there may exist a set 7§ of nodes located on ©° N O where the electrical
potential is also equal to zero. The two-scale transformation of oj is denoted by
% Sp. The two-scale transformation of v§ is defined on each face (T**UT*~ )1,
of the boundary 99 and is denoted by (I** x S¥ UT*= x S¥7),—; .. Here I*+
(respectively I'*~) are the faces belonging to 92 which are normal to the kth
vector of the basis, and such that their external normals are oriented in positive
(respectively negative) direction.

The assumptions for the existence, uniqueness and convergence of the solution
are based on the same notations as those introduced in Sec. 2.3.

Definition. The definition of the circuit which is used for paths belonging to T
coincide with the definition given in Sec. 2 taking into account the following excep-
tion. Two vertices located periodically on the boundary 0Y are considered as one.
Such circuits are denoted by j.

First, let us introduce some restrictions on the configuration of the periodic
network.

In this paper, a path which goes through a cell, is assumed to go from one side
to the other. Other situations are out of the scope of this paper. Any edge belongs
to OY.

The set ©F (respectively (O%)k=o,...4) is divided into two sets © and ©°"
(respectively (05 )k=o,...4 and (0% )k=o,...4). These two kinds of subsets are formed
of paths ¢’ and ¢” defined in Sec. 3.

Remark. Other two-scale models (simpler ones) may be derived without such
assumption made on the partition of ©¢ in ©¢" and ©¢”. However, the above choice
is motivated by the applications that we have in mind.
The following estimates have to be verified case by case. For their verification, we
use the method described in Sec. 2 based on graph theory. We consider a partition of
¢ = ©,U05 based on the assumptions (H1-H3). For v¢ € P°(05) and f¢ € P°(03)
such that

/ v dl(x) = 0 for each circuit 5° of O5U ©5 U O3
BNO5
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and

/ ~ fedl(x) = 0 for each circuit 5% of ©f U 0,,
BcNO;

we need to construct a solution w® € P°(©° — ©5), relative to v® and f¢, of the
linear system:

€ 15 — €
LV wies = fiss

LEVTwi’:@8 =0,
LEV wi ., — kLEV w? ,, = vt ., for every [,
legl les lesi
/ L*V,w® dl(x) = 0 for each circuit §° of ©° — O7.

(H1bis) Consider w* the solution of (9). There exists a positive constant C' such
that

2 2 2 2 2 2
[0 s osren + 150 Baommem < OB + 1ef* o + 0% + v B )

(H3bis) There exists a positive constant C' such that for every (¢,0) € ¥¢,(0) we
have

IV plBe + [V f3en < c(|v7¢|%;,uei, n |€VT¢%;~uei~> .

(H4bis) There exists a positive constant C' such that for every (¢,0) € W& ,(0) we
have

IV tbfBer + [V fBen < C(|VT¢|§%E,,®§, + |5V71/1|2@5,,,@§,,) :

(H5bis) There exists a positive constant C' such that for every (¢,0) € ¥¢ ,(0) we
have

12 o < c(|v7¢|gg, + |av7¢|gg,,) .

(H6bis) There is no circuit £y included in Ty U T.

The following assumption is related to the two-scale convergence of the data.
(H8) The data k°, g%, i5 and u satisfy the following estimates and two-scale con-
vergence.

For current sources,

e 5 e + e e ks B + " fuh g + e eugfBen < O,
—17e s 2 / -2 - 2 1"
e = igin L*(Q x T7), e %5 —iq in L°(Q x T}') weak.

For voltage sources,

U5 — ug in L*(Q x T3), et — uq in L*(Q x TY).
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For immitances,
g° =e%g"" on ©5",5° — g in L>(Q x TY) weaks,
9° — g in L*>®(Q2 x Ty) weak * .
For the amplifier coefficients:
k° — kin L®( x T3) weak * .
And for the length of the edges:
e 107 — L in L=(Q x T) weak * .
For uq € L?($;PY(T)), let us introduce the admissible functions set W,q44(uq) of
functions (1, !, j) verifying:
U0 € LAQ:PN(T") 1 HA(QT), v € LA PY(T)/R
and
j € L*(P(Ty)).
In addition, (4°,4!) satisfy the voltage imposed conditions,
LD(°, ') = ug on Q x Ty,
and the earth condition,
Y% =0 on {(Q x Sp) U (Up_, T+ x Sk uTk= x k7)),
Here the notation
D°, ") =V, 4% on Q@ x T” and = V,4°(z,y) - 7° 4+ V4! (z,y) on Q x T

is used.

