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Abstract

We present a new mathematical object designed to analyze the oscillations occurring on
both microscopic and macroscopic scales in a wave equation with oscillating coefficients and
data. Through a Bloch wave homogenization method, our study addresses typical problems
of two-scale convergence in the interior of the domain, and sheds some light on the behavior
near the boundary. A decoupled system of (systems of) transport equations is derived in each
energy band, and the total energy field is approximated. We also recover previously known
results in homogenization as a restricted part of our model.

Résumé

Nous présentons un nouvel objet mathématique concu pour analyser les oscillations aux
échelles microscopique et macroscopique de la solution de I’équation des ondes a coefficients et
données oscillants. Notre étude traite de problemes de convergence a deux échelles grace a une
méthode d’homogénéisation par ondes de Bloch. Il en résulte une famille de systemes découplés
d’équations de transport associés a chaque bande d’énergie qui conduit a une approximation
de I'énergie totale. Nous retrouvons des résultats connus sur I’homogénéisation de 1’équation
des ondes comme étant une partie de notre modele.
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1 Introduction

We establish a homogenized model for the Cauchy problem of the wave equation

p(g)aftug(t, z) — div, (a(g)vxua(t, x)) = F5(t,x) (1)
u?(t =0,2) = ug(x) and dwu(t = 0,2) = vg(z)
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in a domain Q C RY on the boundary of which mixed Dirichlet-Neumann conditions are
applied. In order to describe how the solution u®(¢, x) inherits the possible oscillations of the
data (u§, v§, f¢) as € — 0, we develop an asymptotic analysis of the first-order derivatives of u®
in the framework of periodic homogenization (p and a being periodic with respect to a lattice of
reference cell Y C RY). This setting is a particular but typical case of a more general situation,
requiring the H-convergence of the coefficients, studied by S. Brahim-Otsmane, G.A. Francfort
and F. Murat in [8]. Under quite general circumstances, they showed that the solution u® may
be decomposed as the sum of a weakly oscillating part, for which the limit of the energy equals
the energy of the limit, and of a highly oscillating part, corresponding to generic solutions of
weak limit 0 but of total energy 1 equidistributed between the kinetic and potential energies.
To our knowledge, very little information concerning this last problematic part is available at
the present time. For instance, the transport equation derived for the H-measure of the energy
density and the geometrical optics antsatz developped in Sections 2 and 3 of [20] only pertain to
the case of constant coefficients p and a. Correspondingly, there does not seem to be any fully
satisfactory theory based on the microlocal analysis techniques developped in [21], that would
allow the rapidly varying coefficients of (1). However, adopting a slightly different standpoint,
other works certainly offer interesting results on the highly oscillating part. Such is for example
the recent paper [5] which focuses on the asymptotical regime of (1) for long times.

We also have to face here the specific problems due to the boundary 02, which forbids the
use of the spatial Fourier transform, an essential tool in the homogenization theory by Bloch
waves in the case of 2 = RY see e.g. [16] and [15], as well as in the theory of defect measures,
see e.g. the Wigner side in [21]. In the same respect, it would be hopeless for ¢ fixed to appeal
(as usual in RY) to the Bloch reduction of —A. := —div, (a(£)V,) as a direct sum of Fourier
multipliers \,(eD,)/e? acting on generalized eigenspaces (the Floquet subspaces). In fact, any
kind of homogeneous structure for the problem set in Q # R only reveals itself after the
limiting procedure ¢ — 0.

Consequently, the asymptotic behavior of the spectrum of —A, turns to be of great interest.
Since [32], it is known that the family of eigenvalues A* > 0 solving the corresponding spectral
problem

—div, (a(g)vxqf(x)) — )\Ep(g)qf(:c),

may be splitted into two subfamilies of different nature. Indeed, infinitely-many eigenvalues
converge as € — 0 towards the eigenvalues of the classically homogenized eigenproblem, while
many others are of order 1/&% (i.e. when multiplied by €2 they converge towards some limits).
Between these extreme cases of low and high frequencies, there is also the difficult notion of
spectrum exhibited by G. Allaire and C. Conca in [3] and [4]. This so-called boundary layer
spectrum fills the gaps within the Bloch spectrum, see [2] and [3] for the specific question of
completeness. Unfortunately, its description as the spectrum of a limit operator acting on the
boundary seems to be very sensitive to the particular shape of 2 and Y (according to whether
is an exact number of €Y-cells or not), and also to the possible parametrization of € — 0 along
a pre-assigned sequence, see [12]. In this paper, we wilfully discarded the limiting eigenvalues
corresponding to the boundary layer spectrum to avoid the related difficulties, and only kept
track of the solutions to the Bloch wave eigenproblem

—divy (a(y)V,2"(y)) = Xp(y) 2" (y) (2)
associated with k-quasiperiodic conditions for varying & € RY i.e.

OF(y + £) = BF(1)e*™* for all y € RY and all £ in the lattice.



Incorporating the boundary layer spectrum into our study in view of some completeness theorem
could be the subject of a subsequent work.

Now to the general overview of the model. We start with a reformulation of the wave
equation (1) as an equivalent system (of N + 1 partial differential equations) satisfied by the
first-order derivatives U := (vafV,uf, /p?0iuf) considered as the quantity of interest. Our
point of view will be to treat it as a general solution to a general first-order hyperbolic system.
In very few occasions will we really return to u® itself and to the special form due to (1). Note
that consequently our method is open to greater generality.

In order to study the weak convergence of the solutions and to guarantee that Bloch waves
are kept in the limit, we first apply to U¢(t, z) a custom-made two-scale transform S§ acting on
x, which is a k-quasiperiodic version of the usual two-scale transformation used in [6], [25], [26],
[27], [11], [13], [14]. Then, a parameterized (time) two-scale transform acting on ¢ is applied
separately to each Bloch wave, its period being sized to match the corresponding wave time-
period e with of := 27/(\5)Y/2 given by the eigenvalues (AF) of (2). For a given fiber £,
the resulting time-space two-scale transform WiU*(t, 7, z,y) will be called the one-fibered wave
two-scale transform of U¢, since it has been designed to capture the space-time waves in U¢ that
show some k-quasiperiodic spatial oscillations. For further details see formulas (29),(35),(36)
of Section 6. Note that the idea of the wave two-scale transform originated in [28] and [23].

All these waves are separated from one another by spatial orthogonality (w.r.t. the mi-
croscopic variable y). To recover as many Bloch waves as possible, we proceed in the spirit
of [3], [2], [4], and replace the reference cell Y by a bigger one Y made of KV copies of Y,
on which K one-fibered wave two-scale transforms are encoded into our final transformation
We = >, Wr. For K € N* fixed, this harmless recollection only aims at a finer model, and
should not cause too much worry at first reading. As in the construction of ordinary two-scale
transforms, W¢ is a (pseudo) isometry in the time-space L?*-norm, in the sense that the norm is
preserved apart from e-terms originating from erratic portions of e-cells near the boundary. So
the L?*-boundedness of the solutions U¢ guarantees the L?-boundedness of their wave two-scale
transforms WeU*.

Passing to the limit in the integro-differential system solved by WeU?® yields a set of equations
satisfied by any weak limit U of W¢U? in L2. Some of them involve the microscopic derivatives
(0, V,) of U and enforce the decomposition

U=Un(t,z,y)+ Y > UNt,z)e*™ ek(y) + U, (¢, x)e ek (y),
k n

where e**™7ek  (y) are two internal microscopic waves, with opposite propagation senses, am-

plified by the macroscopic factors U, (¢, z). Note therein that the family of Bloch eigenvectors
(ek) will be built from the eigenvectors ®* of (2). Some others involve the macroscopic deriva-
tives (0, V) of U and govern the homogenized evolution of the internal wave amplitudes

oUL, Y kb, VUL, = Ff, for all n and k, (3)

where the finite sum runs over all modes m with the same eigenvalue and propagation sense
as n. However, while the initial conditions for (3) are easily identified, until now appropriate
boundary conditions on 0f2 are still lacking. This drawback of the model disappears when there
is no boundary i.e. for = RY. Accordingly, the model obtained in this case yields a unique



solution U, and shows a conservation of the space L?-norm (strictly speaking when f¢ = 0) i.e.
||U||%2(RN><YK)(t7T) = “UH%Q(RNXYK)(t =0,7=0) (4)
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with f(¢,x) the limit of f¢ and v(¢,z) a component of Uy. On the contrary, in the case of
Q # RY, our results may appear comparatively incomplete, in the sense that the solutions U
to our model are not necessarily unique, because of a partial loss of boundary conditions in the
homogenization process. Supplementing (3) with appropriate boundary conditions on U, (or
on certain combinations of U,,, and U_,,) would close the problem.

Note that the limit U includes a low frequency part Uy, which turns out to be purely periodic
in y. This part, which shows no serious oscillations in time, naturally inherits the mixed
boundary conditions of (1), and coincides with the well-posed homogenized model exhibited in
[20] and [8]. At the opposite, the internal waves of U concentrate all the fast time-oscillations
of U¢, which can be revealed through the substitution 7 = t/ea® with of := 2w/(A\F)1/2,

For a given K € N*_ an interpretation of our theorem of convergence (Theorem 19) expresses
that the physical field U® can be approximated by

Us(t,z) = Un(t, x, g) + Ek: ; Uff(t, x)emﬂt/mﬁefl(g) + Ufn(t, x)e_%”t/mﬁe’in(g).

In the special case of Q = RY, more can be said (Theorem 40) about the error made in the
time-space L?-norm. Once this model has been obtained, we can make K — oo, so that all
Bloch eigenvectors e tend to take part in the decomposition.

In case of isolated bands, the system obtained in (3) reduces to a single scalar transport
equation, whose constant coefficient k¥ = V. (1/aF) is the k-gradient of the corresponding
n" frequency of oscillations. This phenomenon is in complete agreement with the transport
equations derived in [21] for the Wigner measure in an energy band.

The paper is organized as follows. In Section 2 we introduce standard notations used through-
out the paper. In Section 3 we interpret the original scalar wave equation as a first-order hy-
perbolic system. In Section 4 we prove an existence and uniqueness property of the solutions as
well as a uniform a priori estimate in the energy norm (Theorem 3). In Section 5 we detail the
spectral analysis of the wave operator viewed as an action on the spatial microscopic scale only.
Particularly, are gathered there all the definitions and properties of all objects of a spectral
nature to be used later on. In Section 6 we define and study the space two-scale, the time two-
scale and the wave two-scale transforms. A key equivalence is established in Lemmas 14 and 16
between the convergence of the two-scale transform of a sequence and the two-scale convergence
in the sense of the testing method of [1]. At the beginning of Section 7, we describe the ho-
mogenized model in detail, and state our main results on the convergence of the wave two-scale
transforms (Theorems 19 and 22). The remaining part of Section 7 is devoted to the proofs.
Most of the work is probably contained in Proposition 30, where the decoupling of modes with
non-crossing eigenvalues is exhibited in the spirit of band-Wigner-measure techniques. Note
also that the special form induced by the original problem is not essentially used till Subsection
7.9, where final simplifications are taken into account. In Section 8 we conclude the paper with
an approximation result in the energy norm (Theorem 39), which should convince the reader
that the wave two-scale transform put forward before was indeed the right object.

To finish with, we must mention that up to now we failed to generalize Theorems 19 and 22
when the coefficients (p°, a®) = (p(x,x/¢), a(x, z/€)) vary on both scales. Most of the material



below adapts quite well, but we found ourselves in serious trouble in the course of Proposition
30, when trying to exhibit the expected destructive interaction between internal waves with
different time-frequencies 1/a* of oscillations, these frequencies depending now on x. The same
obstacle occurs in other problems, for instance when a Schroedinger equation with a periodic
microscopic potential is perturbed by a slowly varying potential, see [9].

2 Notations

In this section we bring together some conventions used all along the paper. The convergence
symbol — always relates to the limit as ¢ — 0. The letter C' stands for possibly different
constants. Every scalar quantity is complex-valued unless otherwise stated. If U = (U;) and
V = (Vi) are m-dimensional vectors we set U.V := > . U;V; and U - V := Y, U;V; as well as

|UI?> := U - U. In some occasions we write U = ([U]y, [U]p) where the scalar [U]p denotes
the last component of U, and where [U]y is the remaining part of U. The hilbertian space
(L*)™ of square integrable m-dimensional vectors is normed by [|U||3, := [U - U but, when

the microscopic unit cell Y C RY defined hereafter is involved, we make an exception by using

the averaged norm
1 1/2
01l = (137 [ WP )
RN

where |Y'| denotes the Lebesgue measure of Y. As a rule, f means periodic, £ means linear
continuous, 1 stands for the characteristic function of a set, and every derivative is to be
understood in a distributional sense (D’) even if actually it is almost always a function here.
As usual, CY is the space of all bounded continuous functions endowed with the uniform norm
of L>. H; refers to the periodic version of the usual Sobolev space H* made of all L2-functions
whose s > 0 first generalized derivatives are in L?. H%" refers to the hilbertian space of L2-
fields whose divergence is in L?, see [18] Ch. IV and IX for a detailed description. We define
C>(0) as the space of all restrictions of C>*(R%) to a given open subset O C RY, where the
subscript ¢ in C2° requires that the functions be compactly supported. We use N as the space
dimension and v as the smallest integer strictly greater than N/2. We assume the coefficients
p and a regular in the sense that their v first derivatives are bounded:

p € W= (RY) and a € W">(RY)V*V, (5)

3 The physical problem

Let I =[0,7) C R* be a finite time interval. Let © be an open subset of RY with a bounded
Lipschitz boundary 02 endowed with its natural (N — 1)-dimensional measure do. We fix a
possibly trivial splitting ! of 9Q into two disjoint parts I'p and I' y where Dirichlet and Neumann
boundary conditions are applied. We denote by ng € L*>(992) the outer unit normal of 9fQ.
We consider u® solution to a linear scalar wave equation with time-independent oscillatory
coefficients (p°, a®) and time-dependent source term f¢, supplemented with given initial values
(uf, v§) and boundary conditions (g¢, h%) :

pPORuF — div(a°Vuf) = f€in I x Q,
u®(t =0) = ug and Ju(t = 0) = v in €2, (6)

u*=g¢°on I xI'p and a*Vu*ng =h"on I x I'y.

1Up to a set whose do measure is null. Moreover the case I'p = I'y = 99 = @ is allowed Q= RN).



Here as usual 0 < € < 1 denotes a small parameter intended to go to zero and indexing the data
and hence the solution u® = u®(t,x). Note that the setup allows general e-dependent families
apart from (p°, a®) whose oscillations are assumed to obey a prescribed profile:

where p(y) is real-valued and where a(y) is a N x N symmetric matrix, both being Lipschitz
periodic on RY with the same periodicity in y. Moreover, they are required to satisfy the
standard uniform positivity and ellipticity conditions:

po < py) < py and agl€|* < a(y)€.€ < ailé]® for all € € RY,
for some given positive p,, p;, ap and a;. By setting
U = (VaVE o), FF = (0, V), ™

g .__ IS 3 = .,E g .__ ]IFDatgs\/EnQ
UO T (\/CL_VUOa\/P_Uo)> G T ( ]erhe/\/E ’ (8)

! '(fp—sdww.) 0 ) =7 (e 0) @

we recast the scalar wave equation (6) as a first-order system of size N + 1,

3

(8 — AYUF = Fin [ x Q,
Us(t=0)="U; in Q, (10)
n5U%]p = [G*]p on I x T'p and [n5U°%|y = [G°]y on I x T'y.