Now we are ready for the statement of the main result. This is the formulation
of the general homogenized model related to the periodic electrical network. Let us
define the three bilinear forms,

ao((wo,wl),(wo,zbl)):/ gLD(¢°, ") D(y°, ") di(y) dz ,

QXTQ

B0, (10, ) = / iD(4°, 4" di(y) da,
QxTy

0, () = [

LED(¢°, ")j dl(y) dz —/ LD(¢°,¢")jdl(y) dz,
QxTs

QXT4
and the linear form,
PO = = [ D) dily) da.
QXTl

Consider (¢°,i%).cny-1 solution of (6) where © and O, are replaced by ©¢ and
5.
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Theorem 3. Under the assumptions (H1-H8) and (H2bis—H6bis), the following L*
two-scale convergences hold

©° — ¢, Vip® — Vo + Vil and 7€ —ion QxT.

and

eVEYS =V, 0" and e % —ionQxT",

where (0, @, i) € Waay(uq) is the unique solution of

a®((°, "), (@0, 9h) + 096, (v, 9h)) = 1((¥°,91)),
(10)
b3(j, (¢°, 1)) = 0,

for all (4°, 4", j) € Waa(0).

4.2. A particular model of homogenized circuit

In this section we exhibit a particular example which does not belong to the general
framework that we have considered in the previous section. Here, the coefficients of
the amplifiers are not bounded.

Consider the periodic network in Fig. 5. This network is two-dimensional,
i.e. n = 2, but is periodic only in the direction z;. In order to apply our the-
ory to this case, we consider an e-periodic repetition of this network in the second
direction zy. This leads to a two-dimensional model, which will be independent
of z2.

Let us assume that, for each e C T, |e| = 1. Here T = {ed, €}, €3} and T” =
{e1,€3, e}, e3}. Consider the sequence of solutions (p°,i¥).cn-1 of (6) related to this
electrical network.

= ﬁw Bl_h RTH RTW RTH RTW

tkore tkre tkre tkre tkre ke

':fuh 'BQ'IFT' .H*' ﬁ“’ .H*

tkse tkse tkire tkse tese tiie

f{{{{gm

Fig. 5. An example of periodic network.
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Theorem 4. The conclusions stated in Theorem 3 are still true, and the transfer
function between 2 x e} and Q x €3 is:

0 _ 2 0
V"'<10|Q><e§ - klk?azﬂﬁa\ﬂxe; :

5. Proof of Theorem 1

The proof is divided into two steps. First, we prove that the variational formulation
admits a unique solution if and only if the assumptions (H1-HT7) are satisfied. Then,
we prove the equivalence between the variational formulation and Egs. (1)—(4).

5.1. Step 1
Since (H6) is satisfied, there does not exist any circuit included in ©g. Therefore,
for all ug € P°(Op), ¥uq(uq) # 0. Consider ¢ € Woq(uq) and the problem verified
by = ¢ — & € Vaq(0):
a(@,¥) + 0105, ¥) = 1(¢) — a(p,9),
bQ(jv @) = _b2<j7 ()5)
for every (1,7) € ¥aq(0).

The problems of existence and uniqueness of ¢ or @ are equivalent. Thus, in the
following, we consider only the case where ug = 0.

The variational formulation admits a unique solution if and only if the following
properties are satisfied there:
(i) Consider the norm [[¢|> = [ [V,9|? 4 [¢|? dI(x) on the (¥,.) € ¥44(0). For all
k € P°(©3), there exists a positive constant o such that V (1,0) € ¥,4(0) verifying

V.4 = 0 on Oy, there exists (¢,0) € ¥,q(0) different from zero such that for every
couple (e}, €}) € O3 x Oy, ¢ satisfies LV o = ELVr@ and

[ 9LV i) = allel - 1] (1)
2
(i) For all k € P°(©3), there exists a positive constant 3 such that V (¢,0) € ¥,4(0)

verifying LV-¢| = kLVr¢ on each couple (eh,€}) € O3 x Oy, there exists
(1,0) € U4q(0) different from zero verifying V,1 = 0 on ©4 and

/@ ILV oV di(x) > Blle]l - 1]l (12)

(iii) There exists a strictly positive constant y; such that for every j € P°(0y),
there exists (¢,0) € ¥q4(0) such that

/@ JLV-odi(x) = 7llell - lilrzon - (13)
4
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(iv) There exists a strictly positive constant vo such that for every j € P°(0,),
there exists (¢,0) € ¥44(0) such that

/@ JLVpdi(x) — /@ KLV o dl(x) > allell - il o0 (14)
4 3

where the values of j on each e} and €} are the same.
(v) The linear form I(v)) is continuous.
The point (v) is a straightforward consequence of the assumption (H4).

Lemma 5.1. Let us assume that (H1) is fulfilled, and let us consider a node e €
©2 UBO3U0By,.
(i) For every (¢,0) € W,q(0) such that (LV:¢)je, — (kLV.¢)e, =0 we have:

|ILV:ple < Z Cole,€)|LVrpler  thus LV ¢
e’€0y

2 2
62U93U@4 S CI|LVTSD|62 9 (15)

where Cy(e,e’) and Cy are some positive constants. N
(ii) Let us assume, in addition, that (H2) is fulfilled. For each e € Oq there exists
some constants Ca(e, e’) related to ¢’ € ©3N Z(e) such that:

wes S Cile vl and |ulz, < Cluley. (16)
e’€O@3NZ(e)

where ©3 is the subset of O3 when a = «p.

Proof. Let us denote by fg, the derivative LV ¢, . Since (p,0) € Vaq(0), ¢ is
solution of

Lvrw‘gz = f|62 )
LVT<P|60 = Oa

LV = LV - = 0 for every [,
/ LV, ¢dl(x) = 0 for each circuit 3 of © — 0.
B

Using the assumption (H1)(i), one knows that this system has a unique solution
VT('D|®7(@1U(§2) which is continuous with respect to f|@2.

For e € O, U ©3 U B4, the assumption (H1)(i) means that LV, | is a linear
combination of V7<p|®_(®1ué2). It implies in turn that LV ¢, is also continuous
with respect to f@2. This proves (i).

Let us prove (ii). From the definition of Z(e), u. is a unique linear combination
of (Ujer)erez(e)—e- Here continuity with respect to f|§2 is replaced by continuity
with respect to vje,nz(e)- O
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Lemma 5.2. (i) Let us assume that (H3) is fulfilled. For every (¢,0) € W,q(0)
satisfying Ve, = 0, there exists a constant C' such that

|V‘r¢|2®3 < C|VT¢|2§2 and |V‘r¢|%é < C|V‘r¢|2§é . (17)
(ii) Let us assume that (H4) is fulfilled. There exists a constant C' such that for
every (,0) € Waa(0):
Veold, < CIVAlE_e, -
Proof. Let us prove (i). The first estimate is a straightforward consequence of (H3).
Let us prove the second estimate of (i). From (H3), for any e € ©3 there exists a

circuit B C {e} U©Og U @; U ©4. The inequality follows easily. The proof of (ii) is
straightforward. O

Lemma 5.3. If the assumption (H5) is satisfied, then the semi-norm |V, ¥[g_g,
is a norm on ¥,4(0).

Proof. The proof is straightforward. O

Lemma 5.4. If the assumptions (H1-H5) are satisfied then the properties (11) and
(12) are satisfied.

Proof. Let us prove (11). Let us consider the function «a defined in (H2).
Let us pose v = kaLV, 1 on ©3. Consider the solution u € P°(© — ©1) of (8)
and the unique (p,0) € ¥,4(0) such that

LV.p=u+alLV;Y on © — 6.

The uniqueness of ¢ results in (H5). The existence of ¢ will be a consequence of
Vrpe, = 0 and fﬂ LV, pdi(x) = 0. The equality V,pjg, = 0 is immediate. In
another way, since « is constant on each circuit 3:

/LVTgadl(x) = / udl(x) —I—Ot/LVT’I,Z)dl(X) =0.
B B B
Let us verify that (LV,p)e, — (ELV,9)e, = 0.
(LV-p)jos = (ELV-¢)j0, = uje, = kuje, — (KLaV-y)je,
= (kaLV, )0, — (kaLV )6, = 0.

Now, let us derive the inequality (11). Let us denote by @; and O} (respectively
@; and ©32) the subsets of ©, and ©3 where a = ap (respectively where a = 1).

/ gLV AV pdl(x) = / gaL |V |2 di(x) + /~ gV u dl(x)
(2} (2} €]

2

> Sl(gL) 2V elE, + aol(9L)' 2V 4[2,

DN | =

1,
+1(9L) 2V rpfZ: — SI(L1 ) Pulf
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From Lemmas 5.1(ii) and 5.2(i) there exist some constants Cy and C3 such that:
(L79)2ul3, < Cood|LV-912, < Csad|(gL) 9l
thus

(9)" V-0,

N | =

/ gLV YV dl(x) >
©2

+ (a0 = C3ad)|(91) 2V p12, + (9L) 2V 2,

Let us pose o < 1/Cs5, thus there exists a constant Cy such that:
/ gLV -V pdl(x) > C4|LV 3, .
92

> C4|LVyle,|LVylg, = C5|LV le,|LV-¢lg, -

Applying Lemmas 5.1(i) and 5.2(i), there exists a constant Cg such that:
[ 9LV pdix) 2 LY o - LV o
©2
In conclusion,

/@ ILV Y dl(x) > O] - [l

This is (11).
For the proof of (12), we pose

LV, =a *(LV,p—u) on ©.

The end of the derivation of (12) is the same derivation of (11). This ends the proof
of Lemma 5.5. g

Let us prove (13). For every i € P%(©,) there exists ¢ such that (¢,i) € ¥,4(0)
and LV, = i on Oy, if and only if, for every circuit 8 C ©4 U Oy, i satisfy the
compatibility condition | 5n6, i dl(x) = 0. Since there exists no circuit in @4 U O,
this compatibility condition never occurs. Using the assumption (H7) we can pose
Vo =0o0n (01 UByUO3) — O*. The value of V. on O* is determined by the
circuit relations | 5 LVro dl(x) = 0 for each 8 such that 8N O, # 0. Thus, (13)
results from the inequality |V, ¢le < |V, ¢|e,-

Finally, let us prove (14). Using the assumption (H1), we pose vje, = j and
le|]Vr¢ = u on O, this implies that |V.¢|le < C|jle,, which leads to (14).