From now on, this system will be referred to as the physical problem, and will be understood
in a distributional sense including boundary conditions, namely:

/ Fg-qﬂda:dt—l—/ UE-(at—Aa)wdxdt+/U§-w(t:0) dx
IxQ Ix8Q Q
+/ GE -1 dodt =0 (11)
Ix082
for all admissible test functions v in
V= {y € H' (I x QN | (t,.) € D(A%) ae. int € I and ¢(T,.) = 0},
where the dense domain D(A®) C L?(2)N*! is defined by

D(A%) = {(p, ¢) € L2QN x L*(Q) | Vap € H™(Q),6/v/p" € H'(Q),
v, (Vaf@) =0 on 'y and v(¢/+/p%) = 0 on T'p}.

Here v € L(HY(Q); HY?2(09)) and v, € L(H™(Q); H'/2(09)) stand for the usual trace
operator and the usual normal-trace operator.
4 Uniform a priori estimates

This section is mainly concerned with the properties of the e-parameterized wave equation (6).
We establish an existence and uniqueness result based on the self-adjointness of i A®, together
with an L2-bound of the solution uniformly in .

6



Theorem 1 The operator iA® with domain D(A®) is self-adjoint on L*(Q)N*1. Moreover,
D :={(p,0) € C®(DN xC®(Q) | p =0 on Ty and $ =0 on I'p} (12)

is a core for 1A%, in other words iA® with domain D is essentially self-adjoint on L*(Q)NT1.

We will not report the proof of the self-adjointness of ¢A® because it would be much the same
as that of ¢4, proved in Theorem 9 below. We just recall here that D C D(A®) is said to be
a core for A* when D C D(A®) is dense in the graph norm sense ¢ — ||9||r2(q) + || A%Y||L2(q)-
If need be, see [24] Problems p. 269, for a short account of general properties of essentially
self-adjoint operators.

Remark 2 The use of D instead of D(A®) in V¢ gives rise to a new subspace
V= {¢ € C(I x QN | ¢ has compact support in I and )(t,.) € D for everyt € I}

of admissible test functions, but with the help of Theorem 1 it is an easy matter to check that
both physical problems (11) with test functions in V= or V are in fact equivalent, so V* and
V can be used indifferently. To motivate the introduction of D and V, we refer the reader to
Propositions 26, 34, 36 below, to see how our asymptotic analysis of (6) will ultimately rely on
essential self-adjointness rather than on self-adjointness itself.

Theorem 3 For any fized €, the physical problem (11) has a unique solution U € L?(IxQ)N*1
for any Us € L2(Q)N*L Fe € L1 x Q)N+ 9,6° € HY(I; HY/*(T'p)), h* € HY(I; H-Y2(Ty)).
Moreover, U satisfies the estimate

US| L2axay < CUIE|z2axe) + 1Usllez) + 10" 1 (2o y) + RS im-1200)
uniformly in .

Throughout the sequel, we will assume that the data are bounded in the sense 2

L 2wy + [IVugllea) + o5l 2 @) + 1097 iz @y + I @iy < €5 (13)
so that the solution U® be also bounded in L*(1 x Q)V*! uniformly in e.
Perhaps some comment is needed at this stage to explain how the norms of 9;¢° and h® origi-
nated. The point at stake was to provide handy conditions on G¢ for the physical problem (11)
to admit uniformly bounded solutions U¢. The question would have been fairly classical if the
coefficients (p°, a®) were not so heavily dependent on €. As far as we know, any standard trace
estimate on (0; — A%)U¢ would involve some derivatives of (p°, a), and as such would create an
1/e explosion. A way to circumvent the problem could have been to assume that G derives

from such a bounded sequence U¢. Considering this point of view as unsatisfactory, we prefered
to taylor-make sufficient conditions on G* ensuring that G* does admit a bounded extension:

Proposition 4 For any boundary conditions
dyg° € HY(I; HV*(T'p)) and hF € H'(I; HY*(Ty)),

there exists a solution V to the physical problem (11) for some initial value and source term,
satisfying the uniform estimate

IVl zeaxa) + 10VE2axa) + [[ATVE L2010y + [[VE(t = 0)|]12(q)
< C(HatgeHHl(I;Hl/Q(FD)) + ||h6||H1(I;H—1/2(FN)))'

2The need to strengthen H~/2(Ty) into L?(Ty) will be justified by (i) of Proposition 31 but is unessential
in most cases in view of Remark 27.



Proof. Let us fix two bounded sequences 0;g° € H*(I; H/*(I'p)) and h* € H*(I; H-Y/*(T'y))
of boundary conditions. Since the usual restricted trace v € L(H'(I x Q); H'(I; HY/?(T'p))) is
onto, Lemma 5 to come provides a bounded sequence ¢° in H'(I x ) such that 9,g° = v(¢°).
By the same argument, the restricted normal trace v, € L(H'(I; H®(Q)); H*(I; H-Y/2(T'y)))
being onto, there exists a bounded sequence p° € H'(I; H¥*(Q)) such that h® = v, (p°).

By construction, V¢ := ((a®)""/?p, \/p?¢°) is a bounded sequence in L?(I x Q)N*! such
that 0,V and A°V¢ are bounded in L?(I x Q)V*!. The same is true of VE(t = 0) = V() —
fot 0;Ve(s) ds for I finite. Now, we remark that V¢ is sufficiently regular for us to apply a
Green-like formula

/ (0 — AV b+ V7 - (3, — AN dxdt+/V€(t:O)-1/)(t:O) dz
Ix)

Q

+ GE -1 dodt = / (G5 — nq Vo) - dodt (14)

Ix0Q Ix082

for all 1 € C(I x Q)N¥*! with compact support in I, where
n5 Ve = (7(¢°)Varna, v, (0°) [V rF)
coincides with G¢ on I x 0f) in the sense that
Y(¢°)Vacng = 8,g°Vasng on I x Tp and ~,,(p°)/v/pF = h/+/pF on I x Ty.

As a consequence, (14) is null whenever 9 (t,.) € D. According to Remark 2, the physical
problem (11) has a solution V¢ associated with some U5 := Ve(t = 0) and F*© := (0, — A°)V®
as claimed. m

Lemma 5 Let E, F, G be three Hilbert spaces with a continuous embedding G C F and let

b € L(E,F). If G is a subset of the range of ® then there exists V € L(G,E) such that
oV =1ondG.

Proof. Our assumptions imply that |[v||z := /||[v|[% + [|®(v)]|% is a hilbertian norm on
H := ®1(G@) and that ® € L(H;G) is onto. Since the kernel of ® in H has a topological
complement subspace (typically its orthogonal subspace), ® turns out to be invertible on the
right, see [10] Ch. II Th. II.10, i.e. there exists ¥ € L(G; H) such that ® o ¥ = 1. Obviously
Ve l(GiE). m

Once Proposition 4 has been fully established, we are in a position to prove Theorem 3:

Proof. By the theory of unitary groups generated by self-adjoint operators, we already know
that the physical problem (11) has a unique solution (a so-called mild solution in [31] built as a
strong limit of classical solutions) for any Us € L?(Q)N ! and F© € LY(I; L*(2))N*! whenever
G¢ = 0. Of course, the uniqueness property for the general non-homogeneous problem (with
G* # 0) follows at once by linearity. As for the existence, let V¢ be as built in the proof of
Proposition 4, and let W€ be the mild solution to the physical problem (11) with initial value
Ui —Ve(t =0) € L2(Q)NTL source term F© — (9, — A%)Ve € L*(I x Q)N+ and null boundary
conditions. For I finite, it satisfies the classical estimate of continuity with respect to data

IWE| oo (2200 < C(||U5 — VE(t = 0)||20) + [|[F* — (00 — A%)VE| L 1020)))-

Then U¢ := Ve4W?® is a solution to (11) with initial value U§, source term F*¢, and boundary
condition G°¢ thanks to (14). Moreover,

U 2rxay < Ve 2axa) + 1IWE [ L2xa)
< C(IVAlle2axe) + U5 = VE(t = 0)||z2e@) + [|F7 = (0 — A)VE|2(rx0))

from which the announced estimate follows using Proposition 4. =

8



5 Multi-fibered spectral analysis

We recall parts of the classical discrete Bloch-wave machinery for second order elliptic operators
with periodic coefficients.

5.1 Bloch decompositions

Let L C RY denote the N-dimensional lattice of RY associated with the periodicity of (p, a),
and let Y C RY be a unit parallelepiped open cell such that RN =Y + L. Through a choice of
basis, the dual lattice L* C RY of L can be described as L* = Zb} + ... + Zb%,, where (b, ..., by)
is the dual basis of an arbitrary Z-basis (by,...,bx) taken in L. As a consequence, (.0* € Z for
all { € L and ¢* € L*, and L* is in fact the largest such lattice-solution. The corresponding
torus RY /L* can then be identified with an arbitrarily chosen cell Y* C RY of L*.

Now, given K € N* we observe that the dual lattices KL and L*/K satisfy L = Lx + KL and
L* + L}, = L*/K for some fundamental subsets Lx C L and L}, C L*/K of common cardinal
K* such that L N (KL) = {0} and L N L* = {0}. Also, we introduce a set Y made of K
cells indexed by Lx and translated from Y, such that Y tends to cover RY when K increases.

Example 6 If L = Z" then L* = Z~. We can choose the canonical basis of RY as direct and
dual basis, Y =Y* = (0, 1) as unit cell, and L} = Ly /K with

K K K K
Lg={——, = =1 Y =(—=, )V if K i
K =1 57 g P YR = ( 2,2) if K is even,
K-1 K -1 K-1 K+1
Lx ={- 5 T }N7YK:(—T,T+)N if K s odd.

For any k € Y*, we define the k-quasiperiodic L?-space by
L} ={ue L}, (RY) | u(z 4 £) = u(zx)e* ™" ae. for all £ € L},
or equivalently

L ={ue L} (RY)| e L? such that u(x) = v(z)e*™** a.e.},

loc

where L§ is the traditional notation for the periodic case L? with k& = 0. Likewise, we set
Hi = L2 N H; (RY) and HI := (L2)Y N HY(RY), bearing in mind that the subscript

loc loc
f would be more appropriate in the periodic case k = 0. If w; denotes the k-quasiperiodic

extension operator
@y LA(Y) — L3 (15)

which maps any u € L?(Y) on the unique v € L} such that u = v in Y, then the following
characterizations may be checked:
Vu e H'(Y), wpu € HL (RY) <= ue HL(Y), (16)
Vu € H™(Y), mpu € H(RY) <= u € HI™(Y),

loc
with

H(Y):={ue H(Y) | yp, =™y for any opposite edges E = (E;,E_)},
H"(Y) = {u€ H"™(Y) | (uny)p, =™ (uny)p forany E = (E., E_)}.



Here ny represents the outward unit normal of 9Y, and /g € L stands everywhere for the
unique L-translation mapping E_ C 9Y onto its opposite edge £, C 9Y. As a matter of
fact, these properties identify H} with H}(Y) and HI" with H¥(Y), in the same way as L
is naturally identified with the space L?(Y) of its restrictions to Y.

Theorem 7 If L*(Yk) is viewed as the space L;(Yx) of all K L-periodic Lj, (R™)-functions,
endowed with the usual norm u — (ﬁ fYK lu|? dy)/?, then L*(Yx) is the hilbertian sum of
KN subspaces

1
(Yx) = P Li.

keLk

Moreover, the hilbertian structures induced by L*(Y) and L*(Yx) coincide on L?. In particular,
any family of hilbertian bases (e¥), of L*(Y) for varying k € L} provides a hilbertian basis
(wref)nr of L*(Yx) by union and k-quasiperiodization.

Proof. On the one hand, for any u € Lzu with k, € L}, and v € Liv with k, € LY,

1
— u-vdy = lp(ky, — /u v dy,
Ykl Jyie |Y|

because of the orthogonality 1dent1ty Z Rt — 1. (k) forall k€ L*/K.
leLy
On the other hand, any u € L7 (Yk) is a sum u = ) uy indexed by k € L of

. 1 —2imk.4 2

leLy

because of the dual orthogonality 1dent1ty Z e 2mRE — Ny (¢) for all £ € L.

kel
Obviously, each space L7 is a closed subspace of LQ(YK) after restriction to Y. Altogether, this
proves that the orthogonal sum €, Ls L3 equals L?(Yy) as claimed. Moreover, the equality

1

1
— u-’udy:—/u-vdy for all u,v € L? 17
Vil v 1)y k o

shows that the scalar products of L*(Y) and L?(Yx) are identical when restricted to L7. m

Remark 8 The above theorem has been stated in the scalar case. However, it applies equally
to the decomposition of the space L*(Yi )N T used throughout the paper. It will mainly be used
to build a hilbertian basis of L*(Yi)NT! out of quasiperiodic eigenvectors of realizations of a
standard elliptic operator. The procedure will roughly be as follows: first, build a hilbertian basis
of L*(Y) made of H}(Y)-eigenvectors for any fized k, and second, recollect the global basis as

the fiber k varies in Lj.. Taken as a whole, this will constitute a multi-fibered spectral analysis
Of LQ(YK)N—H.
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5.2 Spectral decompositions

We introduce the classical elliptic operators that govern the spectral analysis of the wave
equation (6). Viewing y as the current variable, we set

1 1
Ay = —div,(aV,—
k y( y\/ﬁ

\/ﬁ
on the dense domain D(Ay) := {¢ € L*(Y) | ¢/\/p € HE(Y)} C L*(Y) for any k € Y*, and
we classically check that —A, is a non-negative self-adjoint operator with compact resolvent,

see [32] Ch. IV Sect. 5 among others. As such, —Ay is reduced by a spectral hilbertian basis
(6F) of L2(Y') such that

)

oF € D(Ay) and — Apolt = N,

where Aﬁ is the non-negative increasing sequence of repeated eigenvalues of —A,. Note that
the kernel of —Ay, is null for k& ¢ L* and one-dimensional (generated by ¢7) otherwise, a reason
for us to enumerate the spectral family (¢F) by n € M with M* := N* for k¥ ¢ L* and
M* := N* — {1} otherwise, so that in either case ¢} ¢ Ker(A) if n € Mk. We also agree to
extend these sets by symmetry

M* .= Z* for k ¢ L* and M"* := Z* — {—1, 1} otherwise. (18)
Likewise we set )
A, — 0 \/avy(jp-) (19)
ke —sdivy(va.) 0

on the dense domain
D(Ag) :={(p,9) € LX(V)N x L*(Y) | Vap € H{™(Y), ¢/\/p € Hy(Y)} C L*(Y)¥F

Theorem 9 For each k € Y*, the self-adjoint operator iAy, on L*(Y )N *L is reduced by a spectral
orthonormal family (eX),cnr of L*(Y)NT! in the sense that

. , Sn _ 2w
Ap =1 Z Sn )\|kn|H7]2 = um Z Jﬂﬁ with of = —,
neMb neMk " \/ /\|n|

where s, denotes the sign of n and I1¥ the one-dimensional orthogonal projector onto

P ( —i e Vav,(dhy/vo) )
. i .

V2

Moreover, the global sum II* := > 1% € L(L*(Y)NT) defines the orthogonal projector
1 — II* onto the kernel Ker(Ay) of Ay.

Remark 10 (i) In agreement with (16) and Remark 8, the eigenvector ek € HL(Y)N*! in
Theorem 9 will always be identified with its k-quasiperiodic extension wye® € HL (RV)N+L,
(i1) It so happens that the spectrum o(iAy) C R of 1Ay is symmetric with respect to the origin

loc
and purely punctual. The eigenvectors {e’fm, ek} associated with opposite non-zero eigenvalues

of 14y, are very similar since \/2eF = —isnvﬁ1| + wﬁﬂ for all n € M* with
1 k
o = < \/avy(g”/\/ﬁ) ) and wk := ( (;)k > for alln € ME. (20)
A n

n

11



Of course {e~,,,e" .} and {vE wk} are two equivalent orthogonal bases in the range of 11, +
II_,, which more or less play the same role in what follows. The first will lead to simplified
microscopic equations, see (58), while the second will prove relevant to handle the boundary
conditions on OS) inherited from the physical problem (11), see Proposition 26.

(111) It is worth noticing that 1Ay is an operator with non-compact resolvent when N > 1,
because the kernels Ker(: — (z — Ay)™') D Ker(Ag) are then infinite-dimensional for any
z € C* — o(Ayg). Typically, when N = 2 or N = 3, the kernel contains infinitely-many curl-
functions: Ker(Ay) D \/Lacurl HE(Y) x {0}. Nevertheless, the spectral resolution of iAx can be

carried out thanks to that of —Ay, see (ii) of the following proof.

Proof. (i) SELF-ADJOINTNESS. The arguments given below to establish the self-adjointness
of iA;, are based on elementary facts taken from the theory of H' and H% -type spaces, as set
out in [18] Ch. IV and IX. As often, everything will center on the ability for us to write fully
general Green-like formulae. We start with the symmetry of ¢A;. Taking (p,q) € D(Ax) and
(p, ) € D(Ag), we can express

/Ydivy(\/ap) < 0/\p+Vap - Vy(6/v/p) dy = (1 (Vap) Y (S/VD) oy wanroyy (21
/Yvy(q/\/ﬁ) Vap + % : dwy(\/ago) dy = <7n(\/a¢)h/(q/\/ﬁ)>H_1/2(8Y)><H1/2(8Y) (22)

by means of a duality bracket involving the usual trace v and normal trace ~,, built on 9Y,

because (vap,¢/\/p) € H*™(Y) x H'(Y) and (Vap,q/\/p) € H"™(Y) x H'(Y). As a conse-
quence,

/YAk(p, Q) - (9, 90) + (p.q) - A, ¢) dy = {(v,(Vap) |y (9//p)) + {(v.(Vap) |y (a//p))

is seen to be zero by the balance of k-quasiperiodic conditions between (p, ) and (¢, ¢). Stated
another way, i Ay, is a symmetric operator. Therefrom, the self-adjointness property only consists
in identifying D(A}) with the adjoint domain D(A}) made of all (¢, ¢) € L*(Y)N x L*(Y) for
which the linear form

(P7Q)'_>/YAk<paQ>'(90a ¢) dy:/ydivy(\/ap)-¢/x/ﬁ+ Vyla/vp) - Vap dy  (23)

is continuous on D(Ay) in the norm of L*(Y'). But, particularizing (23) to p = 0 and ¢//p €
C>(Y), respectively to v/ap € CX(Y)N and ¢ = 0, we see that div,(v/ap) € L*(Y) and
¢/\/p € H'(Y), so (21) and (22) make sense not only for (p,q) € D(Ay) but also for more
general \/ap € H*™(Y) and ¢/\/p € H'(Y).

It turns out that any non-zero linear form built on the boundary dY" is necessarily discontinuous
in the sense of L?(Y). Therefore, the boundary forms

Vap € H(Y) — <’Yn(\/5p)|7(5/\/ﬁ)>H—1/2(aY)xH1/2(aY) eC
0/ € HYY) = (3 VaD)v(a/ /D)) oy xsraony € C

given in (21) (22), and L?*(Y)-continuous by (23), must vanish identically. In other words,
—1/2 . 1/2 o 1 :
Yn(Vap) € H™Y2(0Y) is orthogonal to H,/*(0Y") = v(H,(Y)), and in the same way v(¢//p) €
HY2(dY) is orthogonal to H, /*(8Y) = ~, (H%*(Y)) with
H,}:/Q(@Y) = {u € HY?(9Y) | u is k-quasiperiodic on Y},
H,;”Q(ay) = {ve HY2(9Y) | v is null on H;/2(8Y)}.

12



Thanks to the description (16) of H}(Y) and H¥#(Y') from the inside, this well and truly means
that (vayp,¢/\/p) € H"(Y) x H(Y). Thus, we have checked that any element of D(Aj)
belongs to D(Ay), which finally proves the expected equality of domains D(Ay) = D(A*)

(ii) SPECTRAL DECOMPOSITION. Using the orthogonality relations satisfied by (¢* )neMk
namely:

0=/¢ﬂ¢%@wj/aVW%A@%VAﬁJWﬁ%/&wwym#n
Y Y

L= (168 B2y = [WaVy (6 /7 [Za /N for amy n,

we see that (eF), cyk is a hilbertian basis of the closed subspace F C L2(Y)V*! generated by the
set of all e for varying n € MF*, these eigenvectors of Ay being associated with the corresponding
eigenvalues 2ims,/af. We now prove the equality F = (Ker(A;))*, or equivalently Ft =
Ker(Ayg), by checking a double inclusion. If ) € Ker(Ag) then the relation

2i7r3n/ ) dy = aF /Ake wdy—a/eﬁA,(c*)wdy:OforaHn
Y y

shows that 1 € F*+. Conversely, if ¢ = (p,¢) € F*- then [, ek - dy = [, e*, - dy = 0 leads
to

/@'ﬁvy(qbfl/\/ﬁ) dy—/gzﬁ-gzﬁﬁ dy = 0 for all n.
Y Y

As a consequence, ¢ is null when k ¢ L* and proportional to ¢ when k € L*. So V,(¢//p) =0
in either case. Likewise, div,(v/ap) = 0 results from the fact that \/ayp is orthogonal to
v, () v/p) for all n and hence to any V,h with h € H\(Y). This last extension, which will
finally complete the proof of the membership (p, ¢) € Ker(Ayg), relies on the totality of the
family (V,(¢%/\/p))n when viewed in the subspace G C L*(Y)N defined by G = V,H}(Y) =
Vy(HL(Y)/\/p). To check this density property, we first point out that G is closed in L*(Y)".
Indeed, by the compactness of the embedding H*(Y) C L*(Y), the gradient operator V, €
L(HL(Y); L*(Y)N) maps every bounded closed subset of H(Y) onto a bounded closed subset
of L3(Y)¥, and as such is an operator with closed range, see [22] Ch. IV Th. IV.1.10 p.
99. Since the multiplication operator y/a is an isomorphism of L?(Y)Y, we also know that
VagG is closed in L*(Y)V. Next, we recast the question as the equivalent totality of the family
(vVaV,(¢%//P))n in \/aG. But, taking h € H}(Y) such that \/aV,(h/\/p) is L*-orthogonal in
VagG to /aV,(¢k/ v/p) for all n, the spectral equation of PF yields

[ VAV /) Va6V dy =N [ b6k dy =0 for all

and this again implies that A is null when & ¢ L* and proportional to ¢} when k € L*. So
Vav(h/\/p) = 0 in either case. As a consequence, the L*-orthogonal in G of the set made of
all V(¢ / v/p) for varying n is null, and the stated totality is proved. m

We end this discussion with a fundamental identity of differential calculus relating the physical
operator A® of (9) and the spectral operator A := Ay, of (19). For any regular vector ¢ = ¢(x,y)
depending on both space scales, an easy computation yields

i

A @i D) = (G4 B) (0.9, 24

£
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where the operator B is defined as the result of the formal substitution of z-derivatives for

y-derivatives in A i.e.

0 aV, (L.

B::<de Va) Vva O(ﬁ)>‘ (25)
N '

5.3 Asymptotic spectral estimates
We list here the few properties of the spectral elements (A\¥) and (e*) to be used later on.
Lemma 11 The order of magnitude of )\fl for large n 1s given by

ozon2/N < /\fL < a1n2/N,

where 0 < ag < ay < oo are independent of k € Y* and n > 2. Note also that the first level
satisfies )\(1) =0< )\’f < ;.

Lemma 12 The corresponding asymptotic behavior of e* for large n is

ek |y < all+||Vpllrepy + || Val[pey)n' /Y,
ekl < a(l+ HVPHLoO(Y + [IVal|Levy)n,

where 0 < o < 00 s independent of k € Y* and n > 1.

The proofs will be omitted. Note also that the constants «, ag, @ may be chosen as functions
of (py, p1,@0,a1) only, and accordingly, that the spectral estimates hold as soon as (p,a) is
Lipschitz periodic.

We close this subsection with a preparatory result concerning the field

% )
NG VP

O
\/_

ko I _ el

nm 5 )‘Ikn| |Y| \/_

) — —=aV,(—=) dy € CV, (26)

whose relevance will appear more clearly after (47).
Lemma 13 If \F is a simple eigenvalue of —A, then xF, = Vi(1/ak).

Proof. Decomposing ¢F(y) = VOPE(y)e*™ v with ®% periodic on RN, we rewrite the
eigenequation of ¢¥, the normalization relation ||e¥|| = 1 and the expression (26) of ¥, as

0= EF = div,(aV,®") + 2ink.aV,®F + 2indiv, (ak®F) + (\Fp — dr?ak.k)DF,

1 / k|2 r_ L k

— [ p|®|dy=1and \] = — [ O dy (27)

Y1 Jy Y1 Jy

where OF := aVyCI)ﬁ.VyEZ + 472|®F Pak.k + 47k Im(@iavyfbﬁ),
1 —
4y NEgk = m/ =¥ dy where ZF .= 87°|®%|?ak + 47 Im(@iavyfb’;).
Y

nnn

Now, a lengthy but elementary calculation (only based on iterations of the product formula
O(uv) = vou + udv) leads to the identity

2Re(®, Vi EL) = 20|05 PV, 0L + NV, (p| @ %) — V0% — =E + (2 Re divyHS(J')) . (28)
J

-----
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where

L LT, & Ok
HE(j) = @, n o 2inBnak " + 2ir|®k[a s
n(]) na’vy ak,] + n@ akj + 271-| nl aakj

is periodic (like ®* and V,®%). Integrating (28) over y € Y and taking advantage of (27),
we get Vidr = 4m(/ ARk or equivalently x5, = V,(1/a%). This concludes the proof provided

that we legitimate the formal derivation Vi used above. In fact, given any fixed value of
the parameter ky such that )\ZO is simple, there exists a neighborhood N of kg for which the
simple eigenvalue k € N +— /\fL € R is analytic, and for which the corresponding eigenvector
ke N — gbfl € L?(Y) may be chosen analytic. Due to the simplicity assumption, this property
may be considered as easy in Kato’s perturbation theory of analytically dependent operators.

More specifically, we refer the reader to [24] Ch. II Section 4 p 98 for the construction of a

regular parametrization of (bfL. ]

6 Two-scale transforms

Let us start with the construction of the space two-scale transform. We first split the physical
domain €2 into a large number of Y -cells up to a small left-over region €2 — ). around the
boundary 09 by setting €. := |JC., where C. :={el + Y | L € L, el + Y C Q} is the set of
all cells fully contained in Q. For any k € Y*, we then define S¢ : L*(Q2) — L*(Q x Y)) by the
formula

Spu(z,y) = Z u(el,, + ey)e 21, (z), (29)

we€Ce
where €/, € ¢L stands for the unique node of w.. We check at once the pseudo-isometric
property

g 1 13
1S5l Z20xy) = %] |Siul? dydx = / [ul* dz = [[ul| 720,y < [Jull72(@ (30)
| | QxY Q.

for all u € L*(Q). A straightforward consequence is that S{u® € L?(€2 x Y) has limit points
in the weak convergence of L?(2 x V') as ¢ vanishes, whenever v* € L?(Q) remains uniformly
bounded. Such a limit point is nothing else but a two-scale limit in the sense of [1], as is made
clear by our two-scale conversion lemma:

Lemma 14 Let o € L*(Y; H*(Q)) and k € Y*. If p := @y is k-quasiperiodically extended on
RY, then

T v
[ 1P %) do < OV, 00152 gy 31)

where 6, == (1 — A,)Y2. Moreover, for any u € L*(2),

1 x
31 stuep it [ )o@ D) d| < fullie () (32
Y| Jaxy Q €
where R.(p) tends to zero with ¢.
Remark 15 (i) The operator 6, could be replaced by any differential operator with constant
coefficients controlling the H'(Q2)-norm uniformly on'Y .

(ii) Given any regqular function p(x,y) such that |p|*(z,y) is periodic in y, the usual integral
Jo lel?(x,2) dx can be estimated in many ways, see [1] and [30] among others. For instance,
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the following straightforward inequality holds true with r. — 0 depending on the geometry of
o) only:

L 1P @2) do < [l Dty do <1910+ g [ el do

The resulting bound is essentially equivalent to (31) in its principle but involves a non-hilbertian
norm ||.||pe, and only applies to measure-bounded domains ). We devised (31) precisely to avoid
this inconvenience, even if the counterpart is a logically higher regularity assumption in x (but
not in y, which is fundamental in the sequel).

(i11) For any regqular k-quasiperiodic function ¢, the convergence

1« (k
/ oz, %) do — L (k) / o(z,y) dedy
Q € |Y| OxY

is readily checked, for instance as a particular case of (32). Re-interpreting the integral in the
righthand side, we could even drop 1 (k), since in the theory [17] of almost periodic functions
the L*-mean value of a k-quasiperiodic function is zero for k & L*.

Proof. (i) We first prove (31). Thanks to the Lipschitz regularity of the bounded boundary
99, there exists an extension operator J € L(L*(Y; H”(Q)) L*(Y; H(RY))) with respect to
the z-variable, see [29] Ch. II Sect. 3.6 - 3.7. We set  := wy(Jp) € L} (RY; H*(RY)) and

compute
/w = dw—/\w! = dx</ 7122, 2) da
RN £

1 / 2 2
_E wel | S| (ely,, + ey, y) dy < E / wel| [Ty | Teo(y d
— Dr‘ Y| ‘ ‘ ’ ( ) — Dr| Y| | H ( )||L (we)

But the Sobolev embedding for a unit cell asserts after dilation that
Wl [ 1700y < ON Il v

holds true with a constant Cy depending only on N provided that |w| < 1. Applying this
estimate to Jop(.,y) yields

IECREELSS |Y|/rw Do) d |Y|/||J D) Bwgam, dy

1Zlie _ e .
< T el dy < FEE [ 0%l dy = IVICN 0 ey,

which completes the proof of (i) since ||J|| may only depend on the geometry of 0.
(i) We now establish (32) for any ¢ € L*(Y; H**1(Q)). Simple calculations and changes of
variables lead to

1 1 .
SE“'SDd"deC:/ ur ( X, — dX)dm, 33
Y Joxy " 0. (@) w2 S ( 5) (33)
T £ 1 T
o) Tl D)) dX = "V o) dy'ds, (34
|w?| wZ 4 '€ SD(x’&‘)) ‘Y‘/O [ugwy Vap(a +esy 5) yas (34)
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where w? € C. denotes the e-cell in € containing x. Combining (33) and (34) we obtain

. T
‘m - Siu - @ dydx — /8 u(z) - p(, g) dx

1/2
x
< Crelllle ([ 1900 DB @)

Now we apply the above-mentioned Sobolev inequality to V,¢(.,z/¢) on w = w? for any fixed
x € Q. and remark that

T 1
L T Dl do = g [ 19l o

This yields

1 T
— S - o dyda — oz, ) d
’|Y| /QxYSku @ ayar /qu(‘r) gﬁ(l’,g) x

It remains to estimate the integral of |¢|?> on Q — Q. £ QN |JC! with C ;= {el +cY | L € L,
el +eY ¢ Qand (el +eY)NQ # o} But

| owbeDa=3 [ e as Y [ 10e Dl d

we€CL QNwe weeel Y we

< Cellullr2() || Va2 v;m())-

=% g [ el dy < T [ 160 ey

we EC’

tends to zero because the Lebesgue measure of | JC. C RY is small with .