5.2. Step 2

Equivalence between the variational formulation and Egs. (1)—(4).
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Consider (2). Since ¢ = gle|V,r¢ on O, i = 0 on O3 and ¢ = ig on O, we have
/ gLV 1oV ) dl(x) + / iV di(x) + / iV di(x) = — / iaV o di(x)
(S2} (SN} Oy 0,

for all 1) € P*(©) such that 1 = 0 on oy .

The variational formulation of (43) and of the condition u = u4 on O are:

/ LEkV - pj dl(x) —l—/ LV, ¢jdl(x) = 0 for every j € PY(93)
@3 @4

and / LV - pjodl(x) = / uqjo di(x) for every jo € PY(Qy),
@o @O
where j takes the same value on each eé and e} belonging to the same amplifier.

Here i on ©g plays the role of a Lagrange multiplier. Equivalently, (¢,%) € ¥q4(uq)
is the unique solution of:

!/ gLVT¢VT¢dMX)+:/)iV7¢de):——/nidVT¢de)
(S} Oy (S2

/ LkV ;g dl(x) +/ LV, pjdl(x) =0 for every (¢,7) € ¥uq(0).
@3 64

The proof of the converse is straightforward. O

6. Proof of Theorem 2

First, let us prove property 1 and give some of its consequences.

6.1. Proof of Proposition 3.1

If v e L'(©°),
||v||L1<@s>=/®| x)| di(x Z/

icls

)| dl(x

since ¢° is independent of z in each set 7}, then

/Iv (<) di(y 1"2/ dz/lv (<, )| di(y)

icls

[ ) da

This proves property 3.1. (]

icls

Let us consider (¢(®~1/2v%)_cy-1 a bounded sequence of L?(©¢). Using Corolla-
ry 3.2 and the two-scale convergence definition, one can extract a subsequence (v°).
of (v%).en-1 which two scale converges in L? weakly towards some v € L2(Q2 x T).
The mean value v° = [, 7°(z,y) dl(y) is also bounded in L*({2), then one can
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extract another subsequence still denoted by (v¢). which converges in L?() weakly
towards some v° € L2().

Lemma 6.1. For every z € €,
@) = [ o) diy).
T

Proof. Using the two-scale convergence of (v¢)., for every w € L?(2),

EKLAEQJMZ dz_//'zyﬂ w(z) dz.

Using the weak convergence of (v’¢).,

nm//wgwmmmgﬂ:ml1&@M@ﬂzéwmmgm.

e—0 e=0 Jo

Thus, v%(z) = [,v(z,y) dl(y). 0

6.2. Proof of Theorem 2(i1)

Let us prove part (i1) of Theorem 2. Corollary 3.2 applied to ©%" implies that there
exists an extracted subsequence (¢°). of (¢%).cn-1 which two-scale converges in L>
weakly towards a ¢°(z,y). In addition,

D2 Vs 2oy = 7 Vo | aanry < C

thus, (V,$°). strongly converges towards 0 in L2(Q2x T"). Thus V,¢° = 0in QxT".

This means that ¢° is independent of y. The fact that V,¢%(z,y)m° € L*(Q x T")
will be proved later.

6.3. Proof of Theorem 2(iz)

Let us establish the two-scale limit of f& = e(»~1/2V24*. The extremities of 7’
are denoted by s~ and s*. They are located periodically on dY. We start from the
equality for every ¢ € L*(Q; HY(T")):

/ P y)(a.y) di(y) dz = / 1 .5 (2, y) b (@, y) di(y) da
QxT’

Qx7T’ €

_ / L 5 (2, y) V. i(a,y) diy) dz

xT" €

+ [ ey da. (15)

Let us consider the last term. For the sake of simplicity, we assume that the
extremities sT and s~ are located on the faces having their normal in the di-
rection of the first vector e; of the Euclidean basis. Let us consider I*¢ =
{1,..., N=2}x{0,...,N=1}""" C I*. The set Cy°(T") is constituted of functions
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belonging to C°°(T") which are Y-periodic. The set of indices I° — I*¢ related to
cells located on the boundary is partitioned into I°* = {N -1} x {0,..., N —1}""!
and I*~ = {0} x {0, .. —1}"~1. In the following, 71 and ng; denote the first
components of 7 and of the external normal ng to Q. In addition, I'" = {z € 99,
z1=0}and I'" ={z € 90,z = 1}.