(iii) We end the proof with a regularization step. So far (32) has been proved for any
. € LA(Y; H"*1(Q)). To extend it by density to any ¢ € L?(Y; H"(Q)), it is enough to let €
go to zero and then ¢, to ¢ in the following easy estimate

T v
Spu - dydr — / u(@)e(z, 2) dr| < C(N, 0Q)Jullr2@[105( = @o)ll2@xv

Q

‘W/QXY
xr

Scu - o, dyda — / u(w) oo, %) do

4+ | —
‘|Y| QxY Q

based on (30) and (31). Altogether, this completes the construction of a negligible upper bound
of the type ||u||r2()R:(y) in (32). m

Let us adapt what precedes to the definition of the time two-scale transform. Taking Z C R as
a canonical lattice and A = (0, 1) as a unit cell, we set I := |JC, where C := {el+eA | € Z,
el +eA C I} is the family of all eA-cells contained in I, and we define T¢ : L*(I) — L*(I x A)
by

Teu(t,7) := Z u(ely, + 7)1y (), (35)

f-ect

where ely, € €Z stands for the left end point of f.. Note that the subdivision of I. has been
adjusted to form an exact partition of I around 0 € I. The time version of the two-scale
conversion lemma then reads:

17



Lemma 16 For any p € L*(A; H'(I)) periodically extended in Li (R; H'(I)),
t
J 16t 2) dt <l
where §; == (1 — O2)1/2. Moreover, for any u € L*(I),

[ g ara= [uoete. ) ol < Jull o

where R.(p) tends to zero with €.

To conclude this part, we create a mixture of time-space two-scale transforms and spectral

analysis, by defining for any k¥ € Y* a pseudo-isometric operator W7 : L*(I x Q)N —
L3(I x A x Q x Y)N*1 acting in all time and space variables
Wi = (1-T1%)S+ > T=IIESE, (36)

ncMFk

where MF, TI*, Hfi and ozfl have been introduced in (18) and in Theorem 9. Extending by
quasiperiodicity the images of each W¢ from L*(Y) to L*(Yk) also yields a multi-fibered wave
two-scale transform

We= > @ Wi (37)

Remark 17 The kernel and non-kernel parts of S§ in (36) may seem to have been treated

differently. In fact, up to an artificial choice of a sequence of one-dimensional projectors ¢
decomposing 1 —I1¥F =Y~ 7% the kernel term (1 —I1¥)S5 could very well be obtained as a sum
of T=mk S¢  with the consistent convention T := 1 when o = +oo (the appropriate ‘period’

for kernel-waves). Viewing the kernel as a whole appears more logical.

As a matter of fact, W; and W*¢ are contractions as composite functions of contractions:
HWgUH%?(IXAXQXY) < HUH??(Im) and HWEUH%%IxAxQxYK) < HUH%Z(Iny (38)
1
where we recall that HWEUH%Q(IXAXQXyK) = m/ \WeU *dy with |Yx| = KN|Y].
K| Jyg

Let us check in detail the first inequality of (38) which is fundamental. The second one will
then ensue by the k-orthogonal decomposition of Theorem 7. To do so, we start with applying
orthogonality relations w.r.t. y in the formula of the wave two-scale transform

Wi =(1—T")S;+ > ToIES; = (1—I1%)Sg + ) IIE(T° S
neMF neMF
in order to obtain its squared y-norm for a.e. (¢,7,z) under the form
g 5] EOék 15
IWiU[Z2r) = 11 = T)SU G2y + D 1T IESTU gy
neMk
We then perform a partial integration w.r.t. (¢,7) to get rid of each of the contractions Teen

L2(I) — L2(I x A) ie.

IWEUI 2 (rnxry < N =TO)SEU N 2rery + D ITESEU 2 (vy = 155U 27
neMk

In particular, after x-integration we recover the estimate

||WI§U||%2(I><Q><A><Y) < ||SZU||%2(I><Q><Y)7
in which S§ : L*(Q) — L*(2 x Y) is a contraction independent of ¢ € I. The conclusion is that
We: LI x Q) — L*(I x 2 x A X Y) is a contraction as expected.
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7 The wave two-scale model

Assuming the data bounded as in (13) and fixing K € N*, we know by (38) that the bounded
solutions U*® of Theorem 3 give rise to bounded wave two-scale transforms W*<U*®. Denoting
by U the weak limit in L?(1 x A x Q x Y )N+ of any 2 of its converging subsequence, we
investigate the structure of U, and search for equations satisfied by U.

Our result will be rigorously stated in Subsection 7.2 by means of a weak formulation as a
homogenized hyperbolic system, but presented first more explicitly in Theorem 19 of Subsection
7.1 through the strong form obtained after disintegration by parts. Besides, the results of
Subsection 7.2 have an abstract nature, since they remain at the level of the global homogenized
system satisfied by U taken as a whole, without any insight into its spectral structure. They are
probably less illuminating than the corresponding ones of Subsection 7.1, which highlight the
band structure of the model, by putting forward the local discoupled equations satisfied by the
different modal components (or band-coefficients) of U. Yet, both subsections are essentially
equivalent, the link between them being well-detailled in Subsection 7.9.

7.1 The homogenized model in strong form

The classical expressions of the homogenized coefficients of (6) are

D= / p dy and @ := / (1—P) dy, (39)
[Y] Yl

P e L(LAY)Y) (40)

with range VH}(Y) maps any 6 € L*(Y)" on V,w € L*(Y)", with w the unique solution
in H}(Y)/C to the so-called cell problem div,(aV,w) = div,(af) understood in a variational
sense, see for instance [7] or formula (2.6) of [1].

where the projector

Remark 18 Another equivalent definition of the homogenized matrix is

aU : |Y’ / ij € dy ‘Y‘ / ij) ( vaz’) dy,

where (X;)i1<j<n denote the solutions to the cell problems associated with the canonical basis
(6ih1<jen of RN in such a way that V,x; = Pe;.

After extraction of a subsequence, we introduce the weak limits of the data (note that Vuy and
0,9 are well-defined because the property of being a gradient is preserved by weak convergences)

f= lignfE € L*(I xQ),
Vug := lign Vus € L*(Q)Y and vy = lign pus/p € L*(Q), (41)
Org :=lim dyg° € HY(I; HV/*(I'p)) and h := lim h* € HY(I; L*(Ty)),
and the weak limits of the relevant projections along e* for any n € M*

. 1
F’r]f = hm/ 6_2Z7r8n7-m/ VV}?FﬂE . 62 dydT c Lz(I X Q), (42)
15 A Y

1
Ur = lim—/ SeUE - e dy € L*(Q). (43)
’ = Yl Jy

3The convergence of the whole sequence eventually results from the uniqueness of the limit problem proved
in Proposition 36 (for Q = RY only).
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Note that (A¥, e¥) has been defined in Theorem 9 and M* in (18). We also recall the description
of L% in Subsection 5.1 and the expression of ¥  given in (26) in order to state:

Theorem 19 Suppose the coefficients reqular as in (5). Then, for any fired K € N* and any
bounded data as in (13), any weak limit U of the bounded wave two-scale transforms WeU® €
L3I x A x Q x Yg)NT of the solutions U to (11) takes the form

Ult,7,2,y) = Un(t,z,y) Z Z UR(t, z)e? ™7k (y), (44)

keL} neMF

U, — ( ﬁ(l\/—palzvxu ) | (45)

where u = u(t, x) solves the well-posed scalar problem
POEu — div,(AV,u) = fin I x Q,
u(t =0) = ug and dyu(t =0) = vy in €, (46)
u=g onl xTp, and aV,ung="h onI x 'y,

and where U¥ = UF(t,x) solves for any n € MF the first-order hyperbolic system
QU =50 > Kb, VUL =FF inIxQ, (47)

meMk

Ukt =0) = Uy, in <,

of size the multiplicity of the corresponding energy /\|kn| Here the sum runs over the set M of
all m € M* with the same sign as n and such that )\fm‘ )‘In\

Concerning the low frequency part Uy of the model, we recognize in (46) nothing else but the
homogenized wave equation (3.20) of [8] and [20]. Its well-posedness is discussed in Sect. 3 of
[8] in the typical case of homogeneous boundary conditions. Note also here that g and ug have
only been defined up to some constants by the values (41) of their derivatives. An immaterial
compatibility relation between g and ug is obviously in order to tie these two constants, see
e.g. (105). But since u only appears through (45), it is in the nature of things that u (and
accordingly ug) be meaningful up to some constant only.

In parallel, the high frequency part involving U* shows a decoupling of all modes with different
eigenvalues )‘Inl and different sign s,. When the eigenvalue \* of —A} is simple Wwe recover as a
particular case of (47) that U* is solution to a single transport equation 0,U*—s, kk .V, UF = F*
understood in a distributional sense in [ x €2. Unfortunately, no boundary cond1t10n on 0f2 has
been derived ensuring that UF is uniquely determined by its initial value U,,. This remark will
explain the need to take Q = R¥ in some further results.

Remark 20 The expression of k¥ given in Lemma 13 for a simple eigenvalue has obvious
common points with the homogenized equations (2.17), (2.12) and (4.45) obtained in [21] for
the Wigner measure in an energy band. Note that the assumption of isolation is essential to
guarantee the differentiability of the eigenvalue N as a function of k, see the proof of Lemma
13. A wusual way to circumvent it is to perform a local study in the set of points k where
)\fZ remains simple (or of constant multiplicity). This is the point of view adopted in [21], but
it then becomes very difficult, if not impossible, to give a simple description of the behavior
of the individual scalar equations when they reach a crossing point. The reader familar with
the problem of band crossings will be happy to see how our transport equations (47) have been
derived in full generality (without any isolation assumptions or any reqularity restrictions on
the spectral values).
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In Section 8 we will deduce from Theorem 19 an approximation result of the type

)

x isny/AE /e g, T

Us(t,z) = Uy(t,z, = E E Rt VA -

(73:) UH(,ZL’,g)"— Un(,$)6 en(5
keLj neMk

in the strong sense. Furthermore, a formal limit K — oo (i.e. Yx — RY and L} — L*) can
then be performed to recover the complete set of Bloch waves.

7.2 Weak formulation of the homogenized model as a system

In this subsection, we rephrase the preceding discussion in terms of systems and of weak for-
mulations. As before, assuming the data bounded by (13) and fixing K € N*, we extract
from the (multi-fibered) wave two-scale transform WeU*® defined in (37) a weakly converging
subsequence in L*(1 x A x Q x Yg)VT1 and decompose its limit U as

U= Y @U"e LI x AxQx Vi)V, (48)

k€L

where U* is the weak limit of the (single-fibered) wave two-scale transform WiU¢ defined in
(36) and where twy, is the k-quasiperiodic extension operator of (40). In the same way, we
introduce on Yk the Lj,-sums

Fi= > @F* e (I x A x Qx V)",
keL,
Up:= Y @l € LX(Q x V)N, (49)
keL’
G .= Z kak = WOGO,

keL,

of the k-quasiperiodic extensions of the two-scale weak limits * of the data (F¢, U, G%) occuring
in the physical problem (11) i.e.
FFo=lmWiFe € L*(I x A x Q x V)N
Uy = 1lim S;US € L*(Q x V)N (50)

k. . Ip,0ig%Vang \ Iy, 0:gv/ang
0=t (MY ) = v (MY ).

Note that the boundary terms 9,9 and h have already been discussed in (41).
Next, we define an integro-differential operator B acting on smooth functions (p, q¢) = (p, q)(z,y)
of the macro-micro space variables (z,y) by setting

B Va(l = P)V, (ﬁ Jy VP dy)

1
B ( P > = = : (51)
q P\ pdiv, (ﬁ [y a(l = P)a="?p dy)
where p and P have been introduced in (39) and (40). Roughly speaking, B is the operator
obtained as the composition of the derivation (w.r.t. x) issued from B of (25) with the projection
(w.r.t. y) onto the kernel of the operator Ay of (19) in the case k = 0 of periodic conditions.

4The quasiperiodizations of the weak limits and the weak limits of the quasiperiodizations coincide.
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We also introduce the orthogonal projector II¥ € £(L*(Yi)N*!) defined for any n € M* by

~ 1

o (s [ wechay) ok
Yicl Jyic

together with the corresponding global projector IT* := Z " € L(L*(Y)N*), where eF has

neMF
been identified with its k-quasiperiodic extension on RY according to Remark 10 (i).

Remark 21 The notation suggests that ﬁfl € L(L2(Y)NTY) s in some sense an extension of
[k € L(LA(Y)N*1) defined in Theorem 9. This is the case insofar as 1IF =TIF if K = 1.

We then define an integro-differential wave operator A acting on both space scales by setting

A=B+ > > s, BII® 411, BI* (52)

keLj n,meM¥ s.t. Mo =)k

on

D(A) = {(p,¢) € Hy (Yic; H ()" x H (Yie; H' ()
st. o=0onTyx Ygand ¢ =0onTp x Y} C L*(Q x V)V

It will be proved later on in Corollary 35 that iA4 is essentially self-adjoint on L*(Q x Y )N+t

and not only symmetric as it is readily seen from the formal expression of A (and B). We
continue to comment on A with now a few words about the summation in (52). First, for any
fixed n € M¥, the sum over m is actually finite (because M — 00 as m — oo) and non void
(because the diagonal case m = n always appears). Second, when n € M’j_ varies, the different
terms in (52) give rise to a direct sum of operators (because of the presence of orthogonal
projectors on the left and on the right of B) indexed by the eigenvalue A\ = )\ﬁ. But, using \*
instead of (m,n) to reindex the sum reveals a band structure, in the sense that A — B is the
direct sum of the block operators

> m:, BII® 411, BIT* (53)
nmeME s.t. AE=XE =\F \F
when \* varies over R, these blocks being pairwise independent. Of course, there are as many
terms in (53) as the (squared) multiplicity of \¥ as an eigenvalue of —A;. In case of simplicity,
the block in (53) reduces to "two opposite modes” ﬁ’inBﬁﬁn +II* BII* | which will give rise
to two directions of propagation in opposite sense (++%, and —x¥ ) in the transport equations
(47) of the final model. Finally, the fact that the different ”components” II¥ BII* of A only
interacts for (m,n) € M* x M”* in a common energy level ()\‘km = )\|km|) is a key feature of our
model. This discoupling phenomenon will be exhibited as the result of a destructive interference
between exponentials with high oscillations in time:
eﬂ\/A'k"‘t/eejm\/)‘fc’”‘t/8 — 0 when )\fn| £ A\

m|-

We are now in a position to formulate our multi-fibered asymptotic wave two-scale model writ-
ten as a system. This model is comprised of microscopic equations imposing strong constraints
on the 7-dependence i.e.

o-((1 - ﬁk)U) =0 and 0, (e_%m”ﬁﬁU) =0 for all n € MF and &k € L}, (54)
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and of the following macroscopic equation

/ F - dydxdrdt + / U- (0, — A dydxdrdt
IXAXQXYE IXAXQXYg

[ tut=0r=0) g+ [ G- (1~ T dydodrdt =0 (55)
QXYK I

XAXOOX YK

valid for any admissible test function v in
W ={y € Hf (A x Yg; H'(I x QNN | 4 solves (54),
Y(t,7,.,.) € D(A) for every (t,7) € I x A and ¢(T, .,.,.) = 0}.

Theorem 22 Suppose the data bounded as in (13) and the coefficients reqular as in (5). Then
any weak limit U of the bounded wave two-scale transforms WeU® € L2(I x A x Q x Y )N+t of
the solutions U® to (11) takes the form (44)-(45) and satisfies (54)-(55).

Remark 23 (i) The microscopic equation (54) completely determines the way U depends on T.
And this dependence is essentially trivial since it only involves the three elementary functions
e =2 1, etHT . Accordingly, the microscopic equation (54) can be read again in the special
form (44) taken by U. For instance, the fact that the low frequency part Uy only depends on
(t,z,y) is a reminiscence of the fact that (1 —TF)U is constant in T for all k.

(ii) Because of our choice of time cells in (35), the time interval I is exactly subdivided
around the origin 0 € I, whose image in the macro-micro variables (t,T) is precisely the point
(t = 0,7 = 0) occuring in (55). This technicality solely explains the appearance of the value
7 = 0. Note that this condition should not be interpreted as a Cauchy condition in the periodic
variable T, since (55) is not an evolution equation in T (no T-derivative being involved) and since
the admissible test functions ¥ in (55) describe a finite-dimensional space from the standpoint
of the T-dependence.

(111) It will be seen a posteriori that the lack of boundary conditions in (47) originates from
the stringent condition ")(t,T,.,.) € D(A) for every 7”7 imposed by VW on the test function. In
the same respect, refer to Remark 27. Unfortunately, we did not manage to enlarge the space
W by weakening this condition.

We finish with an equivalent version of Theorem 22 devoted to the case of only one fiber k. In
this context, the operator 4; analogous to A is just

Ay =1 (k)B + > nt, Brk, 4+ 1%, BII* . (56)

n,mGMf_ st AE=)\F

Theorem 24 The assumptions are those of the preceding result. For any k € Y*, the compo-
nent U* of U in (48) satisfies the one-fibered wave two-scale model comprised of the microscopic
equation (58) and of the following macroscopic equation

/ F* o) dydzdrdt + / U* - (0, — Ay dydxdrdt
IXAXQXY IXAXQXY

[ v = 0= 0) dyde+ [ GF- (1~ Ty dydadrdt =0 (57)

QxYy IXAXOQXY
for all p € Wy, defined in (63).

The easy equivalence between Theorem 22 and Theorem 24 will be checked in Subsection 7.10.
Independently, Theorem 19 will be deduced from Theorem 24 in Subsection 7.9, where the
limiting local equations of (46) — wave equation on the low frequency part — and of (47) —
transport equations on the modal coefficients — will be pulled out from the global operator A
of (52). The remaining parts of Section 7 are devoted to the proof of Theorem 24.
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7.3 Microscopic equations

For any fixed k € Y*, we start with the derivation of the one-fibered microscopic equations

(0, — 20irIU* =0 with TTF == >~ 5,118 € L(LA(Y)VH), (58)

neMFk

where the orthogonal projectors IT¥ are defined in Theorem 9.

Lemma 25 For any 1 € Hf(A; L*(I x Q x Y))N*' and any k € Y™,
/ WEU - (9, — 20 TT¥) dydadrdt — 0.
IXAXQXY

Moreover, any weak limit U* of WEU* is solution to the microscopic equations (58), which may
be detailed as

O, ((1=1"U*) =0 and 0, (e ™ I U*) = 0 for all n € M". (59)
Proof. (i) We first establish the convergence
/ WU - (0, — 2inT1¥)e, dydxdrdt (60)
IXAXQXY
—|Y] Z/ US(t,z) - (9 — 2irIIF) I, (¢, €ti‘i g) dzdt — 0

for any ¢, € H}(A; L*(I x Q x Y))¥*" taken as a finite sum of the type

Vo= (L= T1)ho (6,7, 2,9) + D, (8,7, 2)ek (y),

where 1, € C*°(I x A x Q) is A-periodic with respect to 7 and compactly supported in the
interior of 1 x € and ¢, € H}(A; L*(I x 2 x Y))¥*!. By the very definition of W, we compute

/ WU - (0, — 2in11¥)e, dydxdrdt
IXAXQXY
= / (1= I*)S;U° - (9, — 2in T )y, + > ET=%SEU° - (8, — 2inlTF ), dydzdrdt
IXAXQXY n
= / (1—T"SU - 0, + Y T SU° - 115 (9, — 2inl1F)ep, dydzdrdt
IXAXQXY n
= / 0-((1=T*)SEU° - ,) + ) | T SeU* - (8, — 2ir Ty, dydwdrdt.
IXAXQXY n

Therein, the first term is trivially null by the assumed 7-periodicity of ., and the remaining
finite sum can be converted into an integral over I x §2 by applying the two-scale conversion
Lemmas 14 and 16 in both space and time variables to the test functions (9, — 2ixII¥)I1%y,,
which are regular enough by our choice of 1,,. This yields (60) as claimed.

(ii) For each n, we now establish the equality
Us(t,z) - (0, — 2imIIE)TE (%, ! —
IxQ Ea,

t
= —g/ al (F*-1ip, + U® - (0, — B)a,) (t, — =, 2y duwdt.
IxQ) EQ £

n

mlH

) dxdt (61)
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Taking ; .
T i
€ = Hk —_— —_ pr—y —_— k —_ €
UEt ) = TS~ 2, 5) = 0, (1, — )k (5) €V

n n

as a test function ® in the physical problem (11), we get
/ Fe e+ UF - (0, — A9)oS dadt = 0,
Ix)
where

e 1 1 t T
0= 2905 = (g0 - 2w+ 0= BT, ) (6 D)

k ga"’?; Y )
= (L@ — 2y + (0 - B, ) (F—— 2 D) (62)
SQZ T s)+n¥e 3 n¥e Teak’ e
in virtue of the fundamental differential identity (24) applied to ¢¢. Equality (61) follows.
(iii) To complete the proof, we incorporate (61) into (60) and recast it as

/ WEUe - (0, — 2ir11¥)e, dydxdrdt
IXAXQXY

t
— )0, X
PREd)
eq,

o8

+elY]) /I ) ok (Fe - Th, 4+ U* - (9, — B)ITEp, ) (¢, ) dadt — 0.

In particular, the convergence stated in the first part of the proposition holds true for the class
of test functions ¢, used so far. By the density of this class in Hj (A; L*(1 x Q x Y))¥*, the
case of general ¢’s follows at once from the easy estimate

<

/ WEU® - (0, — 2in11¥)y dydxdrdt
IXAXQXY

/ WU - (0, — 2inl1¥)e, dydxdrdt
IXAXQXY
‘FHLVEIJEHL%IXAXQXY)(2WH¢)_“¢CHL%IXAXQXY)+_H6L¢)_'8TwcHL%[xAXQXYU)-

Finally, the distributional equations (9, — 2ins,)[I*U* = 0 stated in the second part of the
lemma are obtained by passing to the limit. m

7.4 Construction of admissible test functions

Let Wy denote the space of all test functions ¢ satisfying:

P € C¥(I x A x Q x V)N is k-quasiperiodic in ¥,
(0r — 2inTTE)dh = 0,

W(t,T,.,y) € D for all t, T, y,

(., 7, z,y) has compact support in [ for all 7,x,y,

(63)

where D has been defined in (12) and II* in (58). We agree to endow W, with a sufficiently
restrictive norm, for instance the norm of H**! in all variables (¢,7,z,y) will do the job. Note
that the most restrictive condition in (63) is certainly the microscopic equation inherited from
Subsection 7.3, since it prescribes the 7-dependence of 1 € W, in a trivial manner.

®Note that ef € H lloc makes ¢¢ regular enough by Lemma 12.
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According to the microscopic equation of (63), the n'* projection I1¥1) and the kernel projection
(1 — TI*)3) of a given 1) € W read as

I (t, 7,2, y) = ™, (8, w)en ()

(1= 10(teg) = [ =10t rny) dr = [otrag e O
A A
where 1, (t,z) := e 2mnT fY ¥ - ef dy. Consistently, we introduce a family of waves
¢ .
YRe(t x) = TR (L, —, 2, ) = e2mnt/eehy (1 2)ek(2)
5[0 7% g 3 (65)

)
Pt ) = (1= (e,

) = / @D(t,T,x,E) dr
A g
on which the physical problem (11) will be legitimately tested:

Proposition 26 If 1 € W then ¢ and % + " are admissible test functions in (11) in
the sense that they belong to V°.

Proof. The admissibility of 4" is straightforward (in fact /5%, € V € V°) because 5%
is a mere T-average of 1, see (65), in particular ¥(t,7,.,y) € D implies " (t,.) € D. As
for n Waves the key point is to check the boundary conditions for the special combinations

—l— Qﬁ ., since the regularity wik € HY(I x Q)N+ is guaranteed by Lemma 12. By means

of an orthogonal change of basis in the range of IT¥ | +II* | we turn {e%,,e* } into {v%, wk}
defined in (20):

(I, + 10 ) = (|—f/| /Y b ok dy) o+ (ﬁ /Y - dy) W, (66)

Therein, ¢ = (¢, @) € W), satisfies 0-v¥ =0 on Ix AxTyxY and ¢-wk =0 on IXxAxTpxY.
Particularizing to the special value 7 = t/ea¥ of the microscopic time variable, it follows that
(IT%,, + II% )ab(t,t/eak, . y) meets the boundary restrictions laid down by D, in particular

(W5F +5)(t,.) € D(A?) for every t € I as expected. m

Remark 27 There is an important point to be mentioned about the behavior of wii on the
boundary OS). Apparently, the definition of W only prescribes Dirichlet-Neumann conditions
on 0N2. But we must draw the reader’s attention to the fact that it is not so simple, because
in (63) the boundary conditions laid down by D for all T are coupled with the microscopic
equation governing the T-dependence. For this reason, the expression “for all 77 induces an
unpleasant restriction on the boundary values of 1, which eventually explains why the space
Wy of test functions is not so large as it may seem, and why consequently some boundary
conditions are lacking in the final model. Let us detail this point. Coming back to I/Jﬁ_?i —i—@/}’ifl of
(65) through (66) and decomposing exponentials in sines and cosines, we find with more care
that the microscopic equation of ¥ € Wy enforces the equality

1 2t 2mt
( ’iiw’“’i)(t,x):vii(f)m [ wteri) - (shoostenr = 27— uksinanr - 270 dy

k
v 56!

27t 2mt
+w ]Y] / Y(t, T, 2,y) - (w cos(2mT — %) + vF sin(277 — ﬁ)) dy
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independently of T € A. When the spectral element wk(z /) is not responsible for any cancella-
tion effect on the boundary OS2, the Dirichlet condition | ii + Wi’i]p =0onlI xTp can only
be met if the factor in front of wk(x /) vanishes for all (t,7,2) € I x Ax T'p and all €, whence

(/Y@/J . wﬁ dy) (t,7,x)cos(2mT — i%:) + (/Yw . vz dy) (t,7,z)sin(2rT — ﬁ) =0

k
n eay,

for x € I'p. This restriction is so strong that it practically implies v, = _, =0 on I x I'p.
The same being true of the Neumann part, we conclude that v € Wy vanishes identically on the
boundary O in most cases (i.e. unless wk(x/e) and/or v¥(x/e) vanish on the boundary O5).

7.5 Uniform bounds with respect to n-wave summation

We now proceed to project the physical problem (11) onto the set of waves (65) and convert
the resulting system of equations into a single synthetic sum. More specifically, we will solve
the problem of summing over n € Mﬁ the infinitely-many relations

/ Fe b 4 U - (0, — A5)Pe, dedt + / US - ey, da + / Ge - YF dodt =0 (67)
IxQ Q IxX00
and

/ Fe o (082 4 ) 4 UF - (8 — A%) (RS + %) ddt

IxQ

+/ Us - (@55 +0%5)(t = 0) do + Ge - (Yl + 9™ dodt =0, (68)
Q Ix092

while in the same time, we will justify the process of wave-wise convergence by proving the
inversion of limits lim. ) = >" lim.. This is the main purpose of:

Proposition 28 Under assumption (5) each of the four series appearing in (68) converges.
Moreover, the convergences are uniform with respect to 0 < € < 1 and to » € P for any fized
precompact subset P C W,.

Proof. Taking advantage of (68), we only focus on the series involving F*, U® and U§
respectively:

/ Fe it dadt] < ||F?|| 2xay [|1V5" || 12(rx0),
IxQ

/ U (0 — A5 dadt| < US| 2rxaoyl (O — Ae)iﬂf{kHL?(Im)’
Ix)

/QUS Rt = 0) de| < [|Us||2@l[975" (¢ = 0)]]z2().

Since ||Ugl|, ||F*|| and ||U¢|| are uniformly bounded, it suffices here to exhibit a summable
sequence (c¥), enjoying some 1)-continuity property in the norm of W, and satisfying

5 [ r2rxa) + 1100 — AV | r2grxay + 1[0 (t = 0)||12(0) < ¢l for all n

uniformly in . The construction will be carried through for (9, — A%)¢=* only. Estimating the
other terms in much the same way is easier and left to the reader.
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Since 1) satisfies the microscopic equation, (62) provides a simplified expression of

t T
k’x’ _)7
EQ, g

(0 — A%t = (8Tl — BILY) (¢,

in which 9,1T1¥¢) and BII¥1) can be dealt with separately. So, Lemma 11 together with Lemmas
14 and 16 applied in whatever order leads to

t

x 12 v
(O ITE) (¢, T, g)HmeQ) < O|0Y07TEE || r2(rxaxaxyy = CJ|IE(846;0) || 2 (rxaxaxy)

14 C v SV
= CH—Hk(A”(S 5| r2(rxaxaxy) < V/NHHfL(A 8487 L2 (1% Axoxy)

n

and

t 14 14
(BIL) (8, —, 2, =)l 2xe) < CUOLT SIID| | 2 (1xaxaxy) = ClIIL (62 6010) || L2 (1xaxaxy)

eak
14 C 1N
=C|| V/QHE(Aydgnglétw”|L2(I><A><Q><Y) < WHHQ(A 5o 8| L2 (rxaxoxy).s

n

[

where the righthand sides are e-independent n-summable terms (Y n~"2/Y < co) whenever
¢ € HPLZHYT'H}, because the regularity assumption (5) ensures that AY € L(H"(Y)"*
L2(Y)N*1). This yields a suitable (¢¥),. =

At this stage, we know that we can confine ourselves to the study of only one of the n-waves
"< or kernel waves 1%, defined in (65), and then recollect the information over all of them.
After application of the two-scale conversion Lemmas 14 and 16 to

(
/ US Rt =0) do — — SeUE - TEap(t = 0,7 = 0) dydr — 0,
Q |Y| Qxy
(69)
/ Ug - (t =0) do — — SeUS - (1 —T1F)y(t = 0) dydx — 0,
\ JQ |Y‘ QxYy
( 1
/ Fe b dadt — — WEFe - 11"y dydxdrdt — 0,
IxQ ‘Y‘ IXAXQXY
(70)
1
/ Fe - op[e dodt — WEFe - (1 — %)W dydazdrdt — 0,
IxQ |Y| IXAXQXY

we see that 0, — A° and G* are the only terms of (67)-(68) still to be analyzed. This will be
achieved in Proposition 29 of subsection 7.6 and in Proposition 31 of subsection 7.7.