Lemma 6.2. If the sequence ¢° satisfies the estimate 5”*1||¢>5||H1(@5) < C, then
one may extract a subsequence denoted by ¢, such that for any ¢ € H*(Q x T")
verifying Vv =0 on T', ©° satisfies

lim [ 216 (2, 8)(z, )2 dz = — /ﬂ @ vlay) dily) de

e—0 Q€

+/ (2)Y(z,y) - Ting1 ds(z) .
(D+ur—)xT1"

Proof of Lemma 6.2. First, let us prove that for every function 1 € H*(£); Hul )
verifying V., ¢ = 0 we have

/ 1[sﬁs(z,y)zb(z,y)]it dz = — / V(2 y)y - Vot (z,y)) di(y) dz
Q€ Q= xT!

[ s s i) — [ (s )0 s ) ds(a) +0(e) (19

Here Q° = Ujer+Y;®. Since Q = Ui Y}, we have

/ §[¢6<z,y>w<z,y>]zf dz
Q

1_
=3 [ s s - L sl s ) da
iere Y& E €
3 O T ) — e s T ).
ierle

where ¥ (z,y) = fys x,y) dx for every (z,y) € Y¥ x T". Since ¢° € H*(©9),
P°(x5,87) = oTo(x§,s7) and &°(x5,sT) = ¢ o T°(x{,sT),

where for (z,y) € Q x {s7,sT}, T¢(z,y) = (z + eny(y),y — ny(y)). Since ¢ is
Y -periodic with respect to y, we have

LY e, st LOES) Z 0 TE s

2¢e
icl*s

~ — @E(X“Sﬂs_) - EE © TE(X“SvS_)
_ § : N E (€ i i
+ E e 1o (x5, sT) P ( g e 1% (x5, 87) Y (x5,57).

ierst icre—
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Using the periodicity condition on ¢ we find that ¥ (z,s%) = %" (z,s~). Using this
equality leads to
—€ —€
= Z gnaa(xi‘i S+)¢ (xf’ S+) -9 (;(f + gnY(er)a S+)
e

icl*e

LY e o) P 0E,57T) — (i +eny(sT),s7)

iel+e 2e
+ Z e 1o (x5, 81) Y Z e" 1% (x5,87) Y (x5,87).
iele+ iere-

For (z,y) € Y x T", and i € I¢, let us remark that

O (x{,y) — ¥ (x{ +eny(y),y) _
2e n

_y18z1¢(zv y) + O<E) .
Thus
- - / [ (2 )10 (2 y)P= dz+ e ST (x5, 87V (a5, 57)

iel=t+

—" Y P, s (xE,sT) + Oe)

icle—

| F ey sy de [ s ") dsla)
[ P ) s ) ds(a) + 0e)

_ / V. (7 (5 ¥)31 0z, y)) diy) da + / 7 (2, 5" )P (z,57) ds(z)
Qe xT’

T+

[ F s @) ds(a) +06). (20)

This is (19). Since V-(8°(2,y) 410:,9(2,y)) = V-7 (2,¥)y10:,¢¥(2,y) + &°(2,y)

V., (y10.,9(z,y)), and since V,%°(z,y) tends to zero in L?(Q x T"), one may pass

to the limit in the above term. Since ¢° and 1) are constants with respect to y € T’

and since fT, 71 di(y) = 1, where 71 = V,y1, one may pass to the limit. This leads

to:

= - / QDO(Z)V.,. (ylam ¢(Za Y)) dl(y) dZ—I—/ QDO<Z)¢(Z’ Y) *T1MO1 dS(Z) .

QxT’ (C+tur—)x1"

This ends the proof of Lemma 6.2. g
Let us denote by f(z,y) the two-scale limit in L? of f°. For every ¢ €

H(y Hﬁ1 (T")) such that V., ¢(z,y) =0 for (z,y) € Q x T, one has:

/ £y (@, y) di(y) dz = / 0. ¢ (@) (z, y) dily) da
QxT’

QxT!
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or equivalently:
| feyiey)d) i = [ Vi@ @iy diy) ds.
QxT’ Q

where 7%(z) = [, T(2,y) di(y).
This proves that 9,,¢°(z)m1 € L?(£2) and means that there exists a function ¢!
such that

/ £z, y)b (@, y) di(y) dz = / V.6°(2) - 7(2) (2, y) dily) da
QxT’

QxT!

- [ Py di)ds
QxT1

for every ¢ € H'(Q; H (T")). Since 1 is T"-periodic, this equality is equivalent to

Vo' (2,y) + Vap'(2) - 7°(2) = f(2,y) in @ x T,

:S+ .

[0 (z,y)]j—s- =0in Q.
Since ¢° € H(Q), we see that ¢! € L2(; Hﬁ1 (T")). This ends the proof of Theo-
rem 2(i). O

6.4. Proof of Theorem 2(ii)
Using (20), we have

/ F (2 y)0(a,y) di(y) dz = — / Vo (5 (2 y)y100 (2, y)) di(y) dz
QxT’ QexT’
4 / e (2 57) ds(z)

_ /F_ (pd(z)ﬂs(z, s7)ds(z) + O(e).