7.6 First step to homogenized operators

We now investigate the asymptotic behavior of the differential part 9, — A by means of extra
operators to be simplified later on

be = Z e—2i7rsm’ro¢fl/afn62i7rsmTHSIBH7Iz. (71)

meMF s.t. ak /ak eN*
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Proposition 29 For any v € Wy and any k € Y™,

/ U - (8, — A%)YPe dadt (72)
IxQ
1

- WiU® - (9, — (1 — ") B — Bk dydadrdt — 0
|Y| IXAXQXY
and

/ US - (0, — A5)YYe, dadt (73)
IxQ)
b

‘Y‘ IXAXQXY

WiU®- (0, — (1 —11")B)) (1 — I")¢ dydxdrdt — 0.

Proof. (i) Let us start with the non-kernel part (72). Recalling the simplified expression (62)
of (0y — Ae)wi’k for 1 € W, solution to the microscopic equation of (63), successive applications
of Lemmas 14 and 16 yield

1
US - (8, — A" dadt — — T SeU* - (8, — B)II*y dydxdrdt — 0.
Ix) |Y| IXAXQXY

Besides, orthogonality relations in the expression (36) of W} easily give

1

’Y’ IXAXQXY

1
=57 ) (T=nS5U* — (1 — ") SEU?) - BIEy dyduwdrdt,
XAXELX

TR SEUS - (0 — B)IEp — WEUS - (9, — (1 — TTF) B) 1% dydwdrdt

where T=on SeUe — (1 — I1%)S5U° can be asymptotically expressed by means of WEU® only in
virtue of Proposition 30 below. This leads to (71) and (72) as claimed.

(ii) Let us now deal with the kernel part (73). By (24) applied to (1—1II¥)e, the construction
(65) of 45", for ¢» € W solution to the microscopic equation of (63) yields

o= 4ty = (Lo - -1+ - B0 -1 (1 )
= (@-Ba-1) )

€
SO

1
/ U - (0, — AWSH dedt — — SeU® - (9, — B)(1 — II*)y dydzdt — 0
IxQ |Y| IxQxXY

thanks to Lemma 14 (only). Again, orthogonality relations allow

1
— SeU - (0, — B)(1 —TTF)y — WEU* - (0, — (1 — TT*) B)(1 — I*)e dydadt
|Y| IXQXY
1
= *SsU° - B(1 — I1*)¢ dydxdt.
‘Y‘ IXQXY

To conclude with (73), it remains to show that II*SiUs — 0 weakly in L*(] x Q x Y)N*+1
or alternatively that fQ CMTFSEU? dw — 0 weakly in L2(I x Y)N*! for any fixed n € M* and
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¢ € C(Q). But following (83), this amounts to say that et27ms#/<onye _ () weakly in L2(I),
which is a plain consequence of the precompacity of V7 proved in the course of Proposition 30
below, see (ii). m

The following proposition (with o := o) expresses T°*» ScU¢ — (1 — IT¥)S:U* as a combination

of TI¥ WEU® for varying m such that o /aF, is an integer.
Proposition 30 For any fired « > 0 and any k € Y™,

TeaSliUe _ (1 _ Hk)S;UE _ Z e—2i7rsm7—€2i7rsm7—a/afnanWEUs =0

meMF s.t. a/ak eN*
weakly in L*(1 x A x Q x Y)N*L,

Proof. Through points (i)-(v) of this proof, we let = vary in a compact subset of {2 and we
restrict € to be small enough to ensure that the e-cell w? := ef, + €Y containing z is wholly
included in €. Once for all, we fix two regular functions 6§ € C°(]0,T[) and ¢ € C°(Q) with
compact supports, boundary conditions playing no role here.

(i) EQUATION ON S;U° IN A DISTRIBUTIONAL SENSE.

We begin with converting the physical problem (11) into a distributional evolution equation on
SpU® to be projected later on:

1
(0 = ZA)SFU° = S{F° in D0, T[xQ x V)V, (74)

With this aim, given n € C2°(Y)VT, we take 1(t, X) := 6(t)n(£ — £,) as a test function in the
physical problem (11) written in the (¢, X)-variables, and we express the resulting integral in
terms of S{U(t,x,y) and S{F*(t,x,y) only. For any fixed z, this yields

1
0 = = [ F-¢+U (0 — A dXdt
€ Ix)

, 1
= [Pt ) o) + Uttt ) (00~ 200 A) ) dy
IxXY
, 1
e2imhk-te / S Fe-0n+ SU* - (at - —A) On dydt,
IxY €

which is nothing else than equation (74).

(ii) EQUATION ON THE MODAL COEFFICIENT [, SfU* - ek dy.
Following the same lines, we choose a new test (¢, X) := 0(t)ek (£ )n(2 —£,) for any real-valued
n € CX(Y) to get the relation

0 = iN Feop+ U (0, — A%y dXdt

€ IxQ

= et [Pt ) o0
IxXY

+U(t, el + ey) - (9'(t)n(y)eﬁ(y) — EQ(t)A(nefi)(y)) dydt

2ms,

1
= / nSiFe - eko + nSiU= - ek (at - ) 0 — —S{U* - 70 dyd. (75)
IxXY

k
eayy
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where d]! = d!(y) is a commutator term defined using the periodization 7 := won of n by

alok] S\
Al = [A;7]el = \/;[6”][) 1

T\ il

At this stage our idea is to let i approach a constant value on Y in order to recover the
projection of (74) along €. But this approximation procedure is by no means straightforward
since S;U® does not evolve in the domain of self-adjointness of Aj defined in (19). The main
obstacle here is a lack of k-quasiperiodicity for y — S{U®(z,y). To overcome this difficulty
without involving boundary integrals over 0Y, we extend the definition (29) of S{U® to the
whole of RY x R¥ by setting

SpU(x,y) = Z(Uallgs)(sﬁ + ey)e 2,y ()
(el

for all z € RY and y € RY, where U¢lg,_ is the trivial extension of U¢ by zero outside .. This
leads to a pseudo k-quasiperiodicity property

SeU*(w,y +0) = S5U(x + el y)e* ™ for all £ € L, (76)

which will prove sufficient for our purpose. We now tackle the critical commutator term thanks
to a computational trick requiring a fixed non-negative truncation function y € C®(RY) of
constant periodization © i.e.

> X(y+0) =1forallyeR". (77)

el

More specifically, we write

/RN (Hy)(S}an-dZ)(x,y)C(ﬂf)x(y) dyd:rz/ (SSU= - d)(z,y + 0)C(x)x(y + £) dyda

RN xY
— /RN Y(SZUE . dZ)(SC + el y)((x)x(y + 5) dydx by (76)
B /RN Y(S;Ue ~dy)(z, y)C(z — el)x(y + ) dydx

- / (SSU* - ) (2, 9)C (@) xy + 0) dyda + / SEUF - [ Asi s dyda,
QxyY

RN xY
where

i) = ey =y

Summing over ¢ € L thanks to (77), we obtain this way a new expression of the commutator
term in (75), namely:

1

- / SEUS - dI¢ dyda
€ Jaxy

= E/RNXRN(S;Us . dZ)(ﬂC,y)C(l‘)x(y) ddeL’ —/ SZUs . Z[A,ﬁ]bj dydq;’

< RN XY leL

6Such a x is usually introduced in harmonic analysis when identifying the periodic distributions on RV with
the distributions on the N-dimensional torus.
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which can be simplified by inserting the identity

2 1 24
oLl == (9= 2252 ) o)~ (0= L) (on) —on (4 - 2522 ) .

k
n Ay

As a consequence,

1

1
[ st aydede =2 [ (ST d)@p)0lec(e)() dydede (79
€ JIxaxy € JIxRN xRN

2ms,

€ € 1 3 3 (3 &€
+e /IX]RNXY SpU® - <8t — EA) () —nSRU* - <8t T ok > (00°) dydxdt

2ms,

+/ nSUS - 0 (A - — ) & dydzdt,
IXRN xY an

D D BRI P SO} (79)

leL LeL

where

According to our preliminary step (74), it so happens that

1
/ SpU* - <3t — —A) (On®) dydxdt = —/ nSLE*e - 0.5 dydxdt. (80)
IXRN XY € IXRN xY

Combining (75) and (78) together with (80), we get

2 2
_ / NSEUE - ek (at - ”,f”) 0¢ dydadt — e / NSEUE - (at _ ”i") 0.5 dyddt
IxQOXY Eay, IxRN xY ea,
= / nSEEe - ef0C dydxdt + ¢ / nSLFe - 015 dydxdt
IxXOxY IXRN xY
0
—/ nSUS -0 <A — m:”) & dydzdt
IxRN xY ap,
1
L / (S0 - ) (2, y)0(E)C () (y) dyddt. (81)
€ JIxRN xRN

This relation is a simple evolution equation on fY nS:U? - ek dy made intricate by several
technical quantities. When 0 < 7 < 1 varies over an increasing sequence of limit 1 on Y, each
term of (81) except the last one converges trivially. As for this last term, we can remark that
it cancels in the limit because it takes a div,-form 7 integrated on a domain (R") with no
boundary:

(S5U7 - 2w )x(0) = din, (i 15507 v [T + 550710, [0 ) )

7 i, x ([s;mﬁ%+ SV ]D\Em> )

As a result (81) holds true with n =1 i.e.

2ims, 2ims,
- / SEUe - ek (at— o >9g dydwdt — ¢ / SeU* - (at -2 )Hf dydadt
IXQxXY cw IxRN xY cx

n n

"Even if a regularizing procedure on U° may be needed here, it does not require any uniformity in e.
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= / SEFe - ek 0¢ dydxdt + ¢ / SEFe - 005 dydxdt
IxQXY

IXRN XY

%ins,
- / SEU* - 9 (A— e )f dyddt. (82)
IxRN xY o

n

(iii) EQUATION ON THE NON-OSCILLATING PART OF [, S;U° - ek dy.

Changing 0(t) into (t)e2™nt/=on in (82), we thus obtain a distributional evolution equation on
I for

Vi = e—mnt/m’ﬁm /Y SpU* - el dy. (83)

Likewise, a similar sequence of transformations, applied for instance to a basis of Ker(Ag),
would lead to a distributional evolution equation for V¢ ;; := (1 — I1¥)S£U#. To sum up:

{ Ja CVii du = o+ 2B5(1) + [y 13(s) ds, (84)
JoCViin dv = of_g +eB7_n(t) + [y vi_n(s) ds,

with
e 1 —2imspt/ea ETTE £
B (t) := TV fox e~ 2msnt/een GE e L dyd, (85)
RN XY
€ 1 —2imsnt/eak € e € e € ETTE 2i71'8n €
Yo (t) = — e 2imsnt/eon ((CGERE Lk L o SEFT L F — SEUS (A — — | ] dydx,
’Y’ RN XY ay,

(86)

and similar (6_p, BS_p;). Here of and of_j; are constants (at ¢t = 0) playing no special role
afterwards.
(iv) BOUNDS ON THE COEFFICIENTS OF (84).

We now check that (35,7%) and (8]_11,75_5) in (85)-(86) remain uniformly bounded in L*(1)
for any fixed n. As a result, both terms in (84) will belong to precompact subsets of L?*(T),
since they are sum of a strongly convergent term (gf3% or €(]_1;) in L*(I) and of a bounded
term in H'(I). To do so, we provide explicit estimates for any of the quantities paired with
SpU* and S;F* in (85)-(86) by checking ||¢%|| 2y wy) + || At || 2@y vy < C||V || 12(). Indeed,
when y varies in a bounded set (in Y here) the sum in (79) is actually finite, so

1= —ck(y) Z x(y+ ) / (N ((x —esl)ds

tcL 0

can be roughly estimated in the L?-norm of the x-variable by

1] 2y < Clepl(y) Y x(y + ONVE 2@y = ClIVE]2ler](v):

leL
Likewise
2ms, \ . L 1
A— =)= [Axy+0]el | £V((z —esl)ds
n cL 0
1
< Clef () S 1 IVl (v + ) / V| (2 — est)ds
el 0
and

2ims, \ .
[ (A— - )LHL?(RN) < CleA W)Vl 3 1 193] +€) < Ol ey |e w).

n lel
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We conclude the estimate of . and A by an obvious integration over Y.
(v) COHERENCE AND INCOHERENCE ACCORDING TO a/ak.
Recalling (83) and the construction of 7°“, we now decompose

TaaS’an N (1 B Hk)SZUa _ (Taa N 1)‘/15_1_[ + Z Taa(e%wsnt/aaﬁvna)ei
_ (Taa _ 1)‘/15_1_[ + Z 62i7rsn7'a/aﬁE75La(Tsa . Tsozﬁ)vnseﬁ + Z eZiﬂsnTa/aﬁEZaTeaﬁ Vrfefw

where £7% denotes the multiplication operator by the step-wise unitary exponential

: k
Eraza(t) = Z e2z7rmsna/an ﬂ(maa,maa—i—aa)(t)-

meN

Note also that TmﬁVT‘fe’fL = e 2T [IFVEU® and that E5® = 1 whenever a/af € N*. So,
Proposition 30 is eventually concerned with the weak convergence of r* + R® — 0 where
re— (Tsa . 1)‘/18 o+ Z €2i7rsnra/a’§LEsoc (Tsa . Taaﬁ)veek
. _ n n

n’

n
€ .__ 2imsnTa/al pearpealiy e k
R= Y imrelenpeereelyedh,

n s.t. ook gN*
Since every term in r¢ + R° remains uniformly bounded in L2(1 x A x Q x Y)¥*1 for instance
LTSy T aﬁ «@ « a’fl _ a aﬁ
| Z e? / B (T = T¢ )Vf€ﬁ||%2(1x/\xnxy) = Z (1° 1" )qu||%2(1x/\xﬂ)
« O[k
<2 Z ||TE Vna||2L2(1><A><Q) + ||TE nVnEH%Q(IXAXQ) < 42 ||Vne||%2(1><ﬂ) = 4||HkSIiU6||2L2(I><Q)7
we are reduced to testing 7° + R on a total family of L?(1 x A x Q x Y)N*! only. This allows
us to fix n once for all and to investigate (r° + R¥|0(t)&(7)¢(z)ek (y)) for a given (6, €, ().
FIRST PART : We check that r* — 0 by using the fact that V° ;; and V7 do not contain any

highly oscillating factors in time.
Since (84) yields

1) [ Vide = e =05+ (1 =) [ i) ds

mea+t+eaTt
= 1)+ Y 1 (0) / 2 (s) ds
0. t

1/2
< T - 1E + Y b ()]0 ( IS ds)
0. 0e

where 0. = (mea, mea + ea) runs over all ea-cells contained in I, we finally get

1/2
7= 1) [ Vi dallzay < 2s||ﬁ;||m+(2|ea|2 | i) ds>
7 €

< 26|82y + el Lz - (87)

Combining (T°* — T=%)VE = (T°* — 1)V — (T=*» — 1)V and (87) applied to both a and o,
we recover ¢ — 0 after intermediate partial integrations on I x A x Q x Y. A similar estimate
on (T — 1)V ; is left to the reader.
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SECOND PART : We check that R® — 0 by using the weak convergence of E°“ to zero when

the ratio /¥ is not an integer.
Setting 0, (L, 7) := e2msne/2ng(1)0(t), we have

(RE|O(E(T)C (@) (y)) = /I ATmﬁ ( /Q 9% dx) (¢, 7) B (0)0n(t, 7) drdt, (83)

where E2%0,, — 0 weakly in L2(I x A) whenever a/a® ¢ N* by the well-known criterion (see
[19] Ex. IV.13.27 p. 342 and Th. IV.8.20 p. 298) of weak (*) convergence E5* — 0 in L>°(]),
namely:

t
/ E:*(s) ds
0

Besides, T ( Jo, CVif dx) varies in a precompact subset of L*(1 x A) according to (ii), so the
weak-strong product in (88) tends to zero as claimed. m

t t ) ¢
(_ _ [_])6217&9”[5]04/@5L +

ca e sin(ma/ak)

Sin(ﬂ[i]a/&’]g) —Oforalltel

= e

7.7 Convergence of boundary terms

In this subsection we take a closer look at boundary terms. It turns out that most of them
actually play no role in the homogenization process because our original setting excludes fast
oscillations of the boundary data (¢°, h%). Indeed, the pertaining quantities d;¢g° and h° are
assumed in (13) to have a bounded derivative as e tends to zero.

Proposition 31 For G¢ build in (8) with (9,¢°, h¢) bounded by (13) and for any (5= YheL)

as in (65),
G- (W8 4+ ) dodt — 0, (89)
I1x082
and
/ G - e dodt (90)
Ix00
1 / naoig° - Vapk da+/ hg-qblf—_H do | dydt — 0
’Y’ IxXY I'p - I'n \/ﬁ ’

where (¢§ i1, ¢1_) := (1 — 11*).
Proof. (i) We begin with the non-kernel part (89). Recalling (64) and the admissibility of

=¥ +9=F proved in Proposition 26 for any n € M* | we obtain

/ G- (W + %) dodt = / G, (t)e™2imt/=n dt + / G= (1)e im0k gy,
Ix00 I ’
where

Golt) = [ G ta) vt a)ek(D)do

remains bounded in H!(I) in view of (13) and of the straightforward estimate ®

G|+ 10:G2] < Cllenlre (1G] L200) + 10:G7 |12 00)) (11¥nll2200) + 10020l L2 (00)) -

8Note that ef € L by Lemma 12.
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According to the compactness of the embedding H'(I) C L*(I), the family {G% | 0 < & < 1}
is a precompact subset of L*(I). So the weak-strong products of G (¢) with the oscillatory
factors e¥2im/=eh cancel  in the limit.

(ii) As for the kernel part, we prove (90) starting from

k
Y RV (S g) dodt + / pe O g g) dodt,

IXFN \/ﬁ
where div, (v/aph_;) = 0 and Vy(qblf_n/\/ﬁ) = 0 by the very definition of Ker(Ay). To conclude

the proof, we extend 0,¢° (only defined on I'p) to the whole of 0€2 by zero, and we apply Lemma
32 to the resulting precompact sequence of L*(I x 99) to obtain

Ge - Y5* dodt = /

Ix09 IxTp

1
/ nadig® - Vagt_n(t, @, §> dodt — — nadg® - Vg y(t,z,y) dydodt — 0,
IXFD

|Y| IXFDXY

the function y := \/ap? ; being regular enough by (64). As for h*-terms, the Y-average may
or may not be inserted before h° - ¥ 1,/ VP in (90), since O 1/ /P 1s independent of y. =

Lemma 32 If {k° |0 < ¢ < 1} C L*09) is precompact and if x € L*(9;CO(RM))N is
k-quasiperiodic in y with div,(x) = 0 then

/{m K (x)x(x, g)ng(x) do — IlL|Y(|k) /ag y kS (x)x(x,y).ng(x) dydo — 0.

Proof. Suppose the convergence did not hold true for £ = 0. Then, up to an extraction
k® — k in L?(0Q), at least one limit point xk would satisfy

/8 RONE %) ma(a) do - % [ K@@ dydo| >C >0 (1)

for € small enough. Approximating x by a div,-free ' € C*(Q) ® CﬂOO(Y)N in L2(0Q; Cé] (Y)HN
and k by k' € C*(Q) in L?(952), inequality (91) would hold with (x’,x’) in place of (k, x). But
this is impossible, because

3

/aQ K (z)X'(z, g)ng(x) do = /de'v(/ﬁ’(a:)x'(:v, f)) dx

= /Q(divx + %divy)(/{'(x)x’(x,y))(x, g) dr = /Qdivx(/f’x’)(:p, g) dx

1 . 1
v/ deac(ﬂ’x’)(x,y) dydx = ¥ | Yff’(w)x’(a:,y).m@) dydo
% X

in virtue of Remark 15 (iii), whence a contradiction to (91). The case k ¢ L* is similar. m

7.8 Second step to homogenized operators

This subsection is devoted to the derivation of the one-fibered wave two-scale operator Ay
defined in (56), and from which derives the formula previously set for A in (52).

9Let us recall that (i) is a triviality in most cases in view of Remark 27.

36



Remark 33 The convergence of the series defining Ay is a by-product of our previous results,
and especially of the proof of Proposition 28, but it can also be double-checked directly:

AR B2reanaxry < C (I8 Barnaxsr) + Vet Bagrmaxar) ) -
Indeed, taking advantage of orthogonality and adjonction relations, we can see that
ARl [F2y < 110 = T B =T [Faiyy + || D 105, B F2(y,
= [|(1 - I*)B(1 — II*)9[ |2y + [T BIY] 22y
< [ -1%B(1 - Hk)d’”%?(y) +2|[1"B(1 - Hkﬁ/’”%?(y) + QHHkB?/JH%?(Y)
< 2B = I [f2y) + 2| BY| |72y,

2 / BY drl oy + 2ABO| sy, by (64),

with moreover (1 — II*)B(1 — T1¥) = U+ (k) according to Lemma 37.

IA

In order to discuss the plausibility of the uniqueness property in problem (57), it will be of
interest to know that the integro-differential operator A; (when properly defined) inherits the
self-adjoint character of B:

Proposition 34 The operator i A, with domain

D(Ar) = {(,9) € H(Y; H'(Q)™ x Hy(Y; H'(Q))
st.p=0onTyxY andp=0onTp xY}

is essentially 10 self-adjoint on L*(Q x Y)N*1L,

Proof. Obviously, i4y is a densely defined symmetric operator. Consequently, the essential
self-adjointness statement is equivalent to the fact that the operators +¢ —i.4; both have dense
ranges, see [24] Problems p. 269. In fact, taking advantage of orthogonality relations, it suffices
to show that the ranges of the restrictions to D(Ay) of I1%, (+i —iB)II% + 1% (i —iB)II*
and (1 —11°)(+i —B)(1 —1II°) are dense in the ranges of the projections IT¥, +1I*  and 1 —1II°
respectively.

(i) FIrsT case (II¥, + I1* ).  Choosing ¢ € D(Ay) of the type ¢(z,y) := v(z)vE(y) +
w(z)wk (y) for varying (v, w) in

D :={(v,w) € C*Q) xC®Q) |[v=00onTy and w =0 on T'p}, (92)
we compute !
(1%, (i — iB)ITY, + 0¥, (£i —iB)II* )y (93)
= Li(vof + wwl) + (af (vwf —wof) + wk (k. V,v) —of (b).V,w))
thanks to (25) and (20) by means of
( . Tk k Tk
k . —1 / ¢n . a ¢n a ¢n
a, == —— | —=div, V,(—2)) — —=V,(—2).V.(
2|Y| v \/ﬁ ( /)\_k y(\/ﬁ)) /_)\k: y( P)

) dy € C,

S

S
3>

1 1 [ ¢f ok N
= Im | — [ “LaV,(—2%)d RY.
N m(m/yﬁ“ v y>6

10The formulation of the exact domain of self-adjointness would be tedious.
"Hint : it is simpler to use {e%,,,e* .} and only turn back to {v¥,w%} in the end.

\
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We check at once the relation div,(b¥) = 2Re(a®) of formal self-adjointness for H := i(a* +
bE.V,). As a consequence, we are led through a unitary equivalence to show that the operators

(o) msi () (e ) (0) "

with domain D both have dense ranges in L2(Q) x L*(Q), or equivalently that the matrix-
valued differential operator of (94) is essentially self-adjoint on D C L?(€2) x L2(2). But this
plainly results from the balanced boundary conditions expressed in D and from the relation
div, (b)) = 2 Re(ak) of formal self-adjointness for H, the field b being real-valued.

(ii) SECOND CASE (1—1II°). Suppose that (p,q) € Range(1—1I°) = Ker(Ay) is orthogonal
to the range of (1 — I1°)(4i — iB)(1 — I1°) restricted to D(Ap). In particular,

(p,q) € L*(Q x YN | divy(v/ap) = 0 and V,(¢//p) = 0,

satisfies

1 q -
j:/ —p- o+ /pq- ¢ dydr = Vap - Vo + —— - divy(p) dydx 95
Qxy \/a \/_ QxYy \/ﬁ ( ) ( )

for all (o, ¢) € C(Q x Y)V*! such that

(p, @) is periodic in v,
divy(p) =0 and V,¢ =01in Q x Y,
p=0onTyxYand¢p=0o0nITp xY.

Our goal here is to infer that (p,q) = 0.
(a) Taking ¢ € C°(Q)" independent of y € Y and ¢ = 0, we read that ¢/,/p € H*(Q2) only
depends on x, with besides

q

1 / 1 :
—)=F— | —=pdy in L
7 Wb va

Owing to this, an extension to any ¢ € C>(2)" null on I'y yields at once y(g/\/p) = 0 on I'p.
Finally, integrating (95) by parts, we see that

/QXY (Vx(%) + %p) ~p dydz =0 (96)

holds true for any y-periodic ¢ € C®(Q x V)" such that div,(¢) = 0in Q@ x Y and ¢ = 0
on 'y x Y. By density, this orthogonality relation even extends to any div,-free field ¢ €
L2(2 x V)V and in particular to \/ap.

(b) Likewise, taking ¢ = 0 and ¢ € C°(2) independent of y € Y, we read that ﬁ Jy Vap dy
€ H%(Q), with besides

div, (ﬁ/y\/ap dy) —F (%/Yp dy) % in Q. (97)

As before, an extension to any ¢ € C*°(Q2) null on I'p, yields at once ”yn(ﬁ [y vap dy) = 0 on
I'y.

vm(
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(c) As a consequence of the above discussion, the sum of (96) with ¢ = y/ap and (97) times
q/+/p yields

1 q
[ — (W /Y / dy) -
= :F<7 (L/\/Ep dy) Iv(i)>
"\ Jy VP ] 1200y« 512 (00

where the trace of ¢/,/p on I'p and the normal trace of the Y-average of \/ap on I'y have
already been identified to zero before. This concludes the proof of (p,q) =0. =

A straightforward consequence of Proposition 34 is that:

Corollary 35 The operator iA is essentially self-adjoint on L*(Q x Y )N,

We now turn to the proof of Theorem 24:

Proof. By (67)-(68), (69)-(70), (72)-(73), (89)-(90), and the definitions (49), the following
infinite dimensional system of decoupled equations is found to be satisfied for any ¢ € W, in
the limit

1

|Y| IXAXQXY

P (I, T, ) 4 UF - (0 — (1= ) B)(ITS, + 11, )

—~U" - (BY IIY + BF TI* ) dydzdrdt

+% oy Uy - (%, + 1% )p(t = 0,7 = 0) dydx = 0 for all n € M” |
and
’71’ IXAXQXY F* (1=T"¢ +U* - (0 — (1 - %) B(1 - 11%)) (1 — %)) dydwdrdt  (98)
+% - Uy - (1 ="t = 0,7 = 0) dydz + ‘% o G- (1 — 1) dydodt = 0.

Furthermore, taking advantage of the T-average, we can exhibit additional cancellation effects
due to the symmetric role played by U* and ) € W, in the limit. For instance,

U* . (1 —T1%)BII%Y dydr = / (1 —TIFYU* - BI%y dydr = 0 for all n € MF,

AXY AXY

because (1 — IT*)U* is independent of 7 while I1¥¢) varies like €*™*"7 see (64). In the same
fashion, any term in the definition (71) of B¥ indexed by m € M* such that (s,, a) # (s, ak)
finally disappears, because the balance of T-exponentials in IT¥ U* . B*TT¥4) leads to the relation
Sm = Sm(1—ak /ak )+ s, or equivalently s,af = s,,af. This explains how (56) originates from
(71). Besides, the special term 1.+(k)B results from the simplification of (1 — IT¥)B(1 — II¥)

due to Lemma 37 below. =

We close the discussion of Theorem 24 with a remark about the uniqueness of our homogenized
solutions U in a restricted case:

Proposition 36 If Q =R then the solution U € L*(I x A x Q x Y )V to the micro-macro
equations (54)-(55) is unique.
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The detailed proof will be omitted. The essential ideas are to be found in Theorem 3, since the
evolution equation (8, — Ay)U* = F* obtained for U* in the limit is governed by an essentially
self-adjoint operator, as in Section 4. The key point here is to realize that the space W, of all
admissible test functions in the weak formulation (57) with Q = R” is a core of D(A},) when
the time variables are fixed. Indeed, the boundary conditions laid down by D in (12) and by
D in (92) disappear for Q = RY, and Proposition 34 proves that iAy is essentially self-adjoint
on HY(Y; H{(RN))N+1 ¢ L2(RN x Y)N*L. So is iA as a finite direct sum of iA4y;’s.

7.9 Local formulation

In this subsection we extract the local PDEs of the homogenized model stated in Theorem 19
from the formal expressions of the operators A and B used so far.

We first point out some simplifications due to the special forms of the original problem (10)
and of the initial data (8).

Lemma 37 The operator B is the part of B in the kernel of Ay when the fiber k € L* cor-
responds to periodic conditions only. In other words (1 — II*)B(1 — II*) = 1 (k)B for any
ke Y*. In a similar fashion, up to an extraction

1, (k) ( 0 > ( 0 )
1 -TOMWiFs = U+ (k ], 99
WO =2\ vy s ay ) ~ W s (59)
where f has been defined as the weak limit of f¢ in L*(I x Q) and p as the mean of p.

Proof. When k ¢ L* the last component of any vector in Range(1 —I1%) = Ker(A},) is zero
because the (kernel) equation V,, = 0 has no other solution in H}(Y). So (1-11*)B(1—11*) = 0,
and likewise (1 — [I*)W{ F = 0, given the very special form (7) of F°. This is no longer true in
the periodic case (k = 0) we shall now investigate. With this aim, setting (, ¢) := (1—11°)(p, q)
for a regular (p, ¢), we check that 1 — II° acts component-wise as two independent projections,
since ¢ — ¢ is the orthogonal projection of L*(Y)) onto C/p C L*(Y'), while p — ¢ is the
orthogonal projection of L(Y)™ onto

{p € LXV)N | Vap € H{"(Y) and div,(vVap) =0} = (VaVHL(Y))" < L3(Y)".