Passing to the limit we obtain:

/ f(@y)b(zy) di(y) dz = / 0, ()71 (2, y) di(y) dz
QxT’

QxT’

+ (a(2)~ (@) ¥(a.y) - e d().
(T+UT—)xT"

which implies in particular that ¢%(z) = p4(z) on I'" UT~. This is part (ii). O

6.5. Proof of Theorem 2(iii)

Corollary 3.2 implies that there exists an extracted subsequence (%) of (7°).en-1
which two-scale converges in L? weakly towards a 7°(z,y). In addition, e(»~1/2
eVt llLzeery = IV |l L2axrry < C, thus (V. 7°). converges weakly towards
V.0 in L2(Q x T"). O
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6.6. Proof of Theorem 2(iv)

Since ¢ = n° on 8N O’ thus g =7F on Q x (T"NT"). But @ converges towards
% in Q x T" and 7j° converges towards n° in Q x T" thus ¢° = n° on Q x (T'NT").
g

7. Proof of Theorem 3

The proof consists of two steps. First, we derive a uniform estimate of the solution
(g%,
are written on the set ©¢, which is dependent on e. After applying the two-scale
transform, they are written on €2 x 7" which is independent of €. This allows one
to use the classical compactness arguments for the extraction of convergent subse-

quences.

). Second, we pass to the limit in the variational formulation. The estimates

7.1. Estimate of the solution
Let us define the norm || - || on (¢°,i¥) € ¥¢,(0) by

166°, N2 = 1V Ber + Vo0 e + 105 [+l 451 + 200

Lemma 7.1. If the assumptions (H1-H7) and (H1bis—H6bis) and (H8) are fulfilled,
then [|(¢*,1%)|I2 < C.

Proof of Lemma 7.1. The proof is based on the same arguments as that of the
existence and uniqueness of the solution. We establish successively the following
four estimates:

(i) There exists a positive constant ¢ (independent of 5) such that V (¢°,0) € ¥¢ ,(0)
verifying V.¢° = 0 on O3, there exists (¢°,0) € ¥¢,(0) different from zero such
that for every couple (elf, ef) € ©5x 03, ¢° satisfies (LEVTgo Jjete = (KFLEV0%) e
and

/@E g LV, V " di(x) > del[(¢%, 0)lle - [[(%%, 0)]< - (21)
2

(ii) There exists a positive constant 3 such that V (¢°,0) € ¥¢ ,(0), for every couple

(e, elf) € ©5 x ©5, such that (LEV7¢°) e = (K*LEV7¢%) e, there exists (¢°,0) €

e ,(0) different from zero verifying V. 4° = 0 on ©F and

| LV e dix) = el 0l 157,01 (22

(iii) There exists a strictly positive constant +; such that for every j¢ € P°(©3),
there exists (¢°,0) € ¥E ,(0) such that:

|3Vt i) = e 01100, (23)
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(iv) There exists a strictly positive constant vo such that for every j¢ € P°(03),
there exists (¢°,0) € W= (0) such that:

/@jaLEVTsfdl(X)— kGTLEV -0 dI(x) = ea[(9%, 0)][ - [1(0,5%) ], (24)

£ £
4 @3

where the values of j¢ on each e and el are the same.

From Ref. 8, these estimates imply the estimate of Lemma 7.1.

Let us prove the estimate (21). This proof follows the same steps as that of
Lemma 5.4. We pose v¢ = akEVszf@g where « is determined as in the proof of
Theorem 1. Consider a solution u® € P?(©°¢) of (8) and ¢* such that

L°V,¢° =u® +alV,y° on 6°.

Following the same arguments as in Sec. 5, we establish that there exists a positive
constant C such that:

/@ LAV 70 di(x) > Cel|(1*, 0)]]c - [1(% 0)].

5
This is (21).
For the proof of (22), we pose

lef|V ¢ = a1 (|ef| V% —u) on ©°.

Thus, the derivation of (22) is the same as that the derivation of (21).
Let us prove (23). For i¢ € P°(©) let us pose (¢°,i€) € V¢ ,(0) such that

L°V,¢° =i on ©F and L°V,¢° =c i€ on 7.
Then, the derivation of (23) is similar to that of (13). O

Finally, let us prove (24). Using the assumption (H1), we pose j¢ such that
e71j® =v° on ©F, e73j° = v° on ©F", and ¢° such that LV, = u® on ©°. The
assumption (H1bis) leads to the estimate

V20 B + [V B < Cle17 R + 125 B
Replacing (L°V,¢%)je: — (k°L°V,¢%)es by ev® we find that

J.

which leads to (24) because jlseg = j|6®i' This ends the proof of Lemma 7.1. O

LIV di(x) — / k€5 LEV 7 di(x) = (1715 By + |22 3e)

€ €
4 93

7.2. Passing to the limit in the variational formulation

Let us derive the two-scale variational formulation. Applying Theorem 2 implies
that there exists a subsequence (¢°,i%). of (¢°,i%).en-1, such that (¢°,i). two-
scale converges in L? weakly towards some limits ¢° on Q x T and i on Q x Tj.
In other words, (V,¢%). two-scale converges in L? weakly towards some limits
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Vae? -7+ V.ol on Q x T" and V,° on Q x T”. Here (go?ﬂxT,,go?QxT,,,gol) €
HY(Q,T") x L2(Q;PY(T")) x LQ(Q;Pé(T’)). In particular, this means that

D(¢°%, ¢') = uq in Q x Tp.

In conclusion (¢°, ¢!, i) € Uaay(uq).

In the following two lemmas, we establish the strong convergence of some par-
ticular test functions useful to pass to the limit in the variational formulation.

Let us consider a given function ¥° defined on Q x T which has a restriction
independent of y on every € x T,, Here T, represents any connected component T,
of T'. That is

¥? € CHOPHT)) and Y.y, € CHQ).
Let 9° be given. Let us define the test function ¥°° on ©¢ by
Y% (x) = ¢°(x) for each vertex x € O,
Y% (x) = ¢°(x{,y), for each vertex x = x{ +ey € Y N O
In addition, ¢ is assumed to be affine on each edge of ©°.

Lemma 7.2. (i) %% and V.4 two-scale converge in L* strongly towards some
Y0 and Vo0 -7 on Q x T".

(i) ¥ and eV, 9% two-scale converge in L? strongly towards some 1° and V ,4°
on QxT".

Proof. (i) Consider an edge e C 7" with extremities s~ and s* and consider the
subset #° C ©F such that its two-scale transformation is equal to € x e. Since /%
is affine on each edge of ¢, we have

P (2,y) = % (2,57 ) + (yb — s~ )Vy 9% (z,s~) for every (z,y) € Q x e.
For z € Y%,
V% (z,87) = eV,b0(x5) + £0(e) .
thus
U (z,y) =9°(x5) + O(e) and e 'V 4% (z,y) = 7(y) - Vv (x5) + O(e).
Passing to the limit in these expressions gives
lim % (z,y) = ¢(z) and lim eV (z,y) = V,4°(2) - 7(y)

Since the domain Q x T is bounded, this leads to Lemma 7.2(i).
(i) Since T NAY = (), ¢°¢ is well defined on ©°". For (z,y) € Y xT", 9" (z,y) =

9% (x5, y) + O(e) converges strongly towards ¢° and (Ews) = V0% (x5, y) +
O(e) converges strongly towards V,4°. O



Homogenization of Electrical Networks Including Voltage-to- Voltage Amplifiers 927

Let us define the test function ¢'¢. For a given ¢! € Hul (T") such that (0,1, 0)
€ 99,4(0), and a given p € D(R), let us consider the function ¢y H'(©) defined

by its two-scale transformation zzs(z, y) = ¥l (y) for every (z,y) € Q x T". The test
function !¢ associated to ¢! and p is

P (x) = p(x)y° (x) .

For a given j € C°(€;P°(Ty)), consider the function j¢ € P°(©%) defined as follows:

en

J5(x) = j(xi,y) on ©F and j*(x) = £j(x{,y) on ©F",
forx =x{ +ey ce® COINYE.
Lemma 7.3. (i) The sequences ¢ and eV, ' two-scale converge in L? strongly
towards some p(z)'(z,y) and p(z)V (z,y) on Q x T".

(ii) The sequence equal to j¢ on ©) and e~1j¢ on ©), two-scale converges in L?
strongly towards a j.

Proof. (i) The convergence of 1'¢ is immediate. The convergence of eV '€ results
from the fact that V.p two-scale converges towards V,p. Thus £V, p two-scale
converges towards 0. The proof of (ii) is evident. O

Let us pass to the limit in the variational formulation. Let us consider (%, %%, j)
€ U,44(0) satisfying the continuity assumptions stated in Lemmas 7.2 and 7.3 and
let us consider (¢%, '€, j€) € WE ,(0) associated to (¢°, ¢!, j), given by Lemmas 7.2
and 7.3. Thus,

/ LFg°V ., ¢ (V% + eV, 1) di(x) + / LF gV "V 4 dl(x)
S}

@g//
+ /
LR

- / (Vb + eV, %) di(x) — / 15V, 4% di(x)
es

@iu
A

Let us divide the first equation by &, using the two-scale transformation of the
expressions and using Lemmas 7.1, 7.2 and 7.3, one may pass to the limit when ¢
vanishes. The test functions for the first equation is

i€(V, % + eV '9) dl(x) + / €V di(x)
ei//

and

LFEV %5 dl(x) — / LeV . ¢f5%dl(x) =0.

£ €
3 @4

Vb’ -1+ pVetpt on Q x T

Let us remark that it is equivalent to consider the variational formulation with the
test function V,1° - 7 + V9! or with the test function V40 - 70 4+ V4!, Finally,
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the variational formulation is

/ LaD(¢*, 0" )D(¥°, 9" di(y) da + / iD(°, y1) di(y) dz
QxT}

QXT4

—— [ b dy)d, [ kDN dily) da
QxTy

QXT3

—/ D(¢°, " )jdl(y)dz=0.
QXT4

This completes the proof of Theorem 3. O

8. Proof of Theorem 4

The proof will be complete after proving estimates (21)—(24) with a convenient
norm || - || and we will pass to the limit in the variational formulation. However,
we will first check the assumptions (H1-H7) in order to show that these assumptions
are also satisfied.