For the link between div-free fields and gradients we refer to the proof (ii) of Theorem 9. As a

result, ¢ = /p( [y v/pa dy)/( [y, p dy) and ¢ = p — \/aV,w, where w € H/(Y)/C denotes the
unique solution to the periodic elliptic problem —div,(aV,w) = —div,(y/ap), whose righthand

side is (a formal notation for) the linear form ¢ +— [, \/ap.V( dy viewed on H{(Y'). Equivalently
o =atV?(1 = P)aY?p. (100)
This insight into 1 — I1° leads us to

B(l—HO) ( p ) _ ( Vav, (ﬁfy\/ﬁq dy/ﬁ) )

q \/Lﬁdivm (a(1 = P)a=/?p)

and to

Va(l = P)V, (3 Jy v/pa dy)
V/pdiv, <|71| [y a(l = P)a='?p dy)

Y

(1—H°)B(1—H°)(p>:%

q
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which is exactly (51). We leave the easier relation (99) to the reader. m

We then state a generalization of a classical lemma on the two-scale convergence of gradients
(see [1]). The novelty here is that the derivative w.r.t. the macroscopic variable disappears
for any fiber k € L* corresponding to aperiodic conditions. The proof will be omitted since it
follows the same lines as in the classical case of k € L*.

Lemma 38 If Vui € L*(Q)V is a bounded sequence of gradients then after extraction
SeVus — U (k)Vaoug + Vyus weakly in L*(Q x Y)Y,

where Vug denotes the weak limit of Vu§ in L*(Q)N and where uf € L*(; HL(Y)).

We now turn to the derivation of Theorem 19 as a disintegration by parts of Theorem 24:

i) THE NON-KERNEL PART. At first, we check that IT1¥ BII% acts 2 as
) +m +n

1
Y

with %, defined in (26). Next, recalling (56), we come back to (57) with a test function ¢ € W,
of the type ¢(t,7,z,y) := e™rTp(t,x)ek (y) for n € M* fixed and ¢ compactly supported in
I x . Given the structure (44) of U, the resulting equation reads

/ Ff.@dxdt—i—/ Uﬁ- 8tg0—sn2/£fm.vzgp dxdt—l—/U(’fn-cp(t:O) dz =0,
IxQ IxQ — Q

with ) .
FF .= / e~ HmenT___ / F*.ef dydr and UF, == — / UL - e dy.
A Y1 Jy o Y| Jy °

But these two expressions obviously coincide with the equivalent definitions given in (42)-(43).
Thus the transport system (47) is established.

(i) THE KERNEL PART FOR k & L*. Let us prove that (1—II*)U* = 0 disappears for k ¢ L*.
Gathering the microscopic equation 9,(1 — II¥)U* = 0 obtained in (59) and the macroscopic
equation 9;(1 — II*)U* = 0 obtained from (57) with a test function ¢ = (1 — I1¥)y) € W, (see
Lemma 37 and definition 50 to get rid of F'* and G*), we conclude from these two relations in
D'(IxAxQxY)that (1T U*t,7,2,y) = (1 —11¥)Uk(x,y) only depends on the behavior
of the initial data analyzed in Lemma 38 i.e.

€ € k
Uk = lim SEUE = lim( VaSiVig ) _ ( Vavyug ) |
€ € \/ﬁSkUO ce

Consequently U € Ker(Ay)*t for k ¢ L* and (1 — [I*)UF = 0 as expected.

(iii) THE KERNEL PART FOR k € L*. In (57) specialized to ¢ = (1 — I1°)¢) € W), namely

/ (1 —H"F° -+ dydedrdt +/ (1 —=T1°U° - (8, — B)Y dydzdrdt

IxAXQxY IxAXxQxY

+/ (1-T°)US - (t = 0,7 =0) dydx + / (1 —-T1°)G° - o dydodrdt =0, (101)
QxYy IxAXO0xXY

12Gee (93) for a related identity.
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we insert the expression of 1 — II° given in (100) together with the simplifications of the data

due to Lemmas 37 and 38 i.e.
0
1-TI°)F° = ( . ) :
( ) N

(1-1°)03 = (1~ 11°)lim ( Va5 Vg ) _ ( \/5(1\/—55))%0 ) |

LS50

Ir, digv/a(l = P)ng
1-1%G°" = ( ot I ,
( ) ]leh\/ﬁ/p

where (f, 0,9, h,uo,v) has been defined independently of y in (41). Setting ® =: (¢, \/p®) and
Ug = (1- HO)U(O : (p, q), the microscopic equations of Wy and Ker(Ay)

0,® =0 and V,® =0,
O-¢ = 0 = div,(y/ap) hence Pa~*?p = 0 and y/ay € (Range P)*, (102)
divy(v/ap) = 0 and V,(q/\/p) = 0,

and the expression (51) of B allow to rewrite the integrals of (101) as

/IXQf-(I)-|- (/ (O = Va(l = P)V.®) dy) +% < P — divy( / Vag dy)) dxdt

/Vuo /\/_gody )dx+75/v0-(l>(t:0) dx (103)
Q
+/ 8tgng-(/ Vag dy) dadt—i—/ h-® =0 dodt.
IXFD Y IXFN

Now, if we sum up the requirements (on ¢) caused by the assumption ¢ = (1 —1I°)y € W, we
see that (103) holds for any regular ¢ compactly supported in I satisfying (102) and (y/a)p =
Oon I xAxTyxY. Consequently, (103) extends by density and continuity to any regular ¢
compactly supported in I satisfying (102) and ngq. [, v/ap dy =0 on I x A xT'y. In particular,

= —y/a(l — P)V, ftT ® becomes admissible in (103) for any regular ® = ®(¢, z) compactly
supported in [ satisfying the mixed homogenized boundary conditions

®=0o0on I xTpand ng.aV,®=0o0n I x 'y, (104)
with @ defined in (39). As a conclusion, (103) with such a ¢ and with u := ug + fot q/+/p reads

T
IxQ t

— Vug - aV,® dxdt —l—ﬁ/ vo - P(t =0) dx

IxQ Q

T
—/ drg na -’dVCB(/ Q) dodt + / h-® dodt =0,
IxT'p t IxT N

or equivalently

fo—u- (ﬁc‘)ft@ - dwx(avmcp)) ddt
IxQ

—ﬁ/uo-atcb(t:()) d:c+ﬁ/ vo - Bt = 0) dyc—/ o - (AV,®.nq) dodt
Q Q

Ix002

+/ g(t = 0) - (@V,P.ng) dadt—/ g (@V,®.ng) dadt+/ h-® dodt = 0.
IxT'p Ix'p

IxT'n
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Through a formal disintegration by parts, this weak formulation for test functions ® satisfy-
ing (104) turns out to be an interpretation of problem (46), provided that g be defined in a
compatible way to ensure that g(t = 0) = up on I x I'p. This is obviously the case for

¢
g = U —|—/ lim 0,¢°, (105)
0 3

where the derivative 0,g = lim. 0,¢° has been introduced in (41).

7.10 Derivation of the multi-fibered model
We deduce here Theorem 22 from Theorem 24:

Proof. To derive the multi-fibered model (55) from the mono-fibered case studied so far,
we just make use of the k-quasiperiodic extension from Y to Yx given by wy, see Section 5. In
view of (17), the variational formulation obtained in (57) for the one-fibered problem set on Y’
reads equivalently on Yy as

/ wiF* -y + o UR - (0, — A, dydxdrdt (106)
IXAXQXYx

+/ wUF -, (t = 0,7 = 0) dydx + / @, GF - (1 = T1%),, dydodrdt = 0.
OxYg IXAXOOXYE

for all admissible k-quasiperiodic test function v, defined on Yyx. We now let k vary over the
finite subset L7,. As explained in the orthogonal Bloch-wave decomposition of Theorem 7, the
whole set of equations can then be encoded into a single sum over k by applying (106) to the
k-quasiperiodic component ¢, of an arbitrary given ¢ =", L Y, such that

Y € C®(I x A x Q x RN)N+1 s Yi-periodic,

(87 - QZWﬁs)w =0,

W(t,7,.,y) € D for all t, 7.y,

(., 7,x,y) has compact support in [ for all 7, z, vy,

(107)

where II, = Z snﬁf’; is defined by analogy with (58). More specifically for such a v, the

neMk
orthogonal decomposition of Theorem 7 exhibits (55) as the result of the summation of (106)

over k € Ly, given the definition of U in (48), of F' and Uy in (49) and of A in (52). For
instance

kak~1/zkdy:/ F - dy.

YK YK

To conclude, it remains to notice that the set of test functions defined by (107) is dense in the
set W used in (55), and that each term of (55) extends by continuity from 1 satisfying (107)
toy e W.

Note also that the comparatively simpler derivation of the multi-fibered microscopic equations
(54) from the mono-fibered case (58) studied in Subsection 7.3 follows the same lines. m

8 Approximation in the strong sense

In this section we present an a posteriori argument, which motivates the use of our wave two-
scale transform W€ to provide explicit asymptotic developments of the physical solution U*®.
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Decomposing any weak limit U of WeU* as in Theorem 19, we consider the related formal
expression

i : k xT
Ua = Un(t < ZZwsnt/aanUk t k
H(7$7€)+Z Ze n(’x)en( )7

g
keL}, neMk

through the usual substitution y = z/e and the less classical one 7 = t/ea (wave-wise). It
turns out that this expression makes sense under mild technical restrictions, for instance

Uy € L*(I x Q:C0(Y)N and > [n [|[UF||z2(1x0) < o (108)

neMFk

This kind of additional regularity on U € L?(I x A x Q x Yk is unavoidable for the substitution,
as shown by the counter-examples of [1] Section 5. Moreover, the definitions (29) of S§ and
(36) of Wy involving a subdomain 2. C Q made of €Y-cells (see Section 6) show that our
analysis tends to ignore the possibly chaotic behavior of U¢ in the e-vicinity of 92 when 0f)
is not flat. We face the same problem in time since I cannot be simultaneously decomposed
into an exact number of ea’-cells for all n. Putting aside these technicalities, we can now state

that U, provides a good approximation of U® if and only if the convergence of W*U*® is strong
in L2 (I x A x QxYg):

Theorem 39 Assuming (108) and lirjr} limsup ||U®|| 2t m)x0) = 0, we have
=T~ -0

U= = Uel|r2rxa.) = WU = Ullr2(rxaxaxyi) — 0

Proof. For the sake of simplicity, we shall content ourselves with the case L}, = {0} of only
one fiber £ = 0. Let us fix € > 0 arbitrarily small (not to be confused with ¢ — 0). Introducing
Vi and V¥ regular approximations of Uy and UF in the sense

U = V|| L2(1x0:000(vy) < € and Z I |JUY = Vil 2axe) <€
neMFk

we first check that

Rei= (U = Vi), 2) + 32 et (0 — Vi), )k ()

satisfies || R.||z2(1xq) < Ce thanks to the uniform spectral estimates |e¥| < C|n| of Lemma 12.
We then Split ||U6 — Ug||L2(I><QE) — ||VV,§U8 — Uk“L?([XAXQXY) =+ ﬁ + 7y with

a = ||U° = Ue||r2(x0.) — [|UF = Us + Re|2(1x0.),
3= |[Sp(U* = Us + Ro)l|r2(rxaxyy — [[(1 =T (WEUS = Up) + 32 05l 2 (1x0xy)s
v = ||(1 = O*)(WEU® — Uy) + > 05| n2(xaxy) — [IWEUS — Ukl r2(xaxaxy),

and o := [1FSEUS(t, 2, y) — e2m/=n Uk (¢, z)ek (y). Obviously,
Si(U* = U. + R.) — (1 = TI")(WU* = Uy) — Y 05 = Ry + R5; + Ru + Ry

remains small since

Ry := (Un — Vu)(t, v, y) satisfies [|Rp|[r2(1xaxy) < 6

R% = (VH — S;[Vg(t,:z:, f)])(t,{lﬁ,y) — 0in L2<[ x ) X Y),

Ry =Y e¥imsnt/ean (UF — VR (¢, 2)ek (y) satisfies || Rr||z2(1xaxy) < €
RS = S e2imsnt/ean (kSR (¢ 1 y)ek (y) — 0in L2(I x Q x Y).
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At this stage, we can focus on v only, since a+ 3 < C'e for € small. Using orthogonality relations
in L2(Y) and isometries in time (T5°), we get

(7 + [IWEU® = Ul r2xaxaxy))® = ||(1 = T (WEU® — Up)l|Z2(rxaxy)
+Z ||Ufz||%2(lflg><ﬂ><Y) + | ZTmﬁUfLH%%nAxnxy)
= [|(1 = ) (WU® = Up)llZ2(xaxy)
H[IMNWEU® = Uy) + TEH%Z(IXAXQXY) + Z H‘72||%2(1—15x9xy)
<|WEU = UllZ2rxaxaxy) + 112 reaxaxy)

+2||r6||L2(]><A><Q><Y)||W]§U€ - Uk||L2(I><A><Q><Y) + Z ||O-$L||%2(1715><Q><Y)7

where 7 := 3" e2msnT(UF — TeonUR) (¢, 7, 2)ek (y) — 0 in L2(I x A x Q x Y) and where

n

IF = (0,5af“n‘[T/€afn‘]) D I¢:= (0,7 — ¢ sup o) for all n.

neMk
As a consequence, we recover for £ small that
V2 <P e (reaxaxy) + 27 | z2axaxax IWEUS = Ukl| 2 (rxaxaxy)
+Z ||g;||%2(1718><§2><Y) <+ Z ||0-761||%2(1715><Q><Y)
<é+ QZ HHZSEUSH%Q(I—IEXQXY) + 22 HUSH%Q(I—IEXQ) <268 + QHUEH%?(I—ﬁxQxY)-

Finally, we can make v < 2¢ as small as we wish, provided that the energy of the physical
solution does not concentrate at the end point T of I as assumed. m

Our last result deals specifically with strong convergences in the norm sense.

Theorem 40 Suppose Q@ = RY. If the initial data and the source term two-scale converge
strongly in the sense

Z wSUS — Uy in L*(Q x Y )N strong,

kELy,
WeFe — Fin L*(I x A x Q x Y )NV strong,

then the corresponding solution two-scale converges strongly too
WU — U in L*(I x A x Q x Y )Nt strong.

Proof. We shall only sketch the argument. By Proposition 36, the uniqueness property
for the final model (54)-(55) solved by U guarantees that the whole sequence WeU* weakly
converges, as € goes to zero unrestrictedly. As a consequence, the strong convergence of WeU*®
in L? is equivalent to the conservation of the norm:

limS(l]lp ||W€U€HL2(I><A><Q><YK) S HUHL2(I><A><Q><YK)'
E—>

But this results from the contraction property |[WeU®||2(rxaxaxyvi) < [|U%||r2(x0) and from
the study of the time-behavior of the physical solution:

HUEH%Z([XQ) =T|WU(t=0,7 = O)H%Z(QXYK)

+2Re / (T — )WeF® - WeU? dydadrdt + r°, (109)
IXAXQXYx
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where r* — 0 is a technical remainder. Indeed, passing to the limit in (109) thanks to the
assumed two-scale convergences in the strong sense, we get

lim sup HU5||%2(IXQ) < TNUol22(anve) + 2Re/ (T'—t)F - U dydxdrdt,
e—0 IXAXQXYg

where the righthand side is precisely equal to ||U]|3, (IxAxQxvy) 88 €asily shown from the model
(54)-(55) solved by U and as mentionned in (4) in the introduction. =

Typical applications of Theorem 40 are offered by situations where the data are suitably pre-
pared, for instance f© — 0 in L?(I x Q) and

{ us(z) = ealz,x/e) + r¢(x),
vs(x) = B(w,x/e) + s°(x),

with ¢ — 0 in H'(Q) and s — 0 in L?(Q). Here a(z,y) and §(z,y) are allowed to vary in the
vector subspace of C®(RY x RY) spanned by the finite sums over k of all regular k-quasiperiodic
functions in y with compact support in z, provided that K be chosen large enough in view of
the number of k’s involved in o and (.
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