Fig. 6. The cells n and n + 1.

Let us check the assumptions (H1-H7). We denote by @ff = {ei’"}nzlw’eq.
Here

o _ ole QE — (O2€
0, =05, 05=065",

0¥ =05 UBFUBkuUB
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and
1
0% = 01F UBF UBS.

Forn € {1,...,e7 !}, we have

I — —

ule;,n = Upetin = 0,
thus
1> — >
u 1,n — v 1,n 9
les les
1> — 1> I J— > >
Yjezm = Yjepmtt T Ypetm = Yehntn = Yt
I J— I > — 1> 1> 1>
EUS 2.n = kou on T EVf 2 = ko (v 1+l — VU 1,n) T EV 20,
e e le e e e
4 3 3 3 3 3

and

15 I

u 2,n — —Uu 2,n .

les les

Thus, the solution u® exists and is unique. Hence, (H1) is satisfied.

Let us prove (H2). Let us pose a° = ag on ©5 U ©1 U O and o = 1 on
©32° U O3 . Here Z(e2™) = e2™ Uer™ thus (H2) is clearly satisfied.

The assumptions (H3-H7) are clearly satisfied.

Now, we consider the norm

I@lE= [ Trde+ [ eVt

1 2 T 2
e ([ ) as [ (s [T dn) @+
o2 \Jo e2:ue2s 0

and we will prove that

(V2% 3)[]e < Cle™?igl3; -

For this purpose, we prove the estimate (21)—(24) using this norm. Let us prove
(21). We choose u® and ¢° as in the proof of Theorem 3:

LV, ¢® =u® 4+ a° LV ¢ on ©°.

Since
V.4°=00n 0] and u°=0on O,
thus
V.9 =00n 0¥ UBO and u°=0onO3°.
Then,

g LV V0% dl(x) = / ag°LEV )V 4 dl(x)
ol

J.

€
2

> (0" L)V 4 By > CelViler - V9o
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Forn € {1,...,e7 1 -1},

£ £ £
EVTQDIeg,n = —5V7g0‘ei,n = —kQVTQD‘eg,n

kz (Vfwfei,n - V-,—(,Ofei,nJrl)

E*lkgkl (V-,—(,Oleeé,n — VT(‘OTeé’"'H)

= —&‘*1]{;2]{71 (VTQDTe;n - VTSDTe;m+1) . (25)

Or equivalently,

zy
—1 —1
VTWE 1,n+1 = —V-r@s 1ntl = kl V-r@s indt1 = kl VT<)0|€52 dzy
‘62 ‘es ‘64 0 3

"

= (koky) 7t eV, ¢ adry = —(koky) ™ eV, 52 day .
. 5+ . le3

Thus, there exists a positive constant C' such that:
/ g LIV YV 0" dl(x) > Cel[(V-95, 0)]|e - [[(V-67, )] -
03

This is (21).

For the proof of (22) it is sufficient to pose LV, 9 = (a®) "} (LEV, ¢ — uf) on
O°.

The proofs of (23)—(24) and of the uniform continuity on the right-hand side of
the variational formulation are similar to their proofs of Theorem 3. This ends the
proofs of (21)—(24).

The additional estimate

0B < Cle2isf3;
is necessary for the application of Theorem 2. It directly results from:
—e  hok1 (Vran = Vel rnn) = g~ hokie ™2 (ig) e
and from (25). In conclusion,
(Vi) < Cle~2i5f2

which allows one to pass to the limit in the variational formulation, and to get the
same variational formulation as that in Theorem 3.
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Here, V, ! =0 on Q x (el Uel Ue2) because ¢! is Y-periodic. Thus (¢°,0,4) €
W,q4(0) is the unique solution of:

/ gV "V, 0 di(y) dz + / V0V, 00 di(y) dz + / iV dl(y)dz
Qxe2 Qxel Q

xe3 xe} x{etue?}

=- / iV, 0 di(y) / V.5 di(y) dz
Qxer QX{E}L,EZ}

— / kV,%idl(y)dz =0 for all (¢°,0,7) € ¥uuy(0). (26)
Qx{el,e2}
Since (¢°,0,7) € Wuq4(0),
VTSD?QX@% = _V'r(p?ﬂxei .
From (265),
= ~k2 V2P ez -

Since (¢°,0,7) € Wuq4(0),
0 0 0 0
90|Q><e§ = VTSD\QXe}l = klvz(ﬁﬂxeé = _klvzso|ﬂ><eé ’
it follows that
VrPlaxes = kaki Az
This ends the proof of Theorem 4. O
